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Abstract. Two models of closed microecosystem "algae—heterotrophic bacteria" are considered in this
paper. Mathematical models are the Cauchy problem for system of non-linear ordinary differential
equations. To develop models the Liebig’s law of the minimum is consistently used for both specific
rate of biomass growth and specific mortality rate of algae and bacteria cells. To describe the specific
rate of substrate utilization by algae and bacteria the Andrew model (substrate inhibition) is used. It is
assumed that carbon and nitrogen are main biogenic elements. Both models predict stationary state of
microecosystem «Clorella vulgaris Pseudomonas sp.» that is in reasonable agreement with experimental
data. Stability of the obtained stationary state is examined by means of Lyapunov’s indirect method
and Lyapunov’s direct method based on the proposed form of Lyapunov function.
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1. Notations

2« — biomass concentration of algae model cells, g/1

y — biomass concentration of bacteria model cells, g/1

e, [y — specific growth rate of biomass (algae, bacteria), 1/h

Ha,maz, Hy,maz — Maximal specific growth rate of biomass (algae, bacteria), 1/h

d, d, — specific mortality rate of cells (algae, bacteria), 1/h

demin, dy min — specific mortality rate of of cells at optimal conditions (algae, bacteria), 1/h

de.maz, dy,maezs — specific mortality rate of of cells in the absence of nutrition (algae, bacteria),
1/h

. qéc) — specific consumption rates of carbon (algae, bacteria), 1/h

q;n), qg(,n) — specific consumption rates of nirigen (algae, bacteria), 1/h

qg(cc,zmz, ql(,c,zmw — maximal specific consumption rates of carbon (algae, bacteria), 1/h
q;gflgwm, qz(,flmam — maximal specific consumption rates of nirogen (algae, bacteria), 1/h

C’fﬁgz, Cﬁf{gm — carbon concentration whereby ftg mae and fiy mas are achieved (algae, bacte-
ria), 1/h
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Nf,fgw Nf,i’czx — nitrogen concentration whereby fiz maz and fiy mae are achieved (algae, bac-
teria), 1/h

Yaees Yan — Stoichiometric coefficients for model cells of algae

Vye, Yyn — stoichiometric coefficients for model cells of bacteria

Cpm, Ny, — concentration of mineral forms of carbon and nitrogen in water, g/1

Cy, Np — concentration of biological forms of carbon and nitrogen (proteins, lipids, carbohy-
drates) in water, g/1

e — growth efficiency of heterotrophic bacteria

2. Introduction

Closed ecological systems (CES) constitute self-replenishing ecosystems which receive energy
from outside but do not exchange matter with the outside environment. These systems have
a number of applications. They are unique tools for studying fundamental processes and in-
teractions in ecosystems. They also provide a basis for creating life support systems for space
exploration. To gain insight into the functioning of CES mathematical models can be used.
The elaboration of main principles of constructing mathematical models can be conveniently
performed on the basis of closed microecosystems. Microecosystem (MES) is a small-scale, sim-
plified, often laboratory based experimental ecosystem.

Mathematical models often represent the closed ecosystem as a set of first-order autonomous
differential equations. Models based on so called flexible metabolism were suggested [1,2]. It
was found that these models of closed ecosystems tend to become more stable as the number
of the described species increased. Various models of closed ecological systems with low species
diversity were considered [3]. It was shown that models based on flexible metabolism have a
stable stationary state in a wide range of parameters. Model of closed microecosystem «algae-
heterotrophic bacteria» was proposed [4]. The Liebig’s law of the minimum was consistently
used for constructing this model. Concentration of the biomass in stationary state obtained with
the use of the proposed model is in reasonable agreement with experimental data.

In a closed system external influences are not possible, and the system can only change due to
internal processes. Therefore, once equilibrium is achieved, it will remain as long as the system
stays closed. The concentrations of biomass and biogenic elements will remain constant, and the
system will be in a state of dynamic equilibrium. Any plausible mathematical model of a CES
must produce stable steady state solution. It means that model can describe an arbitrarily long
existence of a CES.

In this paper two models of closed microecosystem «algae—heterotrophic bacterias are con-
sidered. Both models predict stationary state of microecosystem that is in reasonable agreement
with experimental data. Stability of the obtained stationary state is examined by means of Lya-
punov’s indirect method and Lyapunov’s direct method based on the proposed form of Lyapunov
function.

