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We are interested in the following questions of B. Hartley: (1) Is it true that, in an infinite, simple locally
finite group, if the centralizer of a finite subgroup is linear, then G is linear? (2) For a finite subgroup F
of a non-linear simple locally finite group is the order |CG(F)| infinite? We prove the following: Let G
be a non-linear simple locally finite group which has a Kegel sequence K = {(G4,1) : i € N} consisting
of finite simple subgroups. Let p be a fized prime and s € N. Then for any finite p—subgroup F of G, the
centralizer Cq(F) contains subgroups isomorphic to the homomorphic images of SL(s,Fq). In particular
Cq(F) is a non-linear group. We also show that if F is a finite p-subgroup of the infinite locally finite
simple group G of classical type and given s € N and the rank of G is sufficiently large with respect to
|F| and s, then Ca(F) contains subgroups which are isomorphic to homomorphic images of SL(s, K).
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Hartley asked the following question: Let G be a simple locally finite group containing a finite
subgroup with linear centralizer. Does it follow that G is linear? He proved in [2, Theorem A]
the following: Let G be any non-linear simple locally finite group and F' be a finite subgroup
of G. Then there exist subgroups D <1 C' < G such that D contains [C, F] and C N F, and C/D
is a direct product of finite alternating groups of unbounded orders. So the above question is
not answered positively in the general case because [C, F| is not necessarily identity.

By standard methods, one may reduce the question to countable non-linear simple locally
finite groups. So, we may assume that G is a non-linear countable, simple locally finite group.
In [6] it is mentioned that, the structure of centralizers of simple locally finite groups which has
a Kegel sequence as a union of finite simple subgroups and the ones which has no, particular
type of such Kegel sequences are quite different.

Recall that an element in a simple group of Lie type is semisimple if its order and the
characteristic of the field is relatively prime. In the alternating groups all elements are semisimple.

Definition 1. A subgroup F' of a finite non-abelian simple group G is called a totally semisim-
ple subgroup if every element of F is a semisimple element in G whenever it is a simple group
of Lie type. If G is alternating, then all finite subgroups are totally semisimple.

Observe that, a simple locally finite group G has a local system consisting of finite simple
subgroups if and only if G has a Kegel sequence K = {(G;,1) | i € N}. For more information
about Kegel sequences see [3]. Our main result is the following.

Theorem 2. Let G be a non-linear simple locally finite group which has a Kegel sequence K =
{(Gi,1) : i € N} consisting of finite simple subgroups. Let p be a fized prime and s € N. Then
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for any finite p—subgroup F of G, the centralizer Cq(F) contains subgroups isomorphic to the
homomorphic images of SL(s,Fy). In particular Cq(F) is a non-linear group.

Proof. Step 1. Let F be a finite p-subgroup for a fixed prime p of the simple locally finite
non-linear group G which has a Kegel sequence consisting of finite simple subgroups G;. By
the classification of the finite simple groups, we may assume that G has a Kegel sequence for a
fixed type of classical group. Let p; be the characteristic of the field over which the group G; is
defined. Let p = {p; | i € N} be the set of all these primes. If the set p is infinite, then we may
pass to a subsequence such that each G; is defined over a field of characteristic p; and p; # p;y1.
In this case, by deleting the fixed prime p from the infinite list and if necessary by passing to a
subsequence, we may assume that our p does not belong to the set of primes which appear as a
characteristic. Hence F' becomes a totally semisimple subgroup in each G;. Otherwise the set p
is finite. We may pass to a subsequence such that each G; is a simple group over a field of fixed
prime r. If p # r then again F' becomes a totally semisimple subgroup in each G;.

By the above paragraph we may choose a subsequence such that either F' is a totally semisim-
ple subgroup in each finite simple group G; of fixed classical type for all i € N and so theorem
is proved in the totally semisimple and alternating cases in [1], or F is a p-group in G; of fixed
classical type defined over a field of characteristic p.

So we are in the case that F' is a p-group in G; where G; is of fixed classical type
defined over a field of characteristic p.

Reduction of centralizer from projective special classical groups to classical groups case.

As Cg(F)N/N < Cg/n(F/N) if Cq(F)N/N contains subgroups isomorphic to SL(s,F,),
then so is Cq/n (F/N).

