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Abstract. In this paper, we establish the existence and uniqueness of positive solutions for fractional
Volterra-Fredholm integro-differential equation. This equation incorporates Caputo—Hadamard frac-
tional derivatives and is defined with initial conditions. Our proof methodology relies on the Schauder
fixed point theorem, the Banach contraction principle, upper and lower solution concepts, and their
applications. To illustrate the significance of our theoretical findings, we also present a compelling
example.
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1. Introduction and preliminaries

Fractional calculus introduces the extension of derivative and integral concepts to non-integer
orders, representing a relatively recent area of exploration. Noteworthy contributions in this
domain have been made by researchers like Kilbas et al. [17] and Podlubny [23], among others.
The investigation of equations involving fractional differentiation and integration holds particular
significance due to their broad applicability in various scientific and technological fields, spanning
both natural and engineering domains. It’s worth mentioning that many researchers have focused
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on studying the positivity properties of solutions for these equations, as evidenced by numerous
references [1-6,8,9,13-16] and the citations therein.

In recent times, the examination of Hadamard Fractional Differential Equations (Hadamard
FDEs) has gained considerable significance. Notably, there has been substantial progress in
the understanding of Hadamard derivatives in the context of differential equations. For a
comprehensive exploration of the Hadamard fractional derivative, please refer to the following
sources: [7,10,12,18,19].

In [20], we study the solutions of the nonlinear fractional differential equation involving the
Caputo-Hadamard operator.

This paper study of the existence and uniqueness of positive solutions of the fractional
Caputo—Hadamard nonlinear Volterra—Friedholm integrol-differential equations,

“DPu(r) = k(r,u(t)) +/tko(t7w,u(w))dw +/£k1(t, w, uw(w))dw + D h(r,u(r), vep. (1)

The Initial Conditions
U(].) = )‘05 u/(l) = A1 > 07 ’l,[} = [175] (2)

where 1 <10 < 2, £: 9P XN XN xN = N, and two additional functions A : p x N — N
and ¢ : ¥ — I are introduced as continuous functions. It is important to note that # exhibits a
non-decreasing behavior on the set u and A; > A(1, Ag).

This paper is organized as follows. In Sect. 2., we introduce fundamental definitions and
results. In Sect. 3., we present the existence and uniqueness of positive solution for problem
(1)=(2). In Sect. 4., we provide an example to illustrate our results.

2. Auxiliary results

Before presenting our primary results, we offer the essential definitions, preliminary details
and assumptions that will be employed in our subsequent discourse. For see [11,21,22,24-30].

Consider the set ¢ defined as ¢ = (1,£]. Let C(¢)) represent the Banach space comprising all
continuous functions defined on 1, equipped with the norm defined as:

[[ull = sup{[u(v)[ : v € }.
Furthermore, let 8B be a nonempty closed subset of C(), which can be defined as:
B ={u(r) e C(¥) :u(r) >0, Vre}.

Definition 2.1 ([13]). The Hadamard fractional integral of order w , is defined as

IPu(t) = ﬁ /1 (n i)mflu(w)dg, 0 > 0. (3)

w

Definition 2.2 (|27]). The definition of the Caputo—Hadamard fractional derivative of order w
is given, where u : [1,00) — M.

Tu(r) = ﬁ /; (lniy—m_l (t%)vu(w)dg, v—1<w<uo. (4)



Abdulrahman A. Sharif. .. Novel Results on Positive Solutions for Nonlinear. ..

Lemma 2.3 ([27]). Let v—1<w < v, ve€ N and u e CY(¢). Then the Caputo-Hadamard
fractional differential equation
(T°D™u)(r) = u(r)

Ju

w(1) (Int)’.

(ATDTu)(r)) = u(r) — W

=0
Theorem 2.4 (Schauder’s [28]). Consider a non-empty, closed, and convex subset Q within a

Banach space denoted as s. Let X : Q — € be a continuous, compact operator. In such a scenario,
it can be asserted that N possesses a fized point within the set ).

Theorem 2.5 ("Banach’s fixed point theorem" [28]). Let Q be a non-empty complete metric
space and K : ) — §, is contraction mapping. Then, there exists a unique point w € § such
that ®(w) = w.

