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We study the conormal symbol of the singular Bochner-Martinelli integral on a compact closed surface
with conical wedges S in C" and evaluate its asymptotic expansion.
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Introduction

Smooth manifolds with conical points are the simplest singular spaces in the hierarchy of
stratified varieties. Differential analysis on such manifolds was perhaps initiated by Kondrat’ev [1]
who invented the so-called conormal symbol of a differential operator at a singular point.

In the 1980s the analysis encompassed also pseudodifferential operators which has led to
diverse algebras of pseudodifferential operators on manifolds with conical points.

When applied to the Cauchy integral on a plane curve with corners, conormal symbols can
be efficiently computed.

We study the singular Bochner-Martinelli integral on a compact closed surface with conical
wedges S in C™ and evaluate its conormal symbol at a conical point and it asymptotic expansion.
Our computation demonstrates rather strikingly that the conormal symbols are no longer efficient
for pseudodifferential operators in dimensions larger than 1.

The singular Bochner-Martinelli integral is of central importance in complex analysis in sev-
eral variables [2].

As usual, we identify C" with R®*" under the complex structure z; = z; + 1@, , for
jg o= 1o..n. Le. (21,02n) = (1,0, Tny Tg1, s T2) € R2 And @ = (21, ...,72,),
T = (X1, Tpt1), T = (Tpt3,.yT2n), T = (T ,Tpi2,x ). Scalar product on RPT! Denote
by

<J,‘/, y/> =T1Y1 + ...+ Tpr1Ypt1-

We will consider a smooth hypersurface X in RP*2\ {0} with a singular point at the origin given
by
Y={(ra',r) eRP?: 2/ € X' 7 €[0,R)}. (1)

The point 2’ = (1, .., Zp+1) varies over a smooth compact hypersurface X " in RP*! which does
not meet 0.

For instance, X’ may be a p-dimensional sphere with centre at the origin.

In any case we assume that X’ = {2’ € RPT! : p(a/) = 1}, where p is a C'-function on
RP+L\ {0} with real values, satisfying Vp # 0 on X’ and p(A\z’) = Mp(a’) for all A > 0 with
some h > 0.
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The origin is a singular point of Y.
Using (1) it is easy to determine a defining function of the smooth part of ¥'. Indeed, write

!/
(@', 2p12) € X\ {0}. Then readily implies p( *
Lp42

) =1, and so the homogeneity of p yields

X= {(x,vxp+2) eRP*?: ¢(xlvxp+2) =0, 2p40 € [0, R)},
with (2, 2p12) = p(2') — (Tps2)". Let
S=IxXx", (2)

where X is an open bounded orkpsiToe set in RY, p+1+¢g = 2n—1. Then S is the hypersurface
in C" with conical wedge F =0 x X (O =(0,...,0) € RP+2).
Scalar product in R? denote by

(2" y") = Tpraypis + ... + T2nYon.

Let D be a bounded domain in C”, with n > 1. The boundary of D is assumed to be of the
form Y U (S1 U...USy), where Y is a smooth hypersurface and each S, is diffeomorphic to a
conical hypersurface S (with different p and ¢), as above. Thus, D is a smooth hypersurface
with a finite number of conical wedges.

Since the analysis at singular points is local, one can assume without loss of generality that

N =1,1ie,0D =Y US, where
S={zeC": z=(ra',r,a"), 2’ e X', 2" € X", r € [0,R)}. (3)

Given an integrable function f on D (f € £L1(9D)), the Bochner-Martinelli integral of f is
defined by

where z ¢ 0D.
For points z € 9D the singular Bochner-Martinelli integral of f is defined by

MS[f]('Z) = V.p. oD f(C)U(Ca Z) = el—ig-lo D\B( )f(C)U(C’ Z)a (4)
where
_ (n=1) - \k—1 Gk — 2 =
U:2) = " ;( D AR A d

B(z,e) ={Ce€C": | —z| <e},and d{ = d(; A ... A d(,, while d([k] is the wedge product of
all differentials d(i,...,d¢, but d;. In the sequel, we drop the designation ‘p.v.” for short.

The properties of the Bochner-Martinelli singular integral operator on smooth hypersurfaces
are well understood [2].

We are aimed at investigating the asymptotic expansion of the conormal symbol of the op-
erator Mg on hypersurfaces with singular wedges. For domains with conical singular points this
problem has been solved in [3].
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1. Known Results

We need some result from paper [4].