3. Stoichiometric ratios and physical factors influencing
population growth

Let us introduce model cells that consist of only from carbon and nitrogen (basic biogenic
elements). Values of the stoichiometric coefficients for model cells of algae and bacteria are

calculated using given C/N ratio for real cells:

'750/7371 - giVGIL Ysc + Vse = 17 s = (a:,y)
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Mass of model cell is related to the dry mass of real cell as m, = r - m., where coefficient r < 1
is determined from the ratio of the mass of carbon and nitrogen to the dry mass of real cell.

Light intensity is one of the important factors for algal photosynthesis. To describe its effect
on algal growth function f; (I) is introduced. The effect of temperature on production of biomass
of algae and bacteria is described by function fs s(T'). Algae and bacteria are able to grow in
some pH range of medium. In what follows, it is assumed that ecosystem is kept at optimal light
intensity and pH of medium (fi(I) =1, fs.(pH) = 1, f3,y(pH) = 1).

4. Models of closed microecosystem «algae — heterotrophic
bacteria»

The first model was presented in detail in [4]. It was assumed that specific substrate con-

sumption rate of biogenic elements (C' and N) by algae and bacteria is defined using modified

Andrew’s equation [5]. It was also assumed that specific mortality rate of algae and bacteria

depends on the concentration of biogenic elements [6, 7]. The model can be expressed in the form
of a system of differential equations

dSl/dt = f1 (Sl) y
s1 = (2,9, Ch, Con, Ny Nop)*, £ (51) = (fi,1(s1),---5 fie (s1))".

Let us consider now second model. Specific growth rate of population can be defined in the
form that is equivalent to modified Andrew’s equation

(1)

), /b + b /0, — 2
DN ST AT R NT

Vs (b) = f2,s (T)

s = (z,y), b= (C,N),

where b, 1/, — substrate saturation constant (substrate concentration when v(b, s2) =1/2. Let
Cyp» and Ny be concentrations of organic carbon and nitrogen that can be consumed by bacteria
(organic matter in water and in algae). It is assumed that carbon and nitrogen are consumed
independently by bacteria. Then consumption rates of organic carbon and nitrogen by bacteria
are

dCyp/dt = dCy/dt + Yae dZeaten/dt,

dN’t/b/dt = dNb/dt + Yan d-reaten/dty

where dCy/dt and dN,/d t are consumption rates of organic carbon and nitrogen in water,
dZeqten/dt is consumption rates of algae by bacteria. Consumption rates dC/dt, dNy/d and
dZeqten /dt are propotional to Cp, Ny and Zegten , respectively. Then

dcb/dxeaten = Cb/I, dNb/dxeaten = Nb/x-
Let us express C, and N, from the condition of closeness

Yz + Yycy + Cy + Cy, = Cy = const,
Yan® + YynY + Ny + Ny, = Ny = const,

and obtain

dCyb/dt = ((OO — Yz — VYyclY — Cm)/x + 'Yxc) dxeuten/dt = ((CO — VycY — Cm)/x) dxeaten/dta
dNyb/dt - ((NO — Yzn® — VynlY — Nm)/x + ’ygvn) dxeaten/dt = ((NO — YynY — Nm)/x) dxeaten/dt-
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Using Liebig’s law, one can obtain

1
CO - A/ycy - m

dZeqten/dt = x - min ( dCyy/dt,

N, . 2
NO_’Yyny_de yb/dt> ( )

Bacteria need for vital activity not only biogenic elements but also energy. Part of consumed
organic matter is used for growing bacterial biomass, and the rest part is degraded by bacteria
releasing inorganic nutrients and obtaining energy. This process is known as mineralization. It

can be described as follows
dCyb/dt = fbyc,maxV (Cyb) Y= fyycdyp/dt + dCym/dt, (3)
dNyb/dt = Hyn,maxVy (Nyb) Yy = ’Vyndyp/dt + dNym/dt7

where fye mazs fyn,mez — Mmaximal specific consumption rate of carbon and nitrogen, respec-
tively; dy,/dt — specific growth rate of heterotrophic bacteria without regard for mortality;
dCym/dt , dNy.,, /dt — rates of mineralization of carbon and nitrogen. It is proved in the Ap-
pendix that if condition (A2) is satisfied then

dyp/dt = [y max - min (v, (Cys), vy (Nyp)) y- (4)