By using this we may reduce the proof of the Theorem to Classical groups.

Step 2. Let p be a fixed prime. Let F; be a finite p-subgroup of the finite simple group G
of classical type defined over a field of characteristic p. G is constructed from a vector space
V of dimension m and G = T/Z(T) where T = SL(V), Sp(V), QF(V) or SU(V). Since
(1Z(T)|, p) =1, by Schur-Zassenhaus theorem, the inverse image L of F} in T can be written as
L = F x Z(T) where F is a finite p-subgroup of T" isomorphic to Fy. Then Cr(L) = Cr(F') and

Cr(Fx Z(T))/Z(T) = Cr(F)Z(T)/Z(T) < Cryz¢ry(F1) = Ca(F1)
moreover as Cp(F) > Z(T), the order
[(Cr(F)NZ(T))| = [Z(T)| = (m, [Fq| = 1) < |Fg[ = ¢

So in order to prove the Theorem, it is enough to show that, for finite p-subgroup F' of T
the group Cp(F) contains subgroups isomorphic to homomorphic images of SL(s, F,). First we
show this for SL(n,Fy).

Lemma 3. Let F' be a finite p-subgroup of SL(n,F,) or GL(n,F,) where Fy be a finite field of
order q of characteristic p. Then Csp(n F,) (F) has subgroups isomorphic to SL(%, F,) provided
that n is large.

Proof. Let V,, be an n-dimensional vector space over F, on which F' acts. First we show

dim(Cy, (F)) > %

Assume that |F| = p. Since characteristic of the field is p and the element x € F is of order
p, we have P = 1, which implies (z — 1)?» = 0. Then F has either Jordan block of size p or it
fixes the given vector. As we wish to show that F fixes a subspace of large dimension, we may
assume that, F' has Jordan blocks of size p on the whole space. In this case V,, can be written
as a direct sum of the corresponding F' invariant subspaces and in each F invariant subspace

We may prove this by induction on |F|.
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we have an eigenvector corresponding to the eigenvalue 1 and hence it is fixed. Then we have
dim(Cy,, (F)) > o > number of Jordan blocks of F' on V,,.
p

||

Now assume that |F| > p. Since F is a p-group, there exists a normal subgroup H < F such
that |F' : H| = p. By induction assumption dim(Cy, (H)) > % Now consider Cvy, (F'). The

group F acts on Cy, (H) = W as a cyclic group of order p as H acts trivially on W. Hence

dim(W
dim(Cy, (F)) > 22) _ %
We may form a basis for V,, extending the basis of Cy, (F'). Consider the non-singular linear
transformations of Cvy, (F') which acts trivially on the remaining basis vectors of V,,. Then

by the first paragraph.

Cvy, (F) has a subgroup isomorphic to GL(%, F,) and contained in C’GL(qu)(F). O
Now we prove the above result for the other classical groups that will complete the proof of
the Theorem.
Observe that in the next Lemma, classical groups over fields of characteristic 2 is also included,
main reference is [2]. In particular if G is an orthogonal group over a field of characteristic 2,
then we assume dim(V,,) is even as in [2].

Lemma 4. Let G = G(m,F,) be unitary, symplectic or orthogonal group over a finite field Fy of
characteristic p. Let F be a finite p-subgroup of G. Let s be a given integer. If m > 4|F|+ 2s|F|,
then Cq(F) contains subgroups isomorphic to SL(s,F).

Proof. Let V,, be an m dimensional vector space over a finite field F; of characteristic p associated
to the group G and ( , ) be a non-degenerate symmetric, unitary or symplectic form on V.
For the orthogonal groups over a field of characteristic 2, the vector space V,,, is associated with
a quadratic form g : V,,, = F, together with a F, valued bilinear form ( , ) on V;, such that
gz + py) = Ng(z) + Mz, y) + p?g(y) where z,y € V,,, and A\, u € Fy,.

