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1. Introduction and preliminaries

In 1922, S. Banach [4] introduced the notion of Banach contraction principle. It was extended
by Nadler [13] for multivalued mappings and some results related with generalization of various
directions (see [1-18]).

Very recently, in 2016 Mutlu and Giirdal [11] introduced the notion of Bipolar metric spaces,
which is one of generalizations metric spaces. Also they investigated some fixed point and coupled
fixed point results on this space, see [11,12].

*gnvkishore@srkrec.ac.in, kishore.apr2@gmail.com
Tsrinivasabagathi@gmail.com
iramprasadmphilOQ@gmail.com
S$radens@beotel.net

(© Siberian Federal University. All rights reserved

- 575 —



G.N.V.Kishore. .. Multivalued A-symmetric Covariant Results in Bipolar. ..

In this paper, we proved some coupled fixed point theorems for multivalued maps. Also we
provide examples, which supports our main results.
First we recall some basic definitions and results.

Definition 1.1 ([11]). Let ' and © be a two non-empty sets. Suppose that d: T x© — [0, +00)
be a mapping satisfying the following properties :

7o) If d(o,7) =0 then o =7 for all (o,7) €T x O,

)
m) If o =7 then d(o,7) =0 for all (o,7) €T x O,
) If d(o,7) =d(r,0) for allo,7 € TNO.

)

(
(
(72
(m3) If d(o1,72) < d(o1,71) + d(o2,71) + d(02,T2) for all 01,72 €T, 71,72 € O.

Then the mapping d is called a Bipolar-metric on the pair (I, ©) and the triple (T, ©,d) is called
a Bipolar-metric space.

Definition 1.2 ([11]). Assume (I'1,01) and (I'2,03) as two pairs of sets and a function as
U Ty U0 = Ty UBOy is said to be a covariant map. If U(I'1) C Ty and ¥(01) C O2, and
denote this with ¥ : (I'1,01) = (T2, 02). And the mapping ¥ : Ty UBO; = Ty U Oy is said to be
a contravariant map. If U(T'1) C O and ¥(O©1) C Ty, and write ¥ : (T'1,0;) = (T'2,03). In
particular, if di and dy are bipolar metric on (I'1,01) and (T, O2), respectively, we some time
use the notation W : (I'1,01,d1) = ([2,02,ds) and ¥ : (I'1,01,d;) = ([, 02, ds).

Definition 1.3 ([11]). Assume (T',©,d) be a bipolar metric space. A point & € TUO is termed as
a left point if £ € T, a right point if £ € © and a central point if both. Similarly, a sequence {0, }
on the set T' and a sequence {1,} on the set © are called a left and right sequence respectively.
In a bipolar metric space, sequence is the simple term for a left or right sequence. A sequence
{&.} as considered convergent to a point £, if and only if {£,} is a left sequence, € is a right
point and nkrfoo d(&n, &) = 0; or {€,} is a right sequence, £ is a left point and nll}lloo d(&, &) =0.

A bisequence ({on},{n}) on (I',0,d) is sequence on the set T' x O. If the sequence {o,} and

{mn} are convergent, then the bisequence ({o,},{m}) is said to be convergent. ({o,},{m}) is

Cauchy sequence, if 1irn+ d(op, Tm) = 0. In a bipolar metric space, every convergent Cauchy
n,m—-+oo

bisequence is biconvergent. A bipolar metric space is called complete, if every Cauchy bisequence
18 convergent, hence biconvergent.

2. Methods / Experimental Section

2.1. Coupled Fixed Point Theorems via A-symmetric covariant mapping

Definition 2.1. Let ¥ : (I'x ©) U (© xT') — CL(I'UO) be a given covariant mapping. We say
that U is a A-symmetric covariant mapping if and only if (o,7) € A implies ¥(o, 7)RY(7,0)

Definition 2.2. Let (T',0,d) be a bipolar metric spaces, o € I',7 € © and
U:(I'x0,0xT) = CL(T, 0) be a covariant mapping. An element (o,7) is said to be a coupled
fized point of U: (I'x O)U (O xT) - CLI'UO) ifo € ¥(o,7) and T € ¥(T,0).

