
Journal of Siberian Federal University. Mathematics & Physics 2025, 18(2), 207–215

EDN: MGVVRP
УДК 539.3

Physically Nonlinear Deformation of the Shell Using
a Three-field FEM

Mikhail Yu.Klochkov∗

Volgograd State Technical University
Volgograd, Russian Federation

Anatoly P.Nikolaev†

Volgograd State Agricultural University
Volgograd, Russian Federation

Valeria A. Pshenichkina‡

Volgograd State Technical University
Volgograd, Russian Federation

Olga V. Vakhnina§

Aleksandr S.Andreev¶

Yuri V. Klochkov∥

Volgograd State Agricultural University
Volgograd, Russian Federation

Received 10.08.2024, received in revised form 15.09.2024, accepted 24.10.2024

Abstract. A method has been developed for implementing an algorithm for determining the stress-
strain state (SSS) of a thin shell based on the finite element method (FEM) in a three-field formulation
under step loading. A quadrangular fragment of the median surface of the thin shell is accepted as
the finite element. Nodal unknowns at the loading step used: increments of kinematic quantities (in-
crements of displacements and their derivatives); increments of deformation quantities (increments of
deformations and curvatures of the median surface); increments of force values (increments of forces and
moments). The approximation of kinematic quantities was carried out using bicubic shape functions
based on Hermite polynomials of the third degree, and force and deformation quantities using bilinear
functions. To account for the physical nonlinearity of the shell material, the defining equations are
used in two versions: the first is the defining equations of the theory of plastic flow and the second is
the defining equations based on the proposed hypothesis of proportionality a component of deviators of
strain increments and stress increments. The stiffness matrix of the finite element is formed on the basis
of a nonlinear Lagrange functional for the loading step, expressing the equality of possible and actual
work of given loads and internal forces, with the complementary condition that the actual work of the
increments of internal forces is equal to zero on the difference in increments of deformation quantities
determined by geometric relations and using approximating expressions. An example of calculation is
given using the resulting finite element stiffness matrix.
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Shell structures are widely used in various areas of engineering — in shipbuilding, aircraft
manufacturing, in the creation of chemical engineering objects, in the aerospace industry and in
many other branches of engineering. Nonlinear behavior of the material occurs in many areas
of the considered thin-walled elements of engineering structures. To determine the stress-strain
state in such areas, numerical calculation methods are usually used, among which the most
widely used is the FEM in the formulation of the displacement method, when displacements
and their derivatives of different orders are taken as nodal unknowns. A disadvantage of the
FEM in the displacement method version is the lack of compatibility in terms of deformations
at the boundaries between adjacent elements. To overcome this drawback, the FEM began to be
used in a mixed version, where kinematic unknowns (displacements and their derivatives) and
force unknowns (forces and moments) are used as nodal unknowns, where, when using bilinear
approximation, convergence in force parameters at the boundaries of adjacent finite elements
was ensured [1, 2].

The finite element method in a mixed version is used in studies of the stability of nonlinearly
deformed elastic structures [3–5], as well as in determining the stress-strain state of structures
taking into account the physical nonlinearity of the material [6–12]. In elastic-plastic deformation,
the total strains are determined by differentiating the strain energy function with respect to
stresses. Plastic strain is determined by the difference between the total and elastic strains.
Displacements and stresses are taken as unknown quantities. When using the three-field FEM
version [13], plastic multipliers are added to the nodal unknowns.

In this paper, a finite element in the form of a quadrangular fragment of the middle surface of a
thin shell with three fields of nodal unknowns: kinematic, deformation and force is developed. In
the first variant, the equations of the theory of plastic flow are used as the governing equations
at the loading step. In the second variant, the governing equations at the loading step are
obtained without separating the strain increments into elastic and plastic parts, based on the
hypothesis of proportionality of the components of the deviators of strain increments and stress
increments. To obtain the stiffness matrix of the finite element at the loading step, a nonlinear
Lagrange functional is used with the condition of zero work of the increments of internal forces
on the difference in the strain increments determined by geometric relations and found using
approximating expressions directly.

1. Geometrical relationships of a thin shell

The position of an arbitrary point M0 of the mid-surface of the shell is determined by the
radius vector

R⃗0 = xm(θα)⃗im, (1.1)

where xm, i⃗m are the coordinates and orthants of the Cartesian coordinate system; θα are the
curvilinear coordinates of the point.