Definition 2.6. Let a,a90 € M, and ag > a For any u € [a,ao], we define the upper-control
function U(t,u) = sup, <, <, (v, 7) and lower-control function L(t,u) = infy<r<o, £(t, 7) Obvi-
ously, U(t,u) and L(t,u) are monotonous non-decreasing on [a, ag] and

L(t,u) < &(t,u) < U(r,u)

3. Principal findings

In this section, we will present the results pertaining to the existence and uniqueness of
Eq. (1), subject to the condition (2). Prior to delving into the proof of our primary findings, we
will introduce the following set of hypotheses:

(A1)  Let u*,u, € B such that a < u,(r) < u.(r) < ag such that

3 3
D™u*(v) —/ ko (v, oo, u*(w))dw —/ ki (v, @, u* (w))dw — D (e, u*(v) = U, u*(r))

3 3
D% u,(v) —/1 ko (v, @, u.(w))dw —/1 ki (v, @, e (@))dow — DAt u.(v)) < Lit, u,(v))

(Az) There exist positive constants d,, dk,, 0k, and J5 such that
|kt ut)) — k(v ug(r))]] < Oxljlu—ugl|, t €Y, u,up €N
|B(e, u(t)) — Alt,up())|| < Orlju—ugl|, t €Y, u,up €N
[[ko(t, @, u(w)) — ko(r, @, uo(@))|| < b, [|lu — uo|
Iky (v, @, u(w)) — ki (v, @, up(@))]| < O, |l —uol, (v,@w)€G, u, up eN

where G = {(v,@): 0 < w < v <&}
The functions u* and u, are respectively called the pair of upper and lower solutions for the
problem (1)—(2).

Lemma 3.1. If u € C(¢), u®® and % exists, then u is a solution to problem (1)—(2) if and
only if

v ) 3
) = gy [ (0" [n(q,u(q))+/1q ko(a, =, 0())dm + [ (g, u()) | o+
+ Ao+ (M — i“’L(l,)\o))lnt—k/lt ﬁ(q,u(q))% (5)
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Proof. Let u(t) be a solution of (1)—(2). First we write this equation as

v €
IPDTU(E) = 3T [k(ru(¥) + /1 ko(r, w, u(w))dew + /1 Ky (v, , u(@))de + D™ (s, u(v)|
In view of Lemma 2.3, we get
u(t) = u(1) + /(1) Inv + IPD" 1A, u(t))+
IS 3
+ 3w [Ku(p u(t)) + /1 ko(t, @, u(w))dew + /1 ki (t, @, u(w))dw] -
= 31PN e, u(v))+
¢ 13
+ 37 [H(‘C,u(t)) + /1 ko(t, @, u(w))dw + /1 ki (t,wm(w))dw} +
+ 3" (A, u(r) — A(1,u(1))+

g {n(t,u(t))+/lt]ko(t,w,u(w))dw—ﬁ—Agkl(t,w,u(w))dw} -

=u(l) +u'(1)Int — A(1,u(l))Int + /; ﬁ(%“@l))%"’

i [ (05) [rastan + [ ata @ u@i + [ ka0, ()]

- ﬁ / (lnﬁ)m_l [0, u(a) + / " ko(a, . u())dem + / 5 k1 (9, o, u(w))dww| T+

o+ (A1 — A(1, M) Int + /; h(chu(q))cilGl

Conversely, suppose u satisfies (5), then applying “®™ to both sides of(5), we obtain

Pu(s)= D (F(lm) [ ()™ [rtauta+ [ sola. . ute )i | k(a1 L

+ [ ﬁ(mu(q))%q + o + (A1 — (1, X)) hlt) -

&
= 0730 [ u(a) + [ Kofa ) + [ g, u())i] + DP I b, () D+

+ O (/\0 + (A — A(1, M) lnt>

3 §
= k(v u(t)) + /1 ko(t, o, u(w))dw +/1 ki (¢, @, u(w))dw + DP e, u(t))

Moreover, the initial conditions u(l) = A\, and /(1) = A; hold. This completes the proof O

To transform (5) for compatibility with Schauder’s fixed point theorem, we introduce the
operator N : Q) — Q as follows:

(Nu)(x) = P(lm/lt(ln;)m_l[n(q,u(q))+/lq ko(q,w,u(w))dw+/lgkl(q,w,u(w))dw}”ilq+

+ /; ﬁ(qm(q))? + X+ (A —A(1, X)) Int (6)
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Theorem 3.2. Assuming that conditions (A1) — (As) are satisfied, it can be deduced that there
is at least one positive solution to the problem described by equations (1)—(2).