Theorem 2.3. Let (T',©,d) be an complete bipolar metric space endowed with a partial order <.
Suppose that A is non empty, that is there exists (o,p) € A. Let F: (I' x ©,0 xT") = CL(T", ©)
be a A-symmetric covariant mapping and consider that f : T'x © — [0, +00) as

f(o,p) = D(o,F(o,7)) + D(F(7,0),p) for allo,7 €T and p,0 € O (2.1)
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is lower semi-continuous and there exists a mapping v : [0, 4+00) — (0,1) satisfying

lim supv(r) <1 for each t € [0,400). (2.2)

r—tt

Assume that for any (o, p) € A there exist x € F(o,p) and y € F(p, o) satisfying

b(f (o, p))ld(o,y) + d(z, p)] < f(,p) (2.3)
such that
f(@,y) < 9(f(o,0)ld(o,y) + d(z, p)]- (2.4)
Then FF': T'x©)U (O xTI') - CL(I' UO) has a coupled fixed point. That is there exists
(o, 3) € (T x ©)U (O x T') such that o € F(a, 8) and § € F(f, ).

Proof. Since by the definitions of ¢ we have ¥(f(o,p)) < 1 and ¥(f(7,0)) < 1 for each 0,7 € T,
p,0 € O, it follows that for any (o, p),(7,0) € T x O, there exist u € F(o,p), v € F(p,0),
l € F(r,0) and m € F(p,7) such that

Y(f(o,p))d(o,m) < D(o, F(o,7)) and /¥(f(7,0))d(r,v) < D(7, F(p,0))
VU(f(o,p))d(l, p) < D(F(7,0),p) and \/¢(f(7,0))d(u,0) < D(F(a,p), 0)-

Therefore, for each (o, p), (7,0) € T' x O, there exist u € F(o,p), v € F(p,0),

l € F(r,0) and m € F(p, ) satisfying (2.3).

Let (00, po), (70, 00) € A be an arbitrary and fixed. By our assumptions (2.3) and (2.4), choose
o1 € F(oo, po), p1 € F(po,00) and 71 € F(79,00), 01 € F(00, 7o) such that

¥(f (00, po))(d(o0, 01) + d(71, p0)) < f(00, po) (2.5)

Y(f (70, 00))(d(70, 1) + d(071, 00)) < f(70, 00) (2.6)
and

(f(007p0))(d(00191) +d(7—17p0)) (27)

f(gla Pl) < ¢
< Y(f(710,00))(d(T0, p1) + d(071, 00))- (2.8)

f(r1,01)
From (2.5) and (2.7) we obtain that

flow,p1) Y(f(00,p0))(d(00, 01) + d(T1, p0)) <
VU (F (00, p0))V/ ¥ (f (00, po))(d(00, 01) + d(71, po)) <
Vi (f (o0, po)) f (o0, po)- (2.9)

From (2.6) and (2.8) we obtain that

f(71,01) Y (f (70, 00))(d(70, p1) + d(01, 00)) <
V(f (10, 00)) V% (f (70, 00)) (d(70, p1) + d(01, 00)) <
VU(f(bo, q0)) f(bo,qo0)- (2.10)

Since F is a A-symmetric covariant mapping and (og,p0),(70,00) € A, we have
F(o0, p0)RF(po,00) = (01,p1) € A and F(79, 00)RF (00, 70) = (11,01) € A.

By our assumptions (2.3) and (2.4), choose 02 € F(a1,p1), p2 € F(p1,01) and 7 € F(, 01),
02 € F(p1,71) such that

INCININ

INCININ

U(f(o1,p1))(d(01, 02) + d(72,p1)) < flo1, p1) (2.11)
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Y(f (71, 00))(d(T1, p2) + d(0o2,01)) < f(T1,01)
and
floa, p2) < P(f(o1,p1))(d(o1, 02) + d(72,p1))

f(72,02) <O(f(11,01))(d(71, p2) + d(02, 01))-
From (2.11) and (2.13) we obtain that

f(o2,p2) U(f(o1,p1))(d(01,02) + d(72, p1)) <

\/ 01,91 \/7/1 0—1791))(61(0—1792)+d(7—27pl))g
\/ Ul;ﬂl fglypl .

