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Abstract. For a root system ®, the set A = {2, | r € ®} of additive subgroups 2, over commutative
ring K is called a carpet of type ® if commuting two root elements z,(t),t € 2, and zs(u),u € Us, gives
a result where each factor lies in the subgroup ®(2l) generated by the root elements z,(t),t € 2,,r € .
The subgroup ®(2) is called a carpet subgroup. It defines a new set of additive subgroups %= {2l | r € ®},
the name of the closure of the carpet 2, which is set by equation 2l,. = {t € K | z.(t) € ®)}. Ya. Nuzhin
wrote down the following question in the Kourovka notebook. Is the closure 2 of a carpet A a carpet too?
(question 19.61). The article provides a partial answer to this question. It is proved that the closure of
a carpet of type ® over commutative ring of odd characteristic p is a carpet if 3 does not divide p when
® of type Ga.
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1. Introduction

Let ® be an indecomposable root system of rank I, ®(K) be an elementary Chevalley group
of type ® over a commutative ring K. The group ®(K) is generated by its root subgroups

. (K) ={z.(t) |t € K}, r € D.

The subgroups z,(K) are abelian and for each r» € ® and any ¢,u € K the following relations
hold
)z, (u) = z-(t + u). (1)

A set of additive subgroups 2 = {2l | r € ®} is called a carpet of type ® over the ring K if
Oij,rsmf«mg g 2lz'7'+j$a at T,S,i’f‘ +.]3 S (I)7 1> Oa .] > Oa (2)
where A% = {a’ | a € A, }, and the constants Cj;,s = +1,+2,+3 are defined by the Chevalley
commutator formula
[wa(u), 2, (0] = [ @irsjs(Cijrs(—0)'W7), 7,5,ir + js € @. (3)
1,j>0
This definition of a carpet was introduced by V.M. Levchuk in the article [1]. Each carpet 2

defines a carpet subgroup
(I)(Q[) = <.137(Ql7) | re (I)>a
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where (M) denotes the subgroup generated by the set M from any subgroup. We call the closure
of the carpet 2 the set 2 = {2, | r € ®} that is defined by

A ={tec K|xz.(t) € dA)}, r €.

A carpet A is called closed if ®(A) Nz, (K) = x,.(2A,),r € . In our notation this is equivalent
to the equality A, = {2} for all » € ®, shortly A = A. Examples of non-closed carpets for
commutative rings of sufficiently wide classes are given in the articles [2] and [3].

This article received the following question from Ya.Nuzhin from the Kourovka notebook.

A) Is the closure 2 of the carpet A a carpet too? |4, question 19.61]

From the conditions of carpet (2) a statement follows. If ¢t € ., u € 2, then each factor from
the right side of the formula (3) lies in the carpet subgroup ®(2(). On the other hand, for the
arbitrary subgroup M of the Chevalley group ®(K) the set 9t = {9, | r € ®}, defined by the

M, ={teK|z.(t)eM}, red

is not always a carpet [5, page 528|. However, for the types A;, D; and Fj, the set 91 defined by
the subgroup M is a carpet, as for this type formula (3) has the form [x,.(t), zs(u)] = Tpqs(Etu).
Therefore, for types A;, D; and E; closure of the carper is always a carpet. Thus, the question A)
is relevant only for ® = By, C), F4, G3. The main result of the article is

Theorem 1. The closure A of a carpet A of type ® over a ring of odd characteristic p is a carpet
if 3 does not divide p when ® of type Ga.

2. Preliminary results

The Chevalley group ®(K) is increased to the extended group Ci)(K ) by all diagonal elements
h(x), where x is the K-character of the integer root lattice Z®, that is, a homomorphism of
the additive group Z® into the multiplicative group K* of the field K. Of course, the following
equalities hold

x(a+) = x(@)x(®), abed,

X(—a) =x(a)™!, a€,

which will be used frequently.

Lemma 1. [6, Sec. 7.1] Any K-character x is uniquely determined by values on the fundamental
roots and for any r € ®,t € K

h()zr (DR (x) = 2 (x(r)t). (4)
The next lemma follows from the definition of a carpet and a carpet subgroup.