Proof. Consider the set @ defined as follows: & = {u € B : u,(vr) < u(r) <u*(r), v € ¢}. This set
is equipped with the norm |u| = {max.cq [u(t)| : [u| < £}. As a result, we have that X represents
a convex, bounded, and closed subset of the Banach space C(¢). It’s worth noting that the
continuity of the operator X can be inferred from the continuity of the functions «, fig, i1, and A.
Additionally, if u € &, it implies the existence of positive constants 1, Yk,, k,, and 1. such
that

max{x(t,u(r)) ru(r) <€} <7y

max{f(r,u(r)) : ut) <L} < Ti
max{ko(r,w,u(w)) : v, @w € Y,u(w) < £} < Y,
max{ky (v,w,u(w)) : v, @w € Y,u(w) < £} < Vi,

v o—1 3
000 = s [ (105)" [ i@+ [ ot v ui)i + s a0, u() ] L+

t d
+ / (@I + 3o + (1 = A1 A0) Ine] <
1

< L™ (Y + L) (In )™
S T+ 1) (v +2)

where ¢* = |A(1, \o)|, thus

To(n&)®  (Ti, + 2, (In )™
T(w+ 1) T(w +2)

+ o+ (A1 + ¢ +75) In€

[Ru) ()] <

+ X0+ (M + ¢ +75)In¢

Consequently, the set R(®) is uniformly bounded.
Now, we proceed to establish the equicontinuity of RX(®). For each u€ @. Then for v, € [1.€]
with t; < vy, we have

0R0) (1) — () )| =
(m )" - (mt;)“”} @)+ s [ (02) 7 Intanta)l e
(

1

i ()T ()] [ [ hota.mu@ i + [ o @i | B
+ (1m /:"‘ <1ntq2>m—1l/lq |]ko(C|7w,u(w))|dw_|_/1E k1 (q, @, u(w))|dw ?+

n / e @)%+ (¢ s — ) <

T1
T

<t 2
ST+ 1)

T

o[ 2] ¢ [t = (| Dot T o, 217 )

51

_ [1nr2]“’“} —|—T;«L[ln:—ﬂ + (M +C*)[ln:—ﬂ <
27 [1 g]m 2%, + Ti,) |:lnt£

+1 . Ty
STl Me T+ 2) RN +Tﬁ)[ln?}

L1 1

— 0 as v|1 — Uy
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The convergence is independent of of u within @, indicating that X(®) is uniformly equicontinuous.
By invoking the Arzela-Ascoli theorem, we can conclude that X : @ — B is a compact operator.
To apply the Schauder fixed point theorem, the only remaining requirement is to demonstrate
that (@) C @. For any u € @, then u,(r) <u(r) <u*(r) and by (A;), we have

1 T

000 = 1 [ ()" [rtast@y + [satamu@naz + [t wue)iz]

dq
q
T dq
+ ﬁ(q,u(q)); + o+ (A1 —A(1, X)) Int <
1

< 1/lt(lnt>m_1[U(q7U(q))+/lqko(q,w,u(w))dw+/fkl(q’w?u( ] 224 da

= T(w) q q
+ [ Hau@) S+ + (= H(1 o)) I <
T o— 13
<F<1m)/1(ln;) I[U(q,u*(q))+/1qk0(q,w,u*(w))dw+/1 (g, 7,0 ()| ot
+ Ao+ (A1 — h(l,)\o))lnt—i-/lt ﬁ(q,u*(q))% <
<ui(r)
and
T o— 13
(Nu)(t):%m)/l () 1[/@(q,u(q))+/quo(q,w,u(w))dw+/1 k1 (g, @, u(w ))dw} 02"
+ [ hlau(a) @+ 30+ O~ (120 e >
T o — I3
>F1m)/1 (%) 1[]L(q,u(q))+/1qk0(q,w,u(w))dw+/l Ky (4, u( ))dw} e
= [ hau(a) @+ 30+ O~ (1 20) I
T o — 13
> o L (05 [La@) + [ K m @i + [Ttz @) D
+ Ao + (A1 = A(1, Ao)) lnt+/ h( q,u*(q))ilc| >

> . (v)

As a result, we have u(t) < (Nu)(r) < ult), which means that R(®#) C &. In accordance with
the Schauder fixed point theorem, the operator N possesses at least one fixed point, denoted as
u € ¢. Consequently, problem (1)—(2) has at least one positive solution. O

Theorem 3.3. Assume that (Asy) is satisfied and

_ [6(m&)™ | (G, + G, )(In &)™
N {F(Hmﬁ T(2+1w)

Then problem (1)—(2) has a unique positive solution.