Algae consume mineral forms of carbon and nitrogen independently. Then

dsz/dt = YzcMz,maxVx (Cm) x, (5)
dNﬁm/dt = YenMz,maxVx (Nm) z,

where dCy, /dt , d Ny, /dt — consumption rates of inorganic carbon and nitrogen in water. Using
Liebig’s law and (5), one can obtain specific growth rate of algae without regard for mortality
dx,/dt as follows

d‘r:ﬂ/dt = min ((1/'Yacc)dca:m/dt7 (1/'7$7l)dem/dt) = Mz, max min (Vw (Cm) y Vo (Nm) ).’L‘ (6)

Using (2), (4), (6) and (A3), specific growth rates of algae and bacteria are written in the
form

dx/dt == dxp/dt - dzx - dxeaten/dta

7
dy/dt = dy,/dt — dyy, @

where d, , d, — specific mortality rates of algae and bacteria, respectively. Using (3)—(5), the
rate of concentration change of mineral forms of carbon and nitrogen is described as follows

dCy, /dt = dCyy, [dt — dCyp, /dt,

8
ANy, /dt = dNyy, /dt — ANy, /dt. ®)
Considering (7) and (8), the following system of differential equations is finally obtain
dSQ/dt = f2 (52) y

sy = (2,5, Cn, Nim)", £2(s2) = (fa1 (S2) - faua (52)) "
5. Steady states of closed laboratory microecosystem
«Chlorella-Pseudomonas sp»
Results of experimental studies of various closed microecosystems were presented [8]. For

example, microecosystem that contains algae Chlorella 219 and heterotrophic bacteria Pseu-
domonas sp was studied. Biocenosis was illuminated for 24 hours at 28-30°C. Concentrations of
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biomass of living algae cells, bacteria cells, dead algae cells and concentration of detritus were
determined.

Let us consider time evolution of microecosystem «Chlorella vulgaris - Pseudomonas sp» that
is described by system of equations (1). It is assumed that microecosystem is kept at optimal
illumination and pH at 29°C. Functions fo,(T") and fa,(T) are given in [4]. Stoichiometric
coeflicients, parameters r and parameters of functions for specific substrate consumption rate
for Chlorella vulgaris and Pseudomonas sp are also presented in [4]. The following stationary
solution was obtained

Stll = (:17, Y, Cba Cm7 Nb7 Nm)|t~>oo = (wa7 ya7 Cgv ng Nl?v Ngn) =
= (0.02465, 0.00647,0.0906, 0.00273, 0.0002, 0.00048) .

Consider now stationary solution for model 2 that follows from system of equations (9). In
stationary state dsg/dt = 0. Then

0 = d2porn/dt — dpx — dTeqten/dt,

0 = dyporn/dt — dyy,

0= /BCHy maxV(CO - TwCY — Cm)y - 'YyC'Cdyborn/dt = YaC Mz max’/(cm)l’:
0 = Bty max(No = YynY — Nim)y — YyndYborn/dt — YaN pa max¥ (Nm )T

(10)

Parameters d, and d, follow from the first two equations of (10)

,BNV(NO — YyNY — Nm) BCV(CO — YyCclY — Om))
No—vny—Nm = Co—ycy—Cp ’

dy = g max Min (V(Cm)7 V(Nm)) — My max¥y Min (

dy = My max min (V(CO - TyCcY — Cm)7 V(NO — YyNY — Nm))

It is assumed that Chlorella contains 50 % of proteins, 10 % of fats and 40% of carbohydrates.
Using average formulae for proteins, fats, carbohydrates and energy values for them [9], estimates
of parameters Q¢ and Qu can be obtained: Q¢ =12.182 kJ/g and Qn = 0.595 kJ/g.

Four possible stationary solutions were found

1' Cm < Cma)u Nm < Nmax
Chn = 0.00049, N,, = 0.01794, x = 0.023, y = 0.004, C, = 0.06, N, = 0.001.