The basis vectors of the point M0 are defined by the expressions

a⃗0α = R⃗0
,α; a⃗

0
3 =

a⃗01 × a⃗02
|⃗a01 × a⃗02|

=
a⃗01 × a⃗02√

a0
. (1.2)
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The derivatives (1.2) are written as components in the same basis

{a⃗0,1}
3×1

= [m]
3×3

{a⃗0}
3×1

; {a⃗0,2}
3×1

= [n]
3×3

{a⃗0}
3×1

, (1.3)

where {a⃗0,α}
1×3

T
= {a⃗01,α a⃗02,α a⃗03,α}; {a⃗0}

1×3

T
= {a⃗01 a⃗02 a⃗03}.

The displacement vector of the point M0 and its derivatives are defined in the basis of the
same point

v⃗ = vρa⃗0ρ + va⃗03; v⃗,α = fρ
αa⃗

0
ρ + fαa⃗

0
3; v⃗,αβ = fρ

αβ a⃗
0
ρ + fαβ a⃗

0
3, (1.4)

where the components fρ
α, fα, fρ

αβ , fαβ are defined using (1.3).
Deformations and curvatures of the median surface at the point M0 are determined by the

relations [14]

∆εαβ =
1

2
(⃗a0α·v⃗,β+a⃗0β ·v⃗,α); ∆καβ =

1

2
[⃗a0α(⃗a3,β−a⃗03,β)+a⃗0β (⃗a3,α−a⃗03,α)+a⃗03,α·v⃗,β+a⃗03,β ·v⃗,α]. (1.5)

where a⃗3,α =
1√
a0

(⃗a1,α × a⃗2 + a⃗1 × a⃗2,α); a⃗α = a⃗0α + v⃗,α; a⃗α,ρ = a⃗0α,ρ + v⃗,αρ.

On the basis of (1.5) we can form a matrix relation

{∆ε}
6×1

= [L]
6×3

{∆U}
3×1

, (1.6)

where {∆ε}
1×6

T
= {∆ε11 ∆ε22 2∆ε12 ∆κ11 ∆κ22 2∆κ12}; {∆U}

1×3

T
= {∆v1∆v2∆v}.

2. Defining equations

In the first variant, the equations of plastic flow theory were used, according to which the
incremental strains at an arbitrary point of the shell are composed of elastic and plastic strains

∆εζαβ = ∆εζeαβ +∆εζPαβ . (2.1)

The elastic strain increments are determined by the relations [15]

∆εeζαβ =
1

2µ
∆σαβ − gαβλP∆σ

3

2

1− 2ν

2µ
, (2.2)

where λ, µ are the Lame parameters; ν is the transverse strain coefficient; P∆σ = ∆σρτg
ρτ —

first invariant of the stress increment tensor; gαβ , gαβ — components of the metric tensor.
Plastic strain increments in the flow theory are determined on the basis of the hypothesis of

proportionality of plastic strain increments to the components of the stress deviator

∆εζPαβ =
3

2σi
φ(σαβ − 1

3
gαβPσ)∆σi, (2.3)

where φ =
1

Ek
− 1

E1
; E1 is the modulus of the initial section of the strain diagram; Ek is the

tangent modulus of the strain diagram; ∆σi =
∂σi

∂σρτ
∆σρτ = {S}

1×3

T {∆σ}
3×1

; σi — stress intensity;

{∆σ}
1×3

T
= {∆σ11∆σ22∆σ12}.
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Based on (2.1), (2.2) and (2.3) a matrix relation is formed

{∆εζ}
3×1

= [C1]
3×3

{∆σ}
3×1

. (2.4)

In the second version of the defining relations, the hypothesis of separation of strain incre-
ments into elastic and plastic parts is not used. The defining equations are obtained on the basis
of the hypothesis of proportionality of the components of the deviators of strain increments and
stress increments

∆εαβ − 1

3
gαβP∆ε = K(∆σαβ − 1

3
gαβP∆σ), (2.5)

where K =
3

2Ex∂
; P∆ε = P∆σ

1− 2ν

E
P∆σ; P∆σ = ∆σρτg

ρτ is the first invariant of the stress

increment tensor.
Based on (2.5) a matrix relation is formed

{∆εζ}
3×1

= [C2]
3×3

{∆σ}
3×1

. (2.6)

At an arbitrary point M0 we introduce lines of increments of deformations and curvatures of
the medial surface and lines of increments of internal forces and moments of the shell section,
the relations between which are determined taking into account (2.4), (2.6) on the basis of the
Kirchhoff–Lava hypothesis

{∆S}
6×1

= [hα]
6×6

{∆ε}
6×1

. (2.7)

where
{∆S}
6×1

T
= {∆N11 ∆N22 ∆N12 ∆M11 ∆M22 ∆M12};

{∆ε} = {∆ε11 ∆ε22 2∆ε12 ∆κ11 ∆κ22 2∆κ12}.