Theorem 1. The restriction of the Bochner-Martinelli kernel to the hypersurface S has the form

/ / !/ / _
U(¢,2)lg = L W) o), sy —ra s =) do(y') dy"+
O2n (|Sy’ —rz'|2+ (s —1)2+ |y’ — x”P)
L A v WL ) w@ v Sy
7o (o' = + (s = )2 + Iy — )" ’

Vo(y' 1
where vectors v(y') = WZE;/%' fory = (y1,-..,yp+1) € X urvpra(y') = —hw, and
M(xl7$//ay/7y//a r, 8) = _(yn+1 — Tptly---y Ypt+2 — $p+2)a pr +1< n;
M(xl>x//’y/7y”a Ty S) = —(S T Yn+1 — Tntls -5 Yntp+l — Tntp+1, 7L — 5y1)7 ifp+1=n;
w2y g r s) = —(SYnt1 — TTnt1s-- o SYUptl — TTpt1,8 — Ty Ypt3 — Tpt3s - -5 Yom —
Top, TT1 — SY1, -+ - TTpsa—pn — SYpt2—n), if p+ 1> n.

Counsider the results from [5]. We rewrite the hypersurface S as followes

S={zeC": z=(ra',r,ra"), 2’ € X', 2" € X', r € (0, R)}, (5)

1
where X/ = - X",
T

Introduce the function k(2’,y’,z"”,y",t), defined for (2’,2") € X' x X! (v',y") € X' x X,
t > 0, by formula

1 (@), vpra(¥)), (v —ta’, 1 — 1))

ke o 2" ) = ——
( 'Y Yo ) Ton (|y’—tm’|2+(1—t)2+|y”—t$”\2)”

? <V(y/)7Vp+2(y/)7ul(zlax”7y/7y/,7t)>

Oon (‘y/ _ tl’"Q + (1 _ t)2 + ‘y// _ tx”|2)

n»

where /]’(J’J7 x/lvylvy”?t) = _(yn+1 - tx’ﬂ'f‘l) sy Ypt2 — tl'p+2), lfp +1<n;
ﬂ(xlamllvy/7y//a t) = _(1 —t, Yn+1 — txn-i—h sy Yntpt+l T txn+p+1,tl‘1 - y1)7 lfp +1=mn;
ﬂ(wl? mllv y/7 y//a t) = _(yn+1 _t$n+17 <oy Yptl _txp-‘rh 1 _ta Yp+3 _tmp-l-?n < Yon —tﬂ?gn, t-rl -

Yt tTpto—n — Ypy2—n), f p+1>n.
Using this kernel we can write singular Bochner-Martinelli integral by the form

> d
Msf (SCI,’JJH,T') — / 378/ k(ﬂf/,y/,l'”,yll, C)f(y/’yll,s) dd(yl)dy//, (6)
0 S Ix X1 S

where (z/,2"”,r) and (y',y",s) are identified with z = (rz’,r,rz”) and with ¢ = (sy, s, sy”),
respectively.
r
Note that integral by X’ x X! is singular since k (m’ iy 7> has singularity under
s
y =a', 2" =y and s =r.
Denote by M,.,» the Mellin transform defined on functions f(r) on the semi-axis. It is
given by
Sl dr
Mooaf = [ 005
O 7’.

for A e C.
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Composing the singular Bochner-Martinelli operator (6) with the Mellin transform yields
o dr [*°d
MocaMsf(@ary = [ S [T (s ) £ ) oty =
0 r 0 S I X1 S

- / j / </ Tﬁl)\ k (ml’ IN’ y/a y’/5 i) 7ﬂ) f(y/a yuv 5) da(y’)dy".
o 5 Jxxxr\Jo sS4

In the integral over r € (0,00) we change the variables by r = st, where ¢ runs over (0, c0).
This gives

MTHAMSJC(I'/»:EN?T) =
.y ds R dt
=/ 5 ”;/ . (/ A k(w’,w”,y’,y”;t)t)f(y’,y”,S) do(y')dy" =
0 rx X7 \Jo

- / Moork(@, 2"y " t) Moo f (", ) do(y')dy'
X' XY

for ' € X', 2" € X! mw A € C. It follows that
Msf(r) = MyL,aN)Meen f(), (7)

where f(r) := f(2',2"”,r) is thought of as a function of r € (0,00) with values in functions of
(o', 2") € X' x X, and a()) is a family of singular integral operators on X’ x X parametrised
by A varying on a horizontal line in the complex plane. The action of a()) is specified by

a(A\) f(a! 2" t) = / Mok, 2"y y 5 t) fy', Y7 ) do(y')dy".