+ 5ﬁ(1ng)] <1 (7)

Proof. Tt follows from Theorem 3.2 that problems(1)—(2) have at least one positive solution.
Therefore, all that remains is for us to demonstrate that the operator defined in (6) is a contrac-
tion in @. In actuality, we have for each u,uy € &,

T

000 = () = s [ (07)" |etauta) - nlauota)] T+
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+

ﬁ /1 (mm i)m_l (/1q [ko(a, @, u(=)) — ko (d, =, uo () |dew +

3
+ / |k1(q,w,u(w))kl(q,w,uo(w))|dw>?+

n 1t|h<q,u<q>>—ﬁ(q,uom))!‘ff

6N(ln§)m (6“(0 + 6k1)(1n€)m+1
I'(w+1) '+ 2)

<

+ 5;1(1116)] [ — o

The contraction R is derived from (7). According to Theorem 2.5, it asserts the existence of
a unique fixed point for the equation X, which corresponds to the sole positive solution of the
equations (1)—(2). With this, we conclude the proof. O

4. An application

As an application of our result, With an integral boundary condition, we examine the frac-
tional Volterra-Fredholm integro-differential equation as follows:

Diu(r) - D} [Si(f)l} o5l ( u(e) >+; / 2y () + / ee;%u(w)dw

— cols

S99+ e Jul+-1 1 1

(8)
u(l)=1, (1) =1

Since « is continuous positive functions, ko,k; and # are non-decreasing on k. For k, kg € 91T

cos(v) u|  uo <
94 e\ Ju/+1 Ju|+1/| "

< 1 ( u — ug| ><
T+ e\ (Jul + 1) (Juol +1) ) T

and t € (1,e] we have:

|k(e,u) — k(t,up)| =

1
< E'u — U
|ul |uo] 1
|ﬁ(t7 u) - ﬁ’(ta Ll())‘ = 3et—1 - ert—1| N 3or—1 |Ll— Uo‘ <
< ]
< sju—u
3 0
ko(x, . u(=)) — Ko(x, =, up(e2))]| = | — s e i ol <
o(t, @, ww ol(%, W, U\ - 5e(w2_rz) 562(w2_t2) X 562(m2_t2) U—U| s
S —
B 10 0
and
|l |uo|
_ _ _ <
|k1(tawau(w)) kl(tvwvuo(w))| 5e(@2—12) 10e(@20) |  10e(=20) ‘u u0| =

< gl
\20 0

=277 —
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Currently, the conditions (A7) — (Ag) is fulfilled, given that

4 1 1 1 1
= = (S,{ = T (5 = - TA -
g €, 10 h 3

subsequently, through a series of calculations, it is determined that.

_ [0x(In&)™  (dk, + 9k, )(In )T
A= F(H—m)Jr . F(H;+m) + 9n(Ing)

=0314<1

Then by Theorem 3.3, the equation (8) has a unique positive solution.
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HosBpble pe3ysibTaThl 110 MOJIOXKUTEJIbHBIM PEIIEHUSIM JIJIs
HeJIMHEITHBIX APOOHBIX Npon3BOAHBIX KamyTo-A amapa
nHTerpo-anddepeHIMaaIbHbIX YPaABHEHNI
Boabpreppa-Ppearoabma

Abnynpaxman A. Illapud
DakysibTeT MaTEMATUKI
Yuusepcurer XoJieiga

AL-Xonaiina, Memen

Maxa M. Xamyn

QDakysbTeT MaTeMaTUKI
Yuusepcurer Tans

Tausz, Nemen

KuprtuBaut II. I'sa

Kadenpa maremarukn

Yuusepcurer nokropa Babacaxeba Ambenkapa Maparsaip
Aypanraban-431 004 (MS), Unaust

Awnnoranusi. B 9100l crarbe MBI yCTAHABIMBAEM CYNIECTBOBAHUE M €JUHCTBEHHOCTH IIOJIOYKUTEIbHBIX
perteHnit Jyst 1pobHOro nHTErpo-IuddepeHImaibHoro ypasuenust Bosibreppa-®@pearonbma. 1o ypas-
HEHUE BKJIIOYaeT ApobHble mpousBoauble Kamyro-Anamapa u onpeessercs HaYaIbHBIMU YCJIOBUSIMHU.
Hamma meromosiorus nokasaresnbcTBa onnpaercs Ha Teopemy lllaymnepa o HENOABIKHOM TOUYKE, IIPUHITUIT
cokpamenust Banaxa, KOHIENIMA BEPXHET0 U HUKHErO PEIIeHUsI M UX IIPHJIOXKEHUsI. dTo0bI IPOnJLIIO-
CTPUPOBATH 3HAYNMOCTD HAIIMNX TEOPETUIECKUX BBIBOJIOB, MBI TaKKe IPUBOINM yOEIUTETbHBIN TPUMED.

KuroueBsbie cioBa: jipobHoe naTerpo-anddepennmaibLuoe ypasuenre Boabreppa—Ppearosibma, mosio-
KUTEJIbHBbIE PEIIEHUsI, METOJI, HEITOIBUKHON TOYKHU
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