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Abstract. It is proved that the group SL¢(Z + iZ) is generated by three involutions. Previously, the
solution of the problem on the existence of generating triples of involutions two of which commute was
completed for the groups SL,(Z+iZ) and PSL,(Z+iZ) (Math. notes, 115 (2024), no. 3). The question
of generating these groups by three involutions remained unresolved only for SLe(Z + iZ).
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Introduction

In [1], there was completed the solution of the problem on the existence of generating triples
of involutions two of which commute for the groups SL,,(Z + iZ) and PSL,(Z + iZ). Exactly,
the remaining cases of the groups SLs, SLig and PSLg were considered. Taking into account
the work of [2-6], the following final result was obtained in the article [1]

Theorem 1. a) The group SL,(Z+1iZ) is generated by three involutions two of which commute
if and only if n > 5 and n # 6.

b) The group PSL,(Z 4+ iZ) is generated by three involutions two of which commute if and only
ifn > 5.

For exceptional groups of small dimension from Theorem 1, the following is known. In
article [5] were found generating triples of involutions, without the permutation condition of
two of them, for groups PSLy(Z + iZ), SL3(Z +iZ) and SL4(Z + iZ). Group SLo(Z + iZ) is
not generated by any set of involutions, since the involution in this group is unique. In [6] it
is proved that, for any integral domain D of characteristic other than 2, the group SLg(D) is
not generated by three involutions, two of which commute. In particular, this implies a similar
statement for the group SLg(Z+4Z). In this paper we consider the only remained unresolved case
of the question of generation of the groups SL,(Z+iZ) and PSL,(Z+ iZ) by three involutions,
exactly, proved

Theorem 2. The group SL¢(Z +i7) is generated by three involutions.
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1. Preliminaries

Let R be an arbitrary Euclidean ring. We write e,s for the matrix with (r, s)-entry 1 and all
other entries equal to 0. Elementary transvections are matrices of the form t¢,.s(k) = E,, + keys,
where E,, is a unit matrix. Let I be some ideal in the ring R, then we denote

trs(I) = (trs(z) |z € D), 1,8=1,2,...,n, r #s.

Here and below, for any nonempty subset M of some group, we denote by (M) the subgroup
generated by M. The following lemma is well known (e.g., see [7, p. 107]).

Lemma 1. The group SL,(R) over an Euclidean ring R is generated by the subgroups t,s(R),
r,s=1,...,n, r #s.

The ring Z of integers and the ring Z +1iZ, where i2 = —1, of Gaussian integers are Euclidean
(e.g., see [8, p. 439]), and since t,5(Z) = (t,s(1)) and t,s(Z + iZ) = (t,;s(1),t,5(7)), we see that
the following corollary of Lemma 1 holds.

Lemma 2. a) The group SL,(Z) is generated by the transvections t.s(1), r,s =1,...,n, r # s.
6) The group SL,(Z + iZ) is generated by the transvections t,s(1), t,s(i), r,s =1,...,n, r # s.

It is known that the symmetric group S,, is isomorphic to the quotient group N/D of the
monomial group N in SL,(R) by the subgroup of its diagonal matrices D. Each monomial
matrix €, with a nonzero element in position (sg, ) and zeros in the remaining positions of this
column corresponds to the substitution €, which transfers the element r; into the element s,
respectively, k = 1,2,...,n. Conversely, each substitution on n symbols corresponds to monomial
matrices from SL, (R). It should be noted the following elementary but useful statement in the
form of a lemma.

Lemma 3. Let n be a monomial (0,1)-matriz (permutation matriz), which corresponds to the
element 7 of the symmetric group, sending a pair of symbols (1, k) into a pair of (r, s), respectively,
1% kor#s, Lk se{1,2,...,n}. Then the equality t;r(u)"? = t.s(u) is valid for any element
u € R.

We regard SL,,(Z + iZ) as acting on the n-dimensional space of the column vectors V' with
components from the field of complex numbers. Let v' = (vq,...,v,), ut = (u1,...,u,)" be
some nonzero elements from V. If ¢ = E,, +v* x u, then the rank of the matrix g — E,, is equal to
one. The matrix g = E,, +v® x u is called a transvection if the vectors v* and u! are orthogonal,
i.e., uvt = 0. As is known, every transvection in SL,(F) over the field F is conjugate to an
elementary transvection (e.g., see [9, p. 65]). In proving Theorem 2, the method of searching
for elementary transvections described in [1] will also be used. Denote by M the subgroup
generated by the given involutions. This method consists in finding in the group M matrices of
the form g; = E,, + v x u, which are transvections or products of commuting transvections. It
is further proved that M contains such matrices h that either hvt = +v* or uh~! = +u. Then
g = E, +c! x a, where ¢! # +v* and a = u, or ¢! = v* and a # Fu. After obtaining a sufficient
number of g; matrices, it turns out that some elementary transvections t¢,s(x) lie in a subgroup
of the group M generated by g; matrices.
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2. Proof of the Theorem 2

The proof is constructive and consists in the fact that all generators are indicated explicitly.
Let

10000 0
1100 i —i
0010 1 —1
“ 1 oo0oo010 ol
00000 1
00001 0
010000
100000
looo100
b= 00100 0|’
0000 T10
00000 1
100000
001000
lo10000
1000010
000100
00000 1

The matrices «, 3, are contained in the group SLg(Z + iZ) and are involutions. Denote
M = (a, 8,7) and show that M = SLg(Z + iZ).