X'x X[

The family a()) is usually referred to as the conormal symbol of the pseudodifferential operator
(6) based on the Mellin transform.
To evaluate it more explicitly, we denote by Z the unique root of

<y/ _ tacﬂy’ _ t$/> + <y// _ tx”,y” —tac”} + (1 _ t)2 =0

in the upper half-plane, i.e.,
1_|_ 1,/’ / + x//’ 1!
g1+ ( y/>2 ( ,,§>>+ (8)
14+ |2/)% 4 |2"]
=P =y P+ WP+ PP + 7 P) = (@ y) & @)
L+ 22+ [2]2

Lemma 1. In the strip 0 < Im A < 2n — 1, the Mellin transform of k(x', 2"y, y";t) has the
form

Mt!—>)\k($l> x/la y/a y//; t) =

COromh g B2 oDl a2 - 1)

- (n—1)! shwA = jlin—1—4)!

(A FDA=DNZB)ZA 71+ (<) (A + j)A = AZB)Z~
(T+aP)" (Z = 27 |
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where
A= (V) 726, (0 ) + (0,0, (Bl 0, 0))
B = 00 sa ) 0 )+ 0ot 70 0

Lemma is based on formulas

res(f; Z) +res(f; Z) =

()" X (2n—2— ) (=1)i+1zr=i 4 Zp=i

—1)...(p—75+1 — - 9
Oy P T T L S vy 7 = B
where
& 10)
t
and
o dt
/ = k(2 Y ) — =
0 t
o _expTA —aA—1 A/ TN —a—1 / >
=i sinth(reS(t k(z' 2",y 4" t); Z) + res(t k(' 2"y y";t); Z)) (11)
Denote

1 At~ =1 — =
G@t) =t k(2 2"y Y t) = — TN
0 ) = G - 2

Theorem 2. For|y| < n—1/2 the singular Bochner-Martinelli integral admits the representation

Msf)=g= [ PaIMeeaf@)an

{Im A=(n—1/2)—~}

2. Main Results

We first find asymptotics of the sum of residues of the function f(t) given by formula (10).

Lemma 2. The sum of residues of the function f(t) at Z and Z has no singularity as Im Z — 0,
and
plp—1)...(p—2n+2) gp—2n+1

(2n —1)!

lim (res(f;Z) —|—res(f;Z)) =

Im Z—0

And also -
res(f; Z) +res(f; Z) =

p(p— 2n—3+2)<2_2)3(— —2n—s+1 s yp—2n—s+1
_ Zp—2n-—s —_1)$zp—2n s+ )
nfl'z (s+n)---(s+2n—1) +(=1)

Proof. Set X = res(f; Z) +res(f; Z). By formula (9),

. Z\P—i
)" N S (2n —2—j)! 2n+1 _1)j+1+(§)
— _ p—2n
= n_1'2 n—l—j'p(p )...(p—j+1)Z (1 Z>2n—1—j
A
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Setting Q := 1 — Z/Z we rewrite ¥ in the form

CUP S~ o229l gy gy e CPTH QP

(n—1)! = jln—1-4)! Q2n—1-J ’
which splits into two sums
n—1 .
_ -1)" 2n—2—g) ) (=1)it1
P 2n+1 _ _
4 1>' ,Z:o —y e D) G
n-1 > () (=QF
= 2n —2—j)! , k=0
Zp~ntl ( p—1)...(p— 1) —————.
n—l)' Z{)]'(n )lp( ) (p=7+1) Qn—1-J

The binomial series in the latter sum converges only for |Q| < 1. If |Q| = 1 it should be replaced
by a Taylor polynomial of sufficiently large degree N along with a remainder ((Im Z)V+1).

Set [ = j + k in the second sum and transform it. We obtain

peomi1 (D" S = 2n—2—-5)! plp—1)...(p—1+1) (-1)' Q'
gor—2mr1_(—1) Ty j(!(n_l_g))!p(p )(l_(]?)! )(an_1 .

Interchanging the order of summation and substituting j for I and k for j immediately yields

o 8 () 22 for) g

=0 k=0
PSP e (-1 & L) (2n—2— k)
M Y () 2, (1 () ==
Summarizing we get
_ 71 n—1 9 _ _1\j+1
Yy = Zp_Qan1)|Zj(|2772ii'p(p_l).“(p_j—i_l)éyj)lj—i—
7=0
[P T 1)iQi 7\ (2n —2—k)!
o H Z:: <J> QL ,;,( Uk(k) (n—1—k) +
oy (= > 1)7Q7 = L7\ (2n—2— k)
+ g £ ;(;) v kZ:O(U (k)(n_l_k)!.