3. Stiffness matrix of the finite element

The finite element is taken in the form of a curvilinear quadrilateral fragment of the median
surface with nodes i, j, k, l. The relations between kinematic, deformation and force parameters
for the finite element are regulated at the loading step by a nonlinear variational Lagrangian
functional with condition

ПLU =

∫
F

[
{S}
1×6

T
+

1

2
{∆S}
1×6

T

]
{∆ε}
6×1

dF −
∫
F

{∆U}
1×3

T

[
{q}
3×1

+
1

2
{∆q}
3×1

]
dF+

+
1

2

∫
F

{∆S}
1×6

T

[
{∆εg}
6×1

− {∆εa}
6×1

]
dF,

(3.1)

where the first expression means the possible and actual work of internal forces on the deformation
values of the loading step. The second expression defines the possible and actual work of the
given forces on the loading step. The third expression means the actual work of internal forces
of the loading step on the difference of deformation values determined by geometrical formulae
(through displacements) with subsequent approximation of displacements and deformation values
found by their direct approximation.
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The following kinematic nodal unknowns in the local {∆vsy} and global {∆vgy} coordinate
systems are used for the finite element under consideration

{∆vsy}
1×36

T
= {∆v1i . . .∆v1l∆v1i,ξ . . .∆v1l,ξ∆v1i,η . . .∆v1l,η∆v2i . . .∆v2l

∆v2i,ξ . . .∆v2l,ξ∆v2i,η . . .∆v2l,η∆vi . . .∆vl∆vi,ξ . . .∆vl,ξ∆vi,η . . .∆vl,η};

{∆vgy}
1×36

T
= {∆v1i . . .∆v1l∆v1i,α . . .∆v1l,α∆v1i,β . . .∆v1l,β∆v2i . . .∆v2l

∆v2i,α . . .∆v2l,α∆v2i,β . . .∆v2l,β∆vi . . .∆vl∆vi,α . . .∆vl,α∆vi,β . . .∆vl,β},

(3.2)

between which there is a matrix relation

{∆vsy}
36×1

= [T ]
36×36

{∆vgy}
36×1

. (3.3)

The strain {∆Ey}T and force nodal unknowns {∆Sy}T were taken as follows lines

{∆Ey}
1×24

T
= {{∆Ei

y}
1×6

T {∆Ej
y}

1×6

T {∆Ek
y}

1×6

T {∆El
y}

1×6

T };

{∆Sy}
1×24

T
= {{∆Si

y}
1×6

T {∆Sj
y}

1×6

T {∆Sk
y}

1×6

T {∆Sl
y}

1×6

T },
(3.4)

where {∆Eλ
y }

1×6

T
= {∆ελ11∆ελ222∆ελ12∆κλ

11∆κλ
222∆κλ

12} — a string of strain and curvature incre-

ments at the nodal point; {∆Sλ
y }

1×6

T
= {∆N11λ∆N22λ∆N12λ∆M11λ∆M22λ∆M12λ} — line of

force and moment increments at the nodal point λ; λ = i, j, k, l.
The approximation of the increments of displacements of the internal point of the finite

element was carried out by the expression

λ = {φ(ξ, η)}
1×36

T {∆vsy}
36×1

, (3.5)

where the symbol λ is ∆v1, ∆v2, ∆v2, ∆v; the elements of the function {φ(ξ, η)} are Hermite
polynomials of degree three.