Lemma 2. Let M = {M, | r € D} — a set of additive subgroups of the ring K, the subgroup M
of the Chevalley group ®(K) is generated by the subgroups x,.(9M,.), r € &, and M Nz, (K) =
(M), A set M is a carpet if and only if for any r,s € ® with the condition that r + s € P,
each factor from the right side of the commutator formula for elements x,(t) and xs(t), where
te M., ue M, lies to M.

The article by Ya. Nuzhin gives examples of a subgroup M of the Chevalley group ®(K) of
types Ba, Go such that the set 9t defined as in Lemma 2, is not a carpet [5, examples 1-2].

Lemma 3. Fach diagonal element h(x) normalizes any subgroup of the Chevalley group that is
generated by the root elements if for all r € ® the value x(r) lies in the simple subring generated
by 1.
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3. Proof of the Theorem 1

Any two roots r, s with the condition that r + s is a root lie in a root system of type A, By
or Go. Therefore, by Lemma 2, it is enough to prove Theorem 1 for these types of rank 2. As
already noted in the introduction, for the type As the closure of any carpet is a carpet. That
means that only the types By and G5 remain.

Let 7, 5,7 + s be the roots of the root system ® of type Bs or G, A = {2, | r € P} is a
carpet of type ®, 2 = {2, | € ®} the closure of a carpet,

M=<z,®.)|red>.
By Lemma 2, to prove Theorem 1 it is enough to establish the following statement.

B) For any t € ™A,.,u € A, each factor from the right side of the commutator formula for
elements x,(t) and xs(u) lies in M.

It is clear that we will be interested only in those cases for which there are two or more factors
on the right side of the commutator formula (3).

Let ® be of type Bs. In this case, there are two types of commutator formula (3) with more
than one factor on the right side, these are the following formulas

[2a(t), 23(w)] = Tatp(e1tu) w2040 (e2t>u), ()

[2p (1), a(t)] = Tarp(e3tu) g 1p(eatu), (6)

where ¢; = +1, 4 = 1,2,3,4. The right sides of these two formulas differ only in sign, so it is
enough to consider only one of them, for example, the first.

Let x(a) = x(b) = —1. According to Lemma 3, h(x) normalizes M and by Lemma 1

h()[a(t), 2o(W)]h ™ () = Tatb(Ertu)zaas(—eat?u). (7)

Multiplying the right sides (5) and (7), we obtain the inclusion x,4(e12tu) € M. Since the
characteristic is odd, then x,4(+tu) € M. Multiplying it to the (5), we get z2,45(e2t>u). Thus,
statement B) is established.

Let ® be of type G3. Chevalley commutator formulas having more than one factor on the
right side are represented by four cases

[xa(t), zp(u)] = xa+b(Eltu)x2a+b(€2t2u)x3a+b(€3t3u)m3a+2b(54t3u2), (8)
[25(1), 2o ()] = Zaup(e1tU)Toq b (Eot? ) T304b(e383U) T304 25 (€423 U%), (9)
[%a(t), Tars(u)] = x2a+b(512tu)x3a+2b(523tu2)x3a+b(€33t2u), (10)
[Tatb(w), xa(t)] = ;vgaH,(512tu)x3a+2b(523tu2)x3a+b(533t2u), (11)

where ¢; = £1. Formulas (8) and (9) have different factors on the right side. The right sides of
(10), (11) differ only in sign, so it is enough to consider only (10).

Let it begin with the formula (8). Let x(a) = —1, x(b) = 1. By Lemma 1

R(X)[xa(t), 2o (w)]h 1 (X) = Taqp(—e1tu) 2o b (e2t?U) T30 15 (—E3t3U) T30 4 2p(—4t>u?). (12)
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Multiplying the right sides (8) and (12), we have z2,44(e22t?u) € M. Since the characteristic is
odd, then z9,45(—c2t?u) € M. Multiplying the right side (12) by it, we obtain the product

l‘a+b(—€1tu)$3a+b(—E3t3u)$3a+2b(—64t3u2). (13)
Let x(a) = —1,x(b) = —1. Then

h(X) [Tasb(E11) T304 (e383U) T304 20 (Eat>u)| T (X) = Tays(E1tU) 03045 (E3130) T304 25 (—at>u?).
(14)
Multiplying the right sides (13) and (14), we obtain x3,12,(—2t3u?) € M, and therefore

Tarp(—e1tu)r304p(—e3t3u).