By [2, (b), p. 508] if m > 2s|F|+4|F|, then F leaves invariant a totally isotropic (respectively
totally singular) subspace of V,,, of dimension at least s|F|. Then F acts on this F invariant
subspace of dimension s|F'| and by Lemma 3, if dimension of the totally isotropic subspace > s|F|,
then Cgp(m, ¥,)(F) contains a subgroup isomorphic to SL(s,F,). Then by Witt extension
theorem we may extend the action to the isometries of the vector space V;, and hence Cg(F)
contains subgroups isomorphic to SL(s,F). O

Completion of the Proof of Theorem 2. Let s be a given integer. In a non-linear locally finite
simple group with a given finite subgroup F', we may find a classical group G; where the rank of
G is sufficiently large. Then by Lemma 3 and Lemma 4, Cg,(F) contains a subgroup which is
isomorphic to SL(s,F,). Hence Cq(F') contains subgroups isomorphic to homomorphic images
SL(s,F,) for any s € N. In particular C¢(F) is a non-linear group. O

Theorem 5. If F is a finite p-subgroup of the infinite locally finite simple group G of classical
type and the rank of G is sufficiently large with respect to |F|, then Cq(F) contains subgroup
isomorphic to homomorphic images of SL(s,K) where K is a locally finite field. In particular
Cq(F) is an infinite group.

Proof. If F is a totaly semisimple element of G, then the result can be extracted from [1,
Theorem 1.11] and the proof of [1, Theorem 2.1]. If F' is a p-subgroup of a locally finite simple
group defined over a field of characteristic p, then Lemma 3 and Lemma 4 give the result. O

Definition 6. Let K = {(G;, N;) | i € I} be a Kegel cover of a simple locally finite group G. A
finite p-subgroup F of G is called a K-p-subgroup if (p,|N;|) =1 for alli € 1.
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In general, for any non-linear, simple locally finite group, it is not true that, every finite p-
subgroup is a C-p-subgroup. In [7] Meierfrankenfeld showed that, there exists a simple non-linear
locally finite group G such that Cg(z) is a p-group for an element x of order p. But by [1], if G
has a Kegel sequence as above, then Cg(z) involves an infinite non-linear simple subgroup. So
the groups in [7] do not have such a nice Kegel sequence. Our results can be used in this direction
to decide whether G has a nice Kegel sequence or not; provided that we know the structure of
the centralizers of its elements.

Corollary 7. Let G be a non-linear simple locally finite group and K = {(G;,N;) | ¢ € N}
be a Kegel sequence of G. Then for any finite KC-p-subgroup F, the centralizer Ce(F) contains
subgroups isomorphic to the homomorphic images of SL(s,K). In particular Co(F) is an infinite

group.

Proof. This result is an easy application of splitting of the centralizer

Lemma 8. Let G be an infinite simple linear group over a locally finite field K of characteristic
p and F be a p-subgroup of G (F could be infinite). Then |Cq(F)| = |K|. Moreover if |K| is
infinite, then |Cq(F)| is infinite.

Proof. By Zorn’s lemma every p-subgroup of G is contained in a maximal p-subgroup P of G.
As maximal p-subgroups of G are nilpotent; P is nilpotent and hence Z(P) < Co(F). As Z(P)
contains a subgroup isomorphic to the additive group of K we have whenever | K| is infinite, then
|Ce(F)| is infinite. O

Definition 9 ( [1]). Let G be a simple linear algebraic group. A finite abelian subgroup A
consisting of semisimple elements in G is called a d-abelian subgroup if one of the following
holds:
1. The root system associated with G has type A;, and the Hall w-subgroup of A is cyclic where
w is the set of primes dividing | + 1.
2. The root system associated with G has type By, C;, D; or Gy and the Sylow 2-subgroup of
A is cyclic.
3. The root system associated with G has type Eg, B or Fy and the Hall-{2,3}-subgroup of A
is cyclic.

4. The root system associated with G has type Eg and the Hall-{2,3,5}-subgroup of A is cyclic.

Theorem 10. Let G be an infinite simple classical group of rank | over a field of characteristic
p and F be a finite subgroup of G with F = P x Q) where P is a p-subgroup and Q is p'-part of
F. Let s be a given integer. If Q is d-abelian and l is sufficiently large with respect to |F| and
s, then C(F) contains subgroup isomorphic to homomorphic images of SL(s,K). In particular
Ce(F) is an infinite group.