On the basis of (3.5) the matrix relations are formed

{∆U}
3×1

= [A]
3×36

{∆vsy}
36×1

; {∆ε}
6×1

= [L]
6×3

{∆U}
3×1

= [L]
6×3

[A]
3×36

{∆vsy}
36×1

= [B]
6×36

{∆vsy}
36×1

. (3.6)

Bilinear functions are used for approximation of deformations and forces on the basis of which
matrix expressions are formed

{∆ε}
6×1

= [H]
6×24

{∆Ey}
24×1

; {∆S}
6×1

= [H]
6×24

{∆Sy}
24×1

. (3.7)

Taking into account the approximating expressions (2.7), (3.3), (3.6), (3.7), the functional
(3.1) is written by the expression

ПLU = {∆Ug
y }

1×36

T
[T ]

36×36

T
∫
F

[B]
36×6

{S}
6×1

dF +
1

2
{∆εy}
1×36

T
∫
F

[H]
36×6

T
[hα]
6×6

[H]
6×24

dF{∆εy}
1×24

−

−{∆Ug
y }

1×36

T
[T ]

36×36

T
∫
F

[A]
36×3

T {q}
3×1

dF − 1

2
{∆Ug

y }
1×36

T
[T ]

36×36

T
∫
F

[A]
36×3

T {∆q}
3×1

dF+

+{∆Sy}
1×24

T 1

2

∫
F

[H]
24×6

T
[B]
6×36

dF [T ]
36×36

T {∆Ug
y }

36×1

− {∆Sy}
1×24

T 1

2

∫
F

[H]
24×6

T
[H]
6×24

dF{∆εy}
24×1

.

(3.8)
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Minimising the functional (3.8) by nodal unknowns leads to the matrix equations

∂ПLU

∂{∆εy}T
≡ [a]

24×24
{∆εy}
24×1

− [d]
24×24

[∆Sy]
24×1

= 0; (3.9)

∂ПLU

∂{∆Sy}T
≡ [b]

24×36
{∆Uy}
36×1

− [d]
24×24

T
[∆εy]
24×1

= 0; (3.10)

∂ПLU

∂{∆Ug
y }T

≡ [b]
36×24

T
[∆Sy]
24×1

− {f∆q}
36×1

+ {R}
36×1

= 0, (3.11)

where [a]
24×24

=
∫
F

[H]
24×6

T
[hα]
6×6

[H]
6×24

dF ; [d]
24×24

= 1
2

∫
F

[H]
24×6

T
[H]
6×24

dF ; [b]
24×36

= 1
2

∫
F

[H]
24×6

T
[B]
6×36

dF [T ]
36×36

;

{f∆q}
36×1

= [T ]
36×36

∫
F

[A]
36×3

T {∆q}
3×1

dF ; {R}
36×1

= − [T ]
36×36

∫
F

[A]
36×3

T {q}
3×1

dF + [T ]
36×36

∫
V

[B]
6×36

{S}
36×1

dV .

From the systems (3.9), (3.10) we obtain the relations

{∆εy}
24×1

= [d]
24×24

−1
[b]

24×36
{∆Ug

y }
36×1

; {∆Sy}
24×1

= [d]
24×24

−1
[a]

24×24
{∆εy}
24×1

. (3.12)

By considering (3.12), the stiffness matrix of the finite element is obtained from the system
(3.11)

[K]
36×36

{∆Ug
y }

36×1

= {f∆q}
36×1

− {R}
36×1

, (3.13)

where [K]
36×36

= [b]
36×24

T

[
[dT ]−1

24×24

]
[a]

24×24
[d]

24×24

−1
[b]

24×36
— finite element stiffness matrix, which is used

to form the shell stiffness matrix.
After determining the kinematic nodal unknowns of the shell, the deformation and force nodal

unknowns are determined by (3.12).

4. Calculation example

As an example, the calculation of a shell with a medial surface in the form of a truncated
ellipsoid of rotation loaded with internal pressure of intensity q = 6 MPa. Due to axial symmetry,
the ellipsoid was modelled by a ribbon of discretisation elements oriented along the shell meridian.
The left end of the shell was rigidly clamped, the right end was free of clamping (Fig. 1). The
initial data had the following values: ellipsoid parameters a = 1.3 m; b = 0.9 m; thickness
h = 0.02 m; axial coordinate varied in the range 0 6 x 6 1.2 m. Mechanical characteristics of
the shell material: duralumin alloy E = 7.49 · 104 MPa; ν = 0.32. The yield strength of the
material is σT = 200 MPa. The deformation diagram was modelled by a two-link broken line
with linear hardening defined by the dependence

σi = 200 + 18087(εi − 0, 0023496). (4.1)

The calculations were performed with control of the convergence of the computational process
both by the number of sampling elements and by the number of loading steps. Tab. 1 shows the
results of ellipsoidal shell calculation with the number of sampling elements equal to 200 and
different numbers of loading steps. The table shows the values of normal stresses in the support
and free ends of the shell on the inner σin, outer σout and midline σmidl surfaces of the shell.
Analyses of the tabular data allow us to conclude that the computational process is stable as the
number of loading steps increases. Due to the unloaded right end of the ellipsoid, σmidl

xx must be

– 212 –



Yuri V.Klochkov . . . Physically Nonlinear Deformation of the Shell Using . . .