From (2.12) and (2.14) we obtain that

f(72,02)

NN N

Y(f (1, 00))(d(71, p2) + d(02, 01)) <
\/ F(r, 00))V Y (f (71, 00))(d(T1, p2) + d(02, 01)) <
VU(f(71,01)) f(11,01)

INCININ

(2.15)

(2.16)

with (o2, p2), (72,02) € A. Continue in this way, we get bisequence (oy,pn), (Tn, 0n) With
(Unapn)a (TnaQn)EAy On+1 EF(Urupn)» Pn+1 EF(pn7Un) and 7,41 EF(TnaQn)a On+1 GF(QnaTn)

such that for all n € N, we have

¢(f(0n7pn))(d(0m Qn+1) + d(TnJrlvpn)) < f(Um pn)

w(f(TTM Qn))(d(Tnv pn+1) + d(0n+17 Qn)) < f(Tn7 Qn)
and
J(Ont1, pns1) S UO(f(On, pn))(d(0n, 0ns1) + d(Trg1, pn))

f(Tn-i-lv Qn+1) < ¢(f(7-na Qn))(d(Tru pn+1) + d(o'n—&-la Qn))
From (2.17) and (2.19) we obtain that

U(f(On, pn))(d(On, 0ny1) + d(Tns1, pn)) <
\/Qp(f(anv pn))\/d’(f(am Pr))(d(On, 0ny1) + d(Tni1, pn))
V([ (ons pr)) f(Ons pr).-

From (2.18) and (2.20) we obtain

f(0n+17 anrl)

NCINN

F(Tnt1, 0n41)

w(f('rna Qn))(d(Tn7 Pn+1) + d(gn+1a Qn)) <
)

NN N

V ( (TTL?QH))f(TnaQn)

Therefore, we get

f(o'n-‘rl’ pn+1) + f(Tn-‘rh Qn-l-l) < V w(f(0n7pn))f(0n7pn) + v ¢(f(7'n, Qn))f(Tna Qn)'

On the other hand

f(an+1;pn) +f TnJrlaQn \/ Unapn 1 fa-nvpn 1 +\/ Tnagn 1 f Tny On— 1
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and

f(CTmPn+1) +f Tnagn+1 \/ O’n 17Pn fan 17pn +\/ Tn 17Qn an 17Qn 225)

Now we prove (o, pn) + f(7n, 0n) — 0 as n — 400. Suppose that
flon, pn) + f(Tn,0n) > 0 for all n € N, since if f(on, pn) + f(Tn, 0n) = 0 for some n € N. Then
we obtain

(D(on, F'(ons 7)) + D(F(Tn, 0n), pn) + (D(Tn, F(pn, 00)) + D(F (00, pn), 0n)) = 0

D(opn, F(0n,™)) =0 implies that o, € F(on,7n) = F(0n, ™)
D(F (T, 0n),pn) =0 implies that p, € F (1, 0n) = F(Tn, 0n)
D(7n, F(pn,0n)) =0 implies that 7, € F(pn,0n) = F(pn,0on)
D(F(0n, pn), 0n) =0 implies that o, € F(on,pn) = F(0n, pn)

also, we have

0 <inf, cr(o,.pn) d(on, on) =
= D(on, F(on, pn)) <
< D(on, F(on:7n)) + D(pns F(0n, ™)) + D(pn, F (00, pn)) <
< (0'”, pn) + infanF(‘rn,Qn) d(pn, pn) <
< lim f(op,pn) =0.

n—-+oo
Therefore, o, = 9,, and similarly, we shows that 7,, = p,,. Then
(On, pn) € (T x ©)N (O x I') is coupled fixed point of F. Hence theorem is proved. O

Using (2.23)—(2.25) and % (t) < 1, we conclude that {f(on, pn)} and {f (7, 0n)} are strictly
decreasing bisequence of non-negative real numbers. Thus there exist § > 0 and A > 0 such that
1151_1 f(on, pn) =0 and hIJ’I_l f(Tns0n) = A

Now we will prove 6 = A = 0. Suppose that § > 0 and A > 0. Letting n — 400 in (2.23)—(2.25),
we obtain

0+ < lim _ sup VU(f(Ont1, prg1)d + lim sup /U (f (Tns1, Ong1)A <

f(Ont1:Pnt1)— f(Tnt1,0n41)—AT
<o+ A
and
d+A < lim sup \/Y(f(on+1,pn)0 + lim sup /Y (f(Tna1, 0n)A <
flont1,0n)—6+ f(Tnt1,0n)—= AT
<0+ A
also

d+A < lim — sup (f(on, Put1)d +, lim  sup /Y(f(Tn, 0n+1)A <

fon,pny1)— F(Tnsont1)— AT

<0+ A

In any case which is contradiction. Hence 6 = \ = 0, that is
hm f(anvpn) = 11111 f(Tna Qn) = 0.