Lemma 4. Any transvection t,s(x), r #s, 1 <r <5, 1 < s <6, x € Z+iZ, by conjugation of
elements from M can be transferred to the transvection tio(x).

Proof. For the element g of the group G and its subgroup H, we denote g = {hgh™',h € H}.
We show directly that t12(x) contains all transvections t,4(x), r # s, 1 <7 < 5,1 < s < 6.
Since the dihedral group (S, v) consists of permutation matrices, for the proof it will be convenient
to consider the action of its image in the symmetric group Sg on the set of pairs of indices (r, s)
corresponding to the transvections t,.(x) of t12(x)™, and use lemma 3. We will denote by O,
the orbit (r, 5)<3’:’>. We have

B = (12)(34), 7 = (28)(45),

012 ={(1,2),(1,3),(2,1),(2,4),(3,1), (3,5), (4,2), (4,5), (5,3), (5,4)},
tas (@) = tae(2),
Os6 ={(1,6),(2,6),(3,6), (4,6), (5,6)},
tae ()™ = tas(2),
025 ={(1,4),(1,5),(2,3),(2,5),(3,2),(3,4),(4,1),(4,3), (5,1), (5,2)}.

It is easy to see that the orbits O3, 036, O25 contain all pairs of indices (r,s), r #s, 1 <r <5,
1 < s < 6. According to Lemma 3, by conjugating the transvections t12(z), t36(x), tos(z) with
elements from (3,~), we can obtain any transvection t,.s(x), r # s, 1 <r <5, 1 < s < 6. The
lemma is proved. O
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Lemma 5. If for somer; # s1, 1 <ry <5, 1 <81 <6 and for some x € Z+1iZ the transvection
trys, (2) lies in M, then M contains all the transvections t,s(x), trs(ix), 1 < r,s < 6.

Proof. According to Lemma 4, the transvections t12(x), ts2(x), ts2(2) lie in M. The further part
of the proof of the theorem was obtained with significant use of computer calculations. We have

2 .
o () OBV B0V () = gy (i) o (),

t10(2) VBV o (—3) = (i) t32(—iz)tea(),
t12(m)fy6a6'yﬁa'y,8t52(x) = tlg(—ix)tgg(—ai).
From the last three equalities it follows that t3a(iz),t62(z) € M. Again by Lemma 4, t, s, (ix)
lies in M for all 1 # s1, 1 <71 <5, 1 < s1 < 6. From here we get tga2(ix) € M. Finally

t62(37)5 =te1(x), tea(x)? = te3(x),

tea(z)? = tea(z), tea(2)” = tes(2).
The lemma is proved. g

Lemma 6. The group M contains the subgroup t,.s(I) for any r # s, 1 < r,s < 6, where I is
the ideal in the ring Z + iZ generated by element 3.

Proof. Let
3
g1 = (045)2, g2 = 91935“(5”) )

2
g3 = nglglgyﬁow(ﬁv) aﬁv,

3 [e3
91 = lo7", (YB)*vaBB), gs = gi1P 188,

—_— 2 —_—
96 = (959, 1)(75«1/3%) (9495 1)7/3&5“7’

L avpB 4 _ 3
97 = 9495 lg2 lgg C7)) vaﬁ’ gs = g7 1g§7ﬁ) vavB

Each of the matrices g1, . .., gs is the product of two commuting transvections and does not differ
from the identity matrix in the lower left block 4 x 4. Next, we get the following transvections:

4 3
go = gg(;%e) A/gg(;w) vePY — t13(3i — 3)t16(3i — 3), (a7)® = t21(—3)t31(3),
(tm(_3),531(3))7&575@%(&5)2(t21(_6)t31(6))7(aﬂ)37m — t51(9),
g5 (g5 1A B gIIERT —  (6 - 6i).