Fig. 1. Calculation diagram of an ellipsoidal shell

equal to zero. As Tab. 1 shows, the numerical values of σmidl
xx are quite close to zero. The ring

stresses σmidl
tt at the free end of the ellipsoid can be calculated using the Laplace formula

σxx

R1
+

σtt

Rt
=

q

t
, (4.2)

where R1, Rt are the radii of the principal curvatures.
Given that at the free end σxx = 0, the analytical value of σtt can be obtained from (4.2).

σtt =
q

t
Rt =

6

0.02
· 0.6708 = 201.2 MPa. Comparing the analytical value of σtt, presented in

the rightmost column of Table 1, with the numerical value of σmidl
tt , we can conclude that the

calculation error δ = 3.38% is within acceptable limits when performing engineering calculations.

Table 1. Numerical values of stresses depending on the number of loading steps

Point σ, Number of loading steps Analytical
coordinates, x, m MPa 12 22 32 42 solution

0,00 σin
xx 322.6 321.1 319.8 320.1 —

σout
xx –230.4 –228.4 –227.2 –227.9 —

σmidl
xx 168.7 167.0 165.1 165.5 —

1,20 σin
xx 0.039 0.025 0.032 0.033 —

σout
xx 0.041 0.030 0.036 0.036 —

σmidl
xx 0.036 0.023 0.030 0.030 0,00
σin
tt 200.7 199.5 200.1 200.2 —

σout
tt 189.5 188.3 188.9 1889 —

σmidl
tt 195.0 193.8 194.4 194.4 201.2

Conclusion

In the developed FEM algorithm in the three-field variant, when using bilinear approximations
for deformation and force quantities to be sought, their coherence is ensured not only at the
nodes of adjacent finite elements, but also along their boundaries. In addition, the developed
algorithm can control the location of an internal point with coordinates εi, σi on the deformation
diagram, which opens up the possibility of finding unloading zones under complex loading of shell
structures.
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Физически нелинейное деформирование оболочки
при использовании трехпольного МКЭ

Михаил Ю. Клочков
Волгоградский государственный технический университет
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Аннотация. Разработана методика реализации при шаговом нагружении алгоритма определе-
ния напряженно-деформированного состояния (НДС) тонкой оболочки на основе метода конечных
элементов (МКЭ) в трехпольной формулировке. В качестве конечного элемента принят четырех-
угольный фрагмент срединной поверхности тонкой оболочки. Узловыми неизвестными на шаге
нагружения использованы: приращения кинематических величин (приращения перемещений и их
производных); приращения деформационных величин (приращения деформаций и искривлений
срединной поверхности); приращения силовых величин (приращения усилий и моментов). Аппрок-
симация кинематических величин осуществлялась с использованием бикубических функций фор-
мы на основе полиномов Эрмита третьей степени, а величин силовых и деформационных — с
использованием билинейных функций. Для учета физической нелинейности материала оболочки
использованы определяющие уравнения в двух вариантах: первый — определяющие уравнения тео-
рии пластического течения и второй — определяющие уравнения на основе предложенной гипотезы
о пропорциональности компонент девиаторов приращений деформаций и приращений напряже-
ний. Матрица жесткости конечного элемента сформирована на основе нелинейного функционала
Лагранжа для шага нагружения, выражающего равенство возможных и действительных работ за-
данных нагрузок и внутренних усилий, с дополняющим условием равенства нулю действительной
работы приращений внутренних усилий на разности приращений деформационных величин, опре-
деляемых геометрическими соотношениями и с использованием аппроксимирующих выражений.
С использованием полученной матрицы жесткости конечного элемента дается пример расчета.

Ключевые слова: конечный элемент в трехпольной формулировке, физическая нелинейность
материала, варианты определяющих уравнений, нелинейный функционал Лагранжа с условием.
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