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Abstract. In the present manuscript, we aim to present a new type of the generalized Voigt function,
and investigate its series representations. By using the series representations of our function, we also
point out some generating relations associated with the Kampé de Fériet function, Srivastava’s triple
hypergeometric series, confluent hypergeometric functions of one and two variables, and generalized
hypergeometric function. Furthermore, two interesting recurrence relations of our introduced Voigt
function are also indicated.
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1. Introduction and preliminaries

The well-known Voigt functions K(x1,z2) and L(x1,z2) have occurred in a wide variety
of problems in physics such as astrophysical spectroscopy, transfer of radiation in heated
atmosphere and also in the theory of neutron reactions.

The integral representations of these two functions (due to Reiche [11]) are given as follows:

1 o 1
K(z1,22) = 7=/ exp( — zot — 4t2) cos(x1t)dt (1.1)
and
1 [ 1.\ .
L(zy,22) = 7 exp| — xaot — Zt sin(x;t)dt (1.2)

(r, € Ry20 € RT).

Afterwards, Srivastava and Miller [13] presented the following interesting extension of these

Voigt functions:
I > 1 2
Vip(z1,22) = 5 th exp| — xot — Zt Jy(x1t)dt (1.3)
0
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(x1,72 € RT;R(u+v) > 1),
where J,(z1) denotes the familiar Bessel function [12, p.109, eq.(3)].

2 2
It is well-known that J_i(z1) = y/ —— coszy and Ji (1) =/ — sinz;.
2 L 2 T
Thus, we have
K(x1,22) = Vi _1(21,@2) and L(z1,22) = Vi 1(21,22). (1.4)

1
In continuation of this study, Klusch [7] replaced the number 1 before ¢2 in (1.3) by a variable

to propose the following slightly more generalization of the function in (1.3):

Quo(T1, 22, 23) = ,/%/ th exp(—wot — x3t?)J, (z1t)dt (1.5)
0
(z1, 72,73 € RT;R(p +v) > —1).
It is easy to see that

1
Qu,u <x17m2, 4> = Vu,v($17x2)' (16)

Furthermore, various generalizations of the Voigt function have been introduced and
investigated by a number of authors (see for details, [15, 3, 9, 4] and the references cited therein).

The classical Wright function W, ,(z1) is defined by (see [8], see also [6, 10])

B 1 (l’l)"
Wap(t1) = gif(quan) i (1.7)
(beC,a>-1).

In 2015, EI-Shahed and Salem [2] introduced the following extension of above Wright function:

(¢)n (z1)"

Wol(z)) = 1.8
(aeR, bc,de Cia>—-1,d#0,—1,—-2,---, with x; € C and |z1] < 1 with a = —1).

Clearly, on setting ¢ = d in (1.8), we easily get the function given in (1.7).
Also, we have the following relation between the classical Bessel function and classical Wright

function (see [5]):

or

Wit ( - af) = (:31)” Ju(21). (1.9)

Hence, we can also define here the relation between generalized Wright function and classical
Bessel function as follows:

cc x? 2\" x3 2\"
Wit (- 5) = (2) w0 wit (<) = (2) me. o)
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In this paper, we aim to introduce a new generalization of the Voigt function associated with
the generalized Wright function W, ’g (1) given in (1.8). Also, we investigate several properties of
this generalized Voigt function such as series representations, generating relations and recurrence
relations.

2. Generalized Voigt function and its series representations

In this section, we introduce a new type of the generalized Voigt function and its series
representations by making use of series manipulation and integral transform techniques.

Definition 2.1. Let z1,29,73 € RT, a € R, bc,d € C, a > 1, d # 0,—1,-2,---, and
R(u+v) > —1. Then the generalized Voigt function Tftlf;b’c’d)(xl,xg,xg) is defined by
x vtz oo d x3t?
Tfﬁl,/b,c,d) (x1,29,23) = (2> /0 tHHY exp(—xot — x3t?) Wo (— 4>dt, (2.1)

where W:g(z) is the generalized Wright function given in (1.8).