Lemma 2 will be proved once we prove the lemma below. This latter is of independent
interest.
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Lemma 3. We have

z]:(_l)k<2)w _ @2n—2-j)! if j=0,1,...,n—1;

P (n—1-k)! (n—1-74)"

;(—1)’“ (2) ((2:__12__:)),' = 0, if j=nn+1,...,2n-2

() IS = oL i =

k=0

— Ne@rn—2-k)! & (C)H—2m42)--(1—n) o
kZ:O(—l)k <k) m — l:;_l WG D , if 7>2n—1.
Proof. Consider the function F(z) = kéo(—l)k(i) ((2:_12_:))" n-l-k,

A trivial verification shows that

F(z) = (aaz)“g_l)k@ g2k _

() -2 = () e,

For z = 1 we then get

i(_l)k<j) @n-2-K!  _ (”‘,1>j!(2n_2—j)(2n—3—j)-~n=M

= k) (n—1—k)! J n—1-—j
whenever 7 =0,1,...,n— 1.
In just the same way we evaluate the second sum. Suppose j =n,n+1,...,2n—2. Consider
the function
n—1 .
B @n-2-k) ,_,
F _ -1 k \elv — =) on
(2) ;O( ) (k) (n—1-k) "

o\n—1 . i
which is actually equal (a—) (22"_2_3 (z— 1)3) , as is easy to check.
z

Hence we readily deduce that F'(1) = 0, as desired.
Let us prove the thired equality corresponding to j = 2n — 1. For this purpose, consider the

function F'(z) = :i:(—l)k(mk_l) mzn—k—ll

An easy computation shows that

n—1

Fo = (5) 7 ()
L 2 k=0
()T (T () ) -
k=0
() () () - ) () e e

For z = 1 the first term vanishes, and so F(1) = (=1)"~! (n — 1)\

— 24 —



Davlatboi Kh. Dzhumabaev On Asymptotic Expansion of the Conormal Symbol ...

Consider the last equality for j > 2n — 1. We have

n—1,"71 (_q)l,2n—1-2 n—1, (1)l 2n—1-2 I (_1)lp2n—1-2
0= () (S )- @) (S S 2 )

n—1 ,,2n—=§=2(5 _ 1)i nei J 1)1 2n—1-2
~(7) ) () (> )
1=2n—1

Thus _
()l —2n+2)---(I—n
F(l)QZ_l( ) (“(j_l)!) ( )’

which proves the lemma. O

We are now in a position to complete the proof of Lemma 2. To this end, we observe that
the first and the second sums in the expression for X cancel. In the third sum only the terms
corresponding to j > 2n — 1 do not vanish. Hence it follows that lim X =

Im Z—0
n 2n—12n—1
— p—2n+1 (71) p (*1)—@ — (11 B | P p—2ni1
Z (n - 1)' <2n — 1> QQn—l ( 1) (n 1) om—1 4 .
Then by Lemma 3 we have
> J l+n
_ ; . om -l -2n+2)--- (I —n)
» = gp—2ntl —1)7 — 1) (p— 1)Qi—2n—1 (
j:gn:q( S ) =it z:;:,l Ny -1

Substituting j =k +2n—1 and [ = s+ 2n — 1, we get

) k _1s+n—1 +1)--- +n—1
5 g 2+1Z Dl (p—k —2n+2)Q" 2)( )(34_;2_1))!(/{(55);1 ):

_ pan ii (1) ++np (p—k—2n + 2)}59 + ;') (s 4n - 1)Q

)
por (s+2n— 1)K

+1)- (1) p k—2n + 2)QF
— 7p— 2n+1 ] B
Z (s+2n—1)! Z (k—s)!
s=0 k=s
zzpf%ﬂi(_ )it G tn 1) i D (p—s —m =20+ 2)Q7"
(s+2n—1 — m
= 7P 2“‘“2 "G+ (j"i'n_l)Qsi(_1)mp"'(p—8—m—2n+2)Qm
(s+2n—1)! — ml
The sum
S~ 0 pmsmm-2n+2)Q"
m=0 m'
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Thus
_ - QnHZ "s+1)-(s+n—1)p-(p—2n—s+2)Q°(1 — Q)P 2n—st!
(s +2n—1)! N
= (=)™ .z 2l (1 — Q)P 2n+12 (s+1)---(stn—Vp---(p=2n—-s+2)Q°(1-Q)"°
(s+2n—1)! ’
> - A
SinceQ:1—Z/Z,then1—Q:Z/Zand1?62:?.