Now we shows that (o, p,) and (7, 0,) are Cauchy bisequences in (T', 0, d).
Suppose that
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o= lim su Ontl,
Fomepr )0+ PV U(f(Tnt1, Prt1)
and \ = lim sup \/Y(f(Tn+t1, 0n+1). Then by our assumption (2.2), we have § < 1,
f(Tn+1,0n+1)—0F

A< 1. Let & and ¢ besuch that § <€ <1 and A < ¢ <1 then there is some ng € N such that
U(f(ons1, prr1) < & VOf(Tnt1, 0n+1) < ¢, for each n > ng. Thus, from (2.23), we obtain

(Ons Pn) + Cf (Tn, 00) <

F(Ony1; 1) + f(Tagt, 0n1) <€
< ng(a'n—lvpn—l) + sz(Tn—ly Qn—l) <

(2.26)
< £n+17n0f(0_n0, pno) + CnJrlinOf(Tnoa Qno)~
Since 1(t) = b > 0 for all ¢t > 0, from (2.17), (2.18) and (2.26), we get
(d(anv Qn+1) + d(TnJrh pn)) + (d(Tn7 anrl) + d(0n+17 Qn)) <
< 1 n—mno n—no (227)
= %(5 f(Unoupno)+C f(TnoﬂQﬂo>)'
On the other hands from (2.24) and (2.25)
f(0n+1a pn) + f(Tn+1u Qn) < § (Un>pn—1) + Cf(Tnu anl) <
g §2f(‘7n—1vpn—2) + CQf(Tn—lv Qn—2) (228)
< £n+1f(013 PO) + CnJrlf(Tla 90)
and
(d(am Qn) + d(Tn-Ha Pn—l)) + (d(Tna pn) + d(0n+17 Qn—l)) <
o g . (2.29)
X %(E f(gn17pﬂ0)+< f(TnUQmJ))
also
f(0n7 pn—i—l) + f(Tn7 Qn-i—l) < §f(0n—1’,0n) + Cf(Tn—h Qn) <
< £2f(0-n727 pn—l) + CQf(Tnf% Qn71>
(2.30)
<& (00, p1) + ¢ f (70, 01)
and
(d(o'n—la QTL+1) + d(Tru pn)) + (d(Tn—h pn-l—l) + d(O’n, Qn)) <
(2.31)

< %(Eninof(gnov Pm) + Cninof(Tnm in))

For each n,m € N with n < m, we have (27), (29) and (31)
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< (d(ana Qn+1) + d(Tn-‘rla pn)) + d(0n+17 Qn) + d(Tm pn+1)) +
+2(d(ont1, 0nv1) + d(Tnt1, pryr)) + -+ 2(d(Om—1, 0m—1) + A(Trn—1, Pm—1)) +
+(d(am—17 Qm) + d(T’fm pm—l)) + (d(ama Qm—l) + d(Tm—la pm)) <
1 2
< —=(&nne noy Mng + n-no noy ng + —(gntimo ni1y Mng +
\/5(5 f(Ongs Pro) + ¢ f(Tngs Ono ) \/5(5 JACARYIY

2
+Cn+1inof(7_n1 ’ Qno)) +eet 7(§m+17nof(gnl ’ pnO) *

. Vb
+Cm+1_n0f(7—n1 ) Qno)) + (€M—”0f(0n0 ) pn1) + Cn_nof(Tnoa QTH))'
— 0 as n,m — +oo.

Vb

Hence, (0, pn) and (7, o) are Cauchy bi-sequences in (T',0,d). Since (T',0,d) is complete,
there exist a, 8 € I" and ,n € © such that

A on = B = p =0 iy o= (232

By our assumption f is lower semi continuous. Then we have

0 < fla,y) = D(a, F(n, 5)) + D(F(B.m),7) < lim_inf f(70, 00) = 0.