2' Cm < CmaX7 Nm > Nmax
Cm = 0.0000468, N, = 0.06776, = = 0.02, y = 0.001, C, = 0.01, Ny = 0.001.

3. Cr, > Chaxs Ny < Nmax
Cn = 0.827, N, = 0.013, x = 0.021, y =0.002, C, = 0.01, N, = 0.001.
4. Cpy > Chax, Nim > Niax
Cm = 0.3987, N, = 0.0333, z = 0.019, y =0.004, Cp = 0.01, N, = 0.001.
Solution 1 corresponds to the conditions of the experiment. Specific mortality rates are
determined from relations (21), using stationary solution 1. They are
d, = 0.0285, d, = 0.0588.

Organic form of carbon Cj and nitrogen N, were not immediately determined in the ex-
periment. Biomass concentration of dead chlorella cells (0.12 g/1) and concentration of detritus
(0.12g/1) were determined. It was assumed that dead chlorella cell is chemically identical to living
chlorella cell, and detritus contains 35-50 % of carbon and 1-4 % of nitrogen. Then parameters
Cp and Ny can be estimated for the experiment. Calculated parameters of the microecosystem
are shown in comparison with experimental results in Tab. 1.
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Table 1. Stationary state of closed microecosystem «Clorella Pseudomonas sp»

Parameter | Model 1 | Model 2 | Experiment [9]
o —x/rg/l | 0049 | 0.046 0.05
yr =y/r, 9/l 0.011 0.007 0.015
Ch, g/l 0.091 0.06 0.097 - 0.115*
Ny, g/l 0.0002 0.001 0.007 - 0.01*

* estimate

6. Stability of steady states of closed microecosystem
«Chlorella-Pseudomonas sp»

Now turn to investigate the stability of the obtained steady states. First consider the method
that allows one to determine whether the equilibrium of the nonlinear system is asymptotically
stable or unstable based on the analysis of the linearized system about this equilibrium. This
method is sometimes known as Lyapunov indirect method.

Lyapunov indirect method. Let ds/dt = As be the linearisation of non-linear system
ds/dt = £(s) about the equilibrium point of non-linear system. Let A,,n =1,..., N denote the
eigenvalues of matrix A. If Re()\,) < 0 for all n then the equilibrium of non-linear system is
asymptotically stable. If there exists n such that Re()\,) > 0 then the origin is unstable.

Real parts of eigenvalues of matrix A for model 1 are

(=724.77,-0.236, —0.128, —0.067, 0, 0) .
Real parts of eigenvalues of matrix A for model 2 are
(—0.0025, —775.8166, —0.0001, 0) .

Hence, there are zero eigenvalues. In this case Lyapunov wrote [10] "...one can come to conclu-
sion that ...problem on stability is resolved by the sign of the minimal characteristic number.
Consequently, only cases when this number is equal to zero remain open to question. Then the
problem can not be resolved until higher then linear terms are taken into account in differential
equations". Alternatively, one can use Lyapunov direct method.

Lyapunov direct method. Let s = 0 be an equilibrium point for ds/dt = f(s) where
f : D — R" is locally Lipschitz on domain D C R"™. Assume there exists a continuously
differentiable function V(s) : D — R such that

1. V(0) =0 and V(s) > 0 for all s € D not equal to zero,

av NV
=%

p) a—snf" (s) <0 forall seD.

Then s = 0 is stable in the sense of Lyapunov.
To study stability of steady state for model 1 the folloing Lyapunov function is proposed

(Fin (51))°

M=

Vis1) =

Il
—

n

For model 2 Lyapunov function has similar form:

(F2n (52))°

NE

Vi(s2) =

Il
—

n
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Hence the first condition is fulfilled in D. To study stability of nonzero stationary state one
should use change of variables s* = s — s*, where s® is nonzero stationary state.

Analytical study of the derivative of the Lyapunov function in the vicinity of stationary
states was performed for both models using Maple software. Then as a result conditions were
established whereby dV/dt < 0. In the case of model 1 the derivative of the Lyapunov function
is non-positive for

x < 0.135, N,, < 0.0085, Ny < 0.0495.