Inclutions t,4(6 — 67), t,5(6 + 6i) € M and t,5(9), t;5(97) € M follow from the last two
equalities and Lemma 5, for all 1 < r,;s < 6. Therefore, t,5(12), ¢,5(12i) € M, and finally,
trs(3), trs(37) € M. The lemma is proved. O

Now, using Lemmas 5 and 6, we complete the proof of the theorem. The group M contains
the elements gr = t13(5i — 2)t23(1 — i)t14(1 + 2i)t24(1 — i)t15(3i — 3)t16(—1 — 2i)t26(2 — Qi),

« 2 . . . . . .
gio = gé%( By e = t13(2 + 4Z)t23(2 — 2Z)t14(—2 — 4Z)t24(1 - Z)t15(2 + 42)t25(2 — 1)
Direct calculations give that

gm%w = t13(7i—4>t23(—1—5i>t14<3i)t24(3+3i)t15(6i—6)t25<—6—12i)t16(3—6i)t26(6+6i) e M.
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Since, according to Lemma 6, the multipliers starting from t14(37) and further lie in M, we
have the inclusion ¢g1; = #15(¢ — 1)t23(¢ — 1) € M. Finally gllgf‘f'YBa(B'Y)Qﬁ(gﬁl)aﬂwawﬁw =
to3(3i — 3)t43(1 — 4). Therefore, t43(1 — i) € M. Hence t3;(1 —i) € M by Lemma 5 and
therefore [t31(1 — 7),t43(1 — 7)) = £41(2¢). Again, according to Lemma 5, we have inclusions
trs(2),tr5(2i) € M. Applying Lemma 6, we get t,.5(1), t,5(i) € M, for all 1 < r,s < 6. Thus,
M = SL¢(Z +iZ) by Lemma 2. The theorem is proved.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation (Agreement no. 075-02-2024-1429).

References

[1] M.A.Vsemirnov, R.I.Gvozdev, Ya.N.Nuzhin, T.B.Shaipova, On generation of the groups
SL,(Z+iZ) and PSL,(Z+1Z) by three involutions, two of which commute II, Math. notes,
115(2024), no. 3, 289-300. DOI: 10.1134/50001434624030015

[2] M.C.Tamburini, P.Zucca, Generation of Certain Matrix Groups by Three Involutions, J. of
Algebra, 195(1997), no. 2, 650-661.

[3] D.V.Levchuk, Ya.N.Nuzhin, On generation of the group PSL,,(Z+1Z) by three involutions,
two of which commute, Journal of Siberian Federal University. Math. and Phys., 1(2008),
no. 2, 133-139.

[4] D.V.Levchuk, On generation of the group SL7(Z + iZ) by three involutions, two of which
commute, Vestn. Novosib. Gos. Univ., Ser. Mat. Mekh. Inform., 9(2009), no. 1, 35-38
(in Russian).

[5] R.I.Gvozdev, Ya.N.Nuzhin, T.B.Shaipova, On generation of the groups SL,(Z + iZ) and
PSL,(Z + iZ) by three involutions, two of which commute, The Bulletin of Irkutsk State
University, 40(2022), 49-62 (in Russian).

[6] Ya.N.Nuzhin, Tensor representations and generating sets of involutions of some matrix
groups, Trudy Instituta Matematiki i Mekhaniki UrO RAN, 26(2020), no. 3, 133-141
(in Russian). DOI: 10.21538,/0134-4889-2020-26-3-133-141

[7] R.Steinberg, Lectures on Chevalley groups, Mir, Moscow, 1975 (in Russian).
[8] A.L.Kostrikin, Introduction to algebra, Nauka, Moscow, 1977 (in Russian).

[9] D.A.Suprunenko, Matrix groups, Nauka, Moscow, 1977 (in Russian).

IMopoxaenne rpynnst SLg(Z + iZ) TpeMs WHBOJTIOIUASMHA
Poauon . I'Bo3aes

Cubupckuii deiepaibHbIil YHIBEPCUTET
Kpacuosipck, Poccuiickas Peepariust

Awnnoraums. Jlokazano, uro rpymnna SLe(Z + iZ) nopoxnaercss TpeMsl WHBOIONMAME. PaHee GbLIO
3aBEpIIEeHO peIIeHne 331 O CYIIeCTBOBAHUM MTOPOXKJAIONINX TPOEK WHBOJIIOIMNM, J{Be U3 KOTOPBIX IIe-
pecranoBo4HbL, 1yt rpyutt SLy(Z +4Z) u PSL,(Z + iZ) (Marem. 3amerku, 115 (2024), Ne3). Boupoc o
[IOPOXKJICHUY TPEeMsl HHBOJIIOIMAME JAHHBIX PYIII OCTABAJIC HEPEIIEHHBIM TOIBKO it SLeg(Z + iZ).
KiroueBble ciioBa: crenpaibHas JUHEHHAs IPYIIa, KOJIBI[O IEJIbIX IayCCOBLIX UHCE, IOPOXKIAIONNE
TPONKYU WHBOJIIOIHAIA.
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