Hence D(a, F'(n,3)) = 0 and D(F(8,7n),v) = 0 which implies that o« € F(n, 3) and v € F(3,7n).
And similarly we can prove that 8 € F(vy,a) and n € F(«, 7).
Again from (2.32), we get

d(a,n) =d( lim g, lim o,)= lim d(o,,0,) =0

n—-+4oo n——+oo n—-+o0o

and
d(8,7) =d( im p,, lim 7,)= lm d(7,,p,) =0.

n—-+oo n—-+4oo n—-+oo

Therefore, « =7 and § =~. Then o € F(a,3) and § € F(3, a), that is

(o, 3) € (T x ©)N (O xT) is a coupled fixed point of F. Now we prove the uniqueness, let
(a*,5*) € (T x ©)U (O xT') be another coupled fixed point of F. If (a*, 5*) € (T x ©), then we
obtain

0 < f(a®, ) = D(a*, Fa, §) + D(F(5,), 5%) < lm_inf f(on, pu) = 0.

Therefore, D(a*, F(a,3)) = 0 and D(F(8,«),5*) = 0 implies o* € F(«, ) and * € F(§,a).
So, we get a = a* and = [*.

Similarly, if (a*, 5*) € (© x '), we have a = o* and § = 3*.

Then (a, () is a unique coupled fixed point of F.

Example 2.4. Let T' = {i,,,(R) /U, (R) is upper triangular matrices overR} and
O ={L,(R)/Ln(R) is lower triangular matrices over R} with the bipolar metric

d(2,Q) =Y [¢ij — wijl
=1

for all ® = (¢ij)mxm € Um(R) and Q = (Wij)mxm € £m(R). On the set (I',0), we consider the
following relation :
(I),QEFU@,(I)jQ@(bij < wij
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where < is usual ordering. Then clearly, (T',0,d) is a complete bipolar metric space and
(T',0,=) is a partially ordered set. And (T',©) has the property as in Theorem (2.3). Let
F:(I'x©,0xT)=CL(I,0) be defined as

F ((baﬂ) = (¢lj)m><mlm><m v ((b = (¢ij)m><ma Q= (wij)mxm) S (F X 9) U (9 X F)
Then

[(@,Q) = D(®,F(Q, Q)+ D(F(®,Q),Q) =

=inf{d(®,Y) : Y € (wij)mxmImxm} +Inf {d(X, Q) : X € (dij)mxmImxm} =
i,j=1
Also, let 1 : [0,+00) — (0,1) by ¥(t) = %-I-t then obviously, lim+ sup¥(r) < 1 for each t €
r—t
[0, +00) with out loss of generality we may assume that
0= (Oij)mxm =Y = (yij)mxm = ® = (¢ij)m><m

and
0= (Oij>m><m =X= (xlj)me = Q= (Wij)mwi

It is obviously,
([ (2, )[d(®,Y) +d(X, Q)] < f(2,Q)

such that
FXY) <o(f(2,2)[d(P,Y) +d(X, Q).

Hence all assertions of Theorem (2.8) are satisfied and (Opyxcm, Omxm) s the coupled fized point
of F.

Theorem 2.5. Let (T',0,d) be an complete bipolar metric space endowed with a partial order <.
Suppose that A is non empty, that is there exists (o,p) € A. Let F: (' x 0,0 xT') = CL(T', 0)
be a A- symmetric covariant mapping and consider that f : T' x © — [0, +00) as

flo,p) = D(o,F(o, 7))+ D(F(7,0),p) forall o,7 €T and p,0 €O (2.33)
is lower semi-continuous and there exists a mapping v : [0,4+00) — (0, 1) satisfying

lim+ supy(r) <1 for each t € [0, +00). (2.34)
r—t

Assume that for any (o, p) € A there exist x € F(o,p) and y € F(p, o) satisfying

V(d(o.y) +d(z, p)[d(o,y) +d(z, p)] < D(o, F(e,7)) + D(F(r, 0), p) (2.35)

such that
D(z, F(v,u)) + D(F(u,v),y) < ¢(d(o,y) + d(z, p))d(o, y) + d(z, p)] (2.36)

for some v € F(o,7) andu € F(1,0). Then F: (T x©)U (O xT') — CL(T'UBO) has a coupled
fized point. That is there exists (a, §) € (T'x ©O)U(O xT') such that o € F(a, §) and 5 € F(f, ).