In the case of model 2 appropriate conditions were established for every stationary state:

1. Cm < CmaX7Nm < Nmax
2 < 0.035, y < 0.0105.

2. Cm < Crnax,Nm > Nmax
z < 0.08, y < 0.0065.

3. Cm > Cmaszm < Nmax
0.008 < N,, < 0.01335, 0.0009 < y < 0.0029, 0.015 < C,,.

4' Cm > OIIlaX7 Nm > NH]&X
N, > 0.03165, y < 0.035.

By this means the stability of obtained stationary states is proved.

Conclusions

Two models of closed microecosystem «algae-heterotrophic bacteria» were considered in this
paper. Mathematical models are the Cauchy problem for system of non-linear ordinary differ-
ential equations. The Liebig’s law of the minimum and the Andrew model for the specific rate
of biomass growth were used to develop these models. Both models predict stationary state of
microecosystem «Clorella vulgaris Pseudomonas sp.» that is in reasonable agreement with exper-
imental data. To study stability of the obtained stationary state Lyapunov indirect method and
Lyapunov direct method were used. The form of Lyapunov function that is used in Lyapunov
direct method was proposed. Methodology developed in this paper can be used to study stabil-
ity of stationary states of various closed microecosystems that include algae and heterotrophic
species.
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YCTOMYNBOCTDH CTalMOHAPHOT'O COCTOAHMA 3aMKHYTOI71
MHUKPO3IKOCHUCTEMbI «OJHOKJIEeTOYHasd BOJOPOCJIb —

rereporpodHasa 6aKTepus»

Ouner A. 3osioToB
Anekcanspa U. YycoButuHa

BukTop E. 3anusnsak
Cubupckuii derepa bHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas @eneparust

Awnnoranusi. B pabore mpetararorcst Be MOJEIN 3aMKHYTOW MHUKPOIKOCHCTEMBI «OJHOKJIETOTHAST
BOJIOPOCIb-TeTepoTpodHAs bakTepus». MaTremarndeckas Mo/enb popMyaupyercs: B Bume 3amgaqn Komm
JJIsI CUCTEMbl HEJINHENHBIX OOBIKHOBEHHBIX Jud depeHImaibubix ypaBHuennit. JIjis mocTpoenust Momen
TIOCJIEIOBATETBHO HCIOJB30BAJICS 3aKOH MUHUMYyMa JImbruxa, Kak JJisi OMMCAHUST CKOPOCTH POCTa OHo-
MAaCChI 9JIEMEHTOB MUKPOIKOCHUCTEMBI, TAK H JJIsi ONUCAHUS CKOPOCTU OTMHUPAHUS KJIETOK BOJOPOCITH U
6akrepun. st onncanus yJespHONM CKOpPOCTH ITOTPebsIeHrs GMOIeHHBIX 3JIEMEHTOB BOJIOPOCIIBIO U GaK-
Tepueil ucnonb3oBasach Gynknua Jujapioca (narnbupoBanme m3ObITKOM cyberpara). [Ipenmnomaraercs,
9TO OMOTEHHBIMH JJIEMEHTAMU SBJISIIOTCS YIJIEPOJ W a30T. BBIUMCIIEHHBIE C WCIOJB30BAHUEM IIPEIJIO-
JKEHHBIX MOJIeJieli KOHIeHTparuu 6uomacckl Mukposkocucrembl «Clorella vulgaris-Pseudomonas sp» B
CTAIMOHAPHOM COCTOSIHUU XOPOIIO COTJIACYIOTCsI C JAHHBIMHU SKCIEPUMEHTA. YCTOWYUBOCTEH CTAIMOHAP-
HOTO COCTOSIHHSI HCCJIEyeTCs C WCIIOJIb30BAHHEM METO/Ia I[I€PBOr0 MPUOIMKEHUS U MeTOoHa (DyHKIIHA
JIsamnyHnoBa.

KuaroueBbie ciioBa: MareMaTHIeCKOe MOJEIUPOBAHIE SKOCHCTEM, 3aMKHYTas SKOCHUCTEMA, OTHOKJIE-
TOYHAs BOJOPOCIIb, reTepoTpodHas 6aKTepusi, CTAIMOHAPHOE COCTOSIHUE, YyCTONIUBOCTD, METOJ], IEPBOTO
npubuzKenusi, Mmeron dyukiwuit JlamnyHnosa.

- 168 —