Proof. Let G be an infinite simple locally finite group over a field K of characteristic p. Let G
be the simple linear algebraic group of adjoint type over an algebraically closed field K which we
obtain G as a union of fixed points of Frobenius automorphisms ¢™¢ where n;|n;+1, ¢ € N, for
details see [1]. Then @ is a d-abelian subgroup of G and by [8, Theorem 5.8(c) and Exercise 5.11],
@ is contained in a maximal torus fixed by o™ for all i. The group Cx(Q)° is generated by T'
and the U, with a € ¥; where 3; be the system of roots vanishing on @ and Cx(Q)° is reductive
group by [8, 4.1 (b) E35] with ¥ as its root system.

Since the order of Cz(Q)/Ca(Q)° is a finite fixed number it is enough to consider the theorem
for Cx(Q)°.
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By [4, p 20, Proposition | if s € G is semisimple, then s € C(s)° and every unipotent ele-
ment of Cg(s) lies in C(s)° hence the p-part P of F also lies in C(Q)°. The group (Ca(Q)°)’
is a semisimple subgroup and P is a finite p-subgroup which is fixed by the Frobenius auto-
morphisms ¢™. The automorphisms o™ are automorphisms of C(Q)° see [8, 3.2, E.10.] and
so automorphisms of (Cx(Q)°). Our group P lies in the semisimple part of C5(Q)°. Let
(Ca(Q)°) = H1Hs ... Hy be the product of simple algebraic groups H;. Then the Frobenius
automorphism acts on the components and choose an orbit of ¢™! containing a component of
large rank. Since the rank of Cx(Q)° is sufficiently large and this rank is the sum of the ranks of
the simple components H;, we have such a component. For the existence of this large rank see [5].
Then the rank of Cc,, (@° (P) is sufficiently large. Then the fixed points of the automorphisms
o™ on this component gives the centralizers of large cardinality as the fixed points contains the
classical groups of large cardinalities and certainly they are in the centralizer of F'.

Then the fixed points of the automorphisms on this component gives the centralizers which
proves the theorem. O

Dedicated to V. M. Levchuk and A. Yu. Ol'shanskii on the occasion of their 70th birthday.
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ILlenTpaan3aTopbl KOHEYHBIX P-MOATPYIII B IMIPOCTBIX
JIOKAJIbHO KOHEYHBIX I'pynIiax

MaxmyT Ky3ycyorsiy
JlenmapraMmeHT MaTeMaTUKH
CpeaHeBOCTOYHBIN TEXHUIECKUN YHUBEPCUTET

Amkapa, 06531
Typuus

Hac unmepecyrom caedyrowgue sonpocv, B.Xapmau: (1) IIpasda au, wmo & beckonewnol npocmoti Ao-
KAABHO KOHEUHOU 2PYNne, ecAl UeHmpasudamop Korewrnot nodepynnos aunetnsild, mo G asasemcs Au-
netinot? (2) Jdasn xoneunot nodepynno F nesunetinot npocmots A0KasbHo KOHEwHOT epynnvl nopadok
|CG(F)| 6eckoneuen?

Hoxasveaemesn caedyrowee: nycmv G — HEAUHETHAA NPOCTNAA AOKANOHO KOHEYHAA 2PYNNG, UMENO-
was nocaedosamesvrocmv Kezean K = {(Gi,1) : I € N}, cocmoswyro us KoHewHbT NPocmuir noo-
epynn. Ilycmov p — durcuposarroe npocmoe wucno, s € N. Tozda das 110600 KoHewHol P-nodepynnol
F epynnoe G uyenmpasuszamop Ca(F) codepoicum nodepynnoi, uzomopdrovie zomomoppromy obpasy
SL(s,Fq). B wacmnocmu, Ca(F) asasemca nesunetinot epynnoti. Mo makoice nokasweaem, 4mo ecau
F — xoneunan p-nodepynna 6eckoneunots A0KaAbHO KoHewHot npocmol epynnvt G 3a0avu Kaaccu4eckozo
muna u 3adannoir s € N, u pane G docmamouno Goavwot omuocumeavno |F| u s, mo Cq(F) codeporcum
nodzpynnot, uzomopproe 2omomopProm obpasam SL(s, K).

Karouesvie crosa: uermpasu3amop, npocmas A0KAANOHO KOHEYUYHAA, HeNUHETHAA epynna.
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