This product cannot be split using the sets x () = £1. Let us choose other values of x(r) from the
multiplicative groups of the field. Since the characteristic p > 3 is odd, the number 2 is different
from +1 and invertible in the field K. We use this fact to choose x(r). Let x(a) = 2, x(b) = —2,
then

R(X)[agp(e1tu), 23a1p(e2t®u)]R7H(X) = Tayp(—4e1tu) T30 6(—1662t30). (15)

Let k < p be the inverse element for —4 in the ring, then we raise @, p(—4e1tu) T34 15(—1662t30)
to the power k and get xa+b(£1tu)xga+b(453t3u). Adding this result to the product
Tarp(—e1tu)r3014(—3t3u), we obtain x3,44(3e3t3u) € M. Since the characteristic of the ring K
is not divisible by 3 , then x3,,4(e3t3u) € M. So, we managed to split the factors of the formula
(8). Formula (9) differs in the multiplier coefficient 3, 25(£42t>u?), which, as above, splits off
from the product at the second step and does not play a role in the proof. Thus, statement B)
holds for (8), (9).

Carry out a similar procedure for the formula (10). Let x(a) = 1, x(b) = —1. By Lemma 1
RO (1), Zatp (WP (X) = Taay(—2e1t0) T30 125 (320t?u) w30 45 (—3e3t>u). (16)
Let x(a) = —1, x(b) = 1. By Lemma 1
R(X)[Za(t), Tars(w)]h ™ (X) = Toars(261t0) T30 10p(—3e2t?U) T304 b(—3e3t%w). (17)

Multiplying the right sides (10) and (16), we have x34125(6e2t%u). Multiplying the right sides (10)
and (17), we have x9,44(4e1tu). Since the numbers 6 and 4 are coprime with the characteristic
of the ring K, then the elements za,4p(e1tu), T34425(e2t?u) lie in M. Consequently, the factors
of Chevalley’s formula (10) are able to be split. The theorem has been proven.
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K Bompocy o 3aMblkaHuUu KOBpa

EmuzaBera H. Tposinckas
Cubupckuii derepalibHblii YHUBEPCUTET
Kpacuosipck, Poccuiickast @enepariust

Annorauus. s cucremsr kopuaeit @ nabop A = {2, | r € ®} ammuTuBHBIX noarpynm A, KOMMyTa-
TUBHOTO KOJsiblla K HasbiBaeTcss KOBpoM Tuna P, ecin nNpu KOMMYTHUPOBAHUM JIBYX KODHEBBIX 3JIEMEH-
T0B Zr(t),t € Ar u zs(u),u € Ay, KAXKIBIH COMHOKUTEIb U3 HPABON YACTH KOMMYTATHBHOH dopmy-
aer esanne sexxut B moarpynme P (2), mopoxKaeHHON KOpHEBbIME djeMeHTaMu Ty (t),t € Ap, 7 € D.
Ioarpynma ® () nassbiBaeTcsa KOBpoBoil noarpynmnoii. Ona onpezesser HOBbI HAGOP aJIUTUBHBIX IO~
rpymn A = {2, | r € ®}, naseiBaeMblii 3aMbIKaHHeM KOBpa %A, KOTODBIH 3aJACTCS PABEHCTBAME
A = {t € K| z.(t) € ®®A)}. SI.H. Hyxun sarmmcan B Koyposckoil Terpaju clieiyomuil BOIpoc.
Heasemes au samvikarue A xospa A xospom? (sonpoc 19.61). B craThe J0Ka3aHO, UTO 3AMBIKAHIE KOB-
pa Tuna ¢ HaJL KOMMYTATUBHBIM KOJIBIIOM HEYETHON XapAKTEPUCTHKU P SIBJISETCS KOBPOM, €CJIH 3 HE

nenut p, korga ¢ tuma Gs.

KiroueBnie ciioBa: KOMMyTaTMBHOe KoJblo, rpymma IlleBasre, KoBep aJAUTHUBHBIX IIOATDYIII,
K-xapaxrep.
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