_ [eS) . — o — 2 Z*Z s
From here Y = (—1)"ZP*2”*1 3 p---(p n—s+2) ) ( _ ) .
=osl(s+n)---(s+2n-1) A

Therefore

> 2n—s+2)(Z—-7)°
DO -

res(f; Z) +res(f; Z (s4+mn)---(s+2n—1)7Zs

p-(p—2n—s+2)(Z—-2)° <7727 1 on—
= . gp—2n s+ _1)sgzp—2n s+1)
n—l'Z (s+n) - (s+2n—1) +(=1 ’

as desired. O

Theorem 3. The function My k(z',2",y',y";t) admits an asymptotic expansion

M{»H)\k(x/, I//7y/7y//;t) —
_ . (iIA+1)...(IA+2n—2) expmA ((iA+2n—1)Im A — iARe ZIm B)Z~A~2n N
N (2n —1)! sinh T\ (1+ |z)?)™

+ O(Im2Z2)

as ImZ — 0.
More then My k(2 2"y, y";t)=

B im exp A Z(IA+ 1) (iIN+2n 45 —2)(Z - 2)*
22— D! (1 + |z|2)n sinh wA <~ si(s+mn)---(s+2n-1)

X

x ((=1)*T1Z7A2 =S (GABZ + A(iIAN+2n+ s — 1)) — Z7 25 (IABZ + A(iA + 2n+ s — 1)) .

Proof. Using Lemmas 1 and 2 we obtain  lim M, . k(z', 2"y, y";t) =

Im Z—0

_ @A+ (A +2n—2) expr) (((A+2n—1)A - iNZB)Z A
- 2n—1)! sinh A 1+ [z]2)"

Let us estimate the sum B + B. Since (V,p,y) = h it follows that the real part of B is
B+ B 2 - 2 -
i :—M:—M,WhmhiSO(lmZ) as ImZ — 0.
2 O2n Vypl O2n IVypl
On the other hand, A is purely imaginary, for ((v(y), van(y)), (y,1)) = 0.
This establishes the first formula.

Consider the last formula. We have res(G; Z) + res(G; Z) =

B Z(—iA) - (—iA =20 — 5+ 2)(Z — Z)*
)'anz( ) (( ( )

Z—ik—Qn—s-‘rl ~1 sz—i)\—Q’rL—s—i-l
2(n—1)! sl(s4+mn)---(s+2n—1) ( +(=1) )+

s=0
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+ (Z—i/\—Qn—s + (_l)sZ—i)\—2n—s) _

A i(—i)\—1)--~(—i)\—2n—8+1)(Z—Z)s

2(n — 1)lan pore sls+mn)---(s+2n—1)

- 1 (—iA+ 1) (=iA—2n—s5—2)(Z — Z)®
_Q(n—l)!anz s!(s+n)~~~(s+2n—1)

X
s=0

X (1) GABZ ™27 5H 4 A(IA + 2n+ s — 1) 27 720%) —
— (IABZ7P 72 L AN+ 2n 45 — 1) 270720 7%) =
- 1 i(—i/\—|—1)-~~(—i/\—2n—s—2)(Z—Z)s
2(n — Dla™ = sls+n)---(s+2n-1)
x ((=1)*T1Z7A"2=5(ABZ + A(iA+2n+ 3 — 1)) —Z " 2""S(\BZ + A(iA+2n+3 — 1))).
Then using the equality (11), we get

X

o
/0 O 0y = i SPTA (es(G(1); 2) + res(GU1): 2)) =

B iTexp A Z(=iA+ 1) (=N =2n—5—2)(Z — Z)°
~ 2(n—1)la"sinh 7\ — slis+mn)---(s+2n—-1)
x ((=1)*T1Z7A"2=5(ABZ + A(iA +2n + 3 — 1)) —Z " 2""S(\BZ + A(iA+2n+ 3 — 1))).

O
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006 acuMOTOTUYECKOM Pa3JI0KEHUN KOHOPMAaJbHOTO
CUMBOJIA CUHTYJISIPHOTO MHTErPaJIbHOTO ONepaTopa
Boxnepa-MapTunenin Ha MTOBEPXHOCTAX

C KOHUYeCKNMU pedpamu

Hasiat X. I>xymabaen

B pabome usyuer KoHopMaAbHl CUMBOA CUHRYAAPHO20 uhmeezpana Boxnepa-Mapmuneasu na xomnaxm-
HHLT 3AKPOIMBLIT NOBEPTHOCTAL ¢ Konudeckumy pebpamu S 6 C" u sviuucaeno e2o0 acumnmomuueckoe
DA3A0IHCERUE.

Karoueswie caosa: cumneyaapruuii onepamop Boxmepa-Mapmumesniu, KOHOPMAAbHBIT CUMBOA, KOHUMECKOE
pebpo.
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