Example 2.6. Let I' = {U,,(R)/U(R) is upper triangular matrices over R} and © =
{€m(R)/Lm(R) is lower triangular matrices over R} with the bipolar metric

d(D,Q) =Y [¢ij — wijl

4,j=1
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for all ® = (¢ij)mxm € Um(R) and Q = (Wij)mxm € £m(R). On the set (I',0), we consider the
following relation :
P, 0ecT"UB, (ij<:>¢ij <wij

where < is usual ordering. Then clearly, (T, 0,d) is a complete bipolar metric space and (T', 0, <)
is a partially ordered set. Let F: (T' x ©,0 xT') = CL(T', ©) be defined as
F (@7 Q) _ (d)ij)gm)(Tn

V(@ = (¢ij)mxms Q= (Wij)mxm) € ([ xO)U (O xT)

1
define 9 : [0,4+00) — (0,1) by ¢(t) = 5 First we shall prove that F(®,) satisﬁes all the con-

ditions of Theorem (2.5). In fact it is easy to see that the mapping f(P, ) Z |pij — wij]
4,j=1
is lower semi continuous. Thus for all
(®,92) € (' xO)U (O xT), there exist X € F(P,Q) = w”)%xm and
Y € F(Q,®) = W%Xm such that
4 m
D(®,F(Q,®)) + D(F(9,Q),Q) = G D o —wil | =
ij=1
1< 4
ST
ij=1
1 & 1 1
=% > (¢ — qwii) + (50 —wiy)l | <
i,j=1
1 m
< g Z |¢zg wlj| + Z | ¢2] W1j| <
i,j=1 i,j=1

< Y(d(P,Y)+d(X,Q)[d(D,Y) + d(X, Q)].
It is obviously,

Vi(d(®,Y) + d(X, Q)[d(®,Y) + d(X, Q)] < D(®, F(Q, ®)) + D(F(®,Q),0)

such that
DX, FY, X))+ D(F(X,Y),Y) < ¢(d(®,Y) + d(X,Q)[d(D,Y) + d(X, Q)].

Hence all assertions of Theorem (2.5) are satisfied and (Opyscm, Omxm) 1S the coupled fized point
of F.
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Muoro3uadyable A-CUMMeETPUYHbIE KOBAPUAHTHDBIE
pe3yJabTaThbl B OUTOJSIPHBIX METPUIECKUX ITPOCTPAHCTBAX

I'. H. B. Kumop

Daky/IbTET UHKEHEPHOIH MaTEMATHKU W I'yMaHUTAPHBIX HAYK
WNuxenepnsiit komnemxk Carn Pama Kpummnam Pamxy
Angxpa-Ilpanem, Nuaus

B. IITpunyBaca Pao

JlemapTaMeHT MaTeMaTUKH

Ambenkap yHUBEPCUTET

Angxpa-TIpanerm, Nngus

. Pam IIpacan

DakysibTeT MaTEMATUKHI

Nuxenepnbrit kosutemk Hasra Masuta Pemn

Husbsa narap, ['xarkecap manman

Tenanrana, Uaans

Crogsx PagenoBu4

DakyabTET MAIIMHOCTPOEHUST

Benrpanckwuit yausepcurer

Benrpan, Cepbust

Amnnoranusi. B 9T0if cTaTbe MBI JOKAbIBAEM HEKOTOPBIE TEOPEMBI O HMAPHBIX (PUKCHPOBAHHBIX TOUKAX
21151 TUOPUJTHBIX [IAD B OTOOPaYKEHUIX, UCIIOJIB3YIOMuUX A-CUMMETPUYECKe KOBAPUAHTHBIE OTOOPaYKEeHUsT
B OUIIOJISIPHBIX METPUYECKUX MTPOCTPAHCTBAX. MbI TaKKe JaeM HEKOTOPBIE TPUMEPBI, KOTOPhIEe OCHOBAHBI
Ha HAINX Pe3yJIbTaTax.

KiroueBbie ciaoBa: A-cuMMeTPUYHOE KOBapHaHTHOE oToOpaykeHwe, ImOpHHasi Hapa OTOOparKeHwHil,
CBsI3aHHAsI HEMIOBUXKHAsI TOYKa, OUITOJISTPHBIE METPUYECKHE TTPOCTPAHCTBA.
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