Remark 2.2. (i) Ifwe seta =1, b=v+1 and ¢ = d in (2.1), and by using (1.10), we
easily get

YY) (2, 29, 23) = Quu (@1, 22, 23) or YLD (3 0 23) = Qp, (21,72, 23). (2.2)

1
(ii) Further, on setting a=1,b=v+1,c=d and x3 = 1 in (2.1), and by using (1.10), we

find that
1 1
Tf});,”“’c’c) (ml,xg, 4) =V, (21, 22) or Tfi;/”“’d’d) (asl, T, 4) =V,u(x1,22).  (2.3)

(iii) It is easy to find from (2.2) and (2.3) that

150, 1 15d.d 1
Tgl 2 ) 21, T2, ~ | = K(x1,23) or Tgl * ) 21, T2, — | = K(21,22), (2.4)
373 4 373 4
and
3 ce 1 ,2.d,
T£17127 ) r1,72, - | = L(z1,22) or Tglf 1) T1, T2, ~ | = L(z1,22). (2.5)
32 4 302 4
Theorem 2.3. Let x1,79,73 € R"; byc,d € C, a(> 1) € R, d # 0,—-1,-2,---, and
R(uw+v) > —1. Then the generalized Voigt function in (2.1) has the following representation:

T(abed (), 2y, 23) =

V+% A : [ I 2 2
—gcl{F(A)FOl:“O11 I W2
T ot 3 a+1; a ’
2 +2xé4 () — Aa;d), d; %’ 4da%xs’ Adxs (2.6)
At g ; = |
_ 2 T<A + 1>F1:1;0 i ‘ _ 7t a3
VT, 9 ) 0atlil . A(asb), d: %; dasxs’ 4a:3_ 7

1 b b+1 b -1
w, A(a;b) abbreviates the array of ‘a’ parameters —, a AR ta ,

where A =
a’ a
and F;f;g denotes the well-known Kampé de Fériet function (see [14, p.63, eq.(16)]).
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Proof. Expressing the exponential function exp(—zot) and generalized Wright function
Wi’g ( — ) in their respective series on the right-hand side of (2.1), and interchanging the

order of summations and integration, which is guaranteed under the conditions, we get

T(a,b,c,d) (xl, X9, 173) =

"%
vl (_ zf)n _ m  poo (2.7)
T 4 ( .232) / +v4+2n+m _—xst?
= — E E t'u 3 dt~
( 2 ) b +an) nl m! 0 ¢

n>0 m>0

It is easy to see from the Euler’s Gamma function that

o0 1 —(21) _/A+1
/ t)\ efzthdt _ 2 2 ( ) < ; ) (2.8)
0

(R(zg) > 0; R(A) > —1).
Applying (2.8) to the integral in (2.7), we find that

l,+, af \n m
— i) (—=z m m
TE:’;;/b,C,d)(x17gj27x3 I Z Z ( 4 3) ( /rnQ') F<A+n+2> (Ig) 2,

V+3 b an n!
PR n>0m>0 +an)

Now separating the m-series into its even and odd terms, and by using the result (see [14])
b b+1 b+2 b+a—1
F(b—&—an):F(b)aan() < ha ) < ha ) ---(+“ ) ,

u+%

x
Ylebed) (g gy ag) = — L %
g 1,72, 35) 2/ + 324 T(b)

{ Z Z (A)ngm (€)n (_ %)” (%)m

n>0m>o L) (M=) (d)n(3),, n! m!

we arrive at

- (2.9)

. o (k) ()
(e )ZZ S L )

n=0 m>0 a n n a

which, upon using the definition of Kampé de Fériet function [14, p. 63, eq. (16)], yields our
claimed representation. O

Theorem 2.4. Let q, w, Ig,Ig*S*t+ €R+ be,deC, a(>1)eR, d#0,—

and R(p+v) > —1. Then the generalized Vozgt function in (2.1) with a slightly changed variable
has the following representation:

7‘..7

T (q w,ws — s~ t+ ‘“t) L i &) )J L(A+i+j)x (210)
v ? 3 - e .
= s 2V+§$A F 17—00] =0
Aditje— — —: G = —J 2 2
3 Pl I b b ].
O __7 wan _LF(A+i+j+—)><
— i = = A(a;b), d % i+ 1 datrs Ay 3 2
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Pya Ll .
e | AR co ¢ W m }
- weei—s Awb), d i1y M0 A
1
where A = pryrs and F® [x1,z2,23] denotes the well-known Srivastava’s triple hypergeo-

metric series (see [14, p. 69, eq. (39)]).

Proof. We begin by recalling the following known result given by Srivastava et al. [16,
p. 8, eq. (1.3)]:

exp( s+t — 2 EOO > i Fi[—j; i+1; 2] (2.11)
p s 4 il 141—=J5 y L1]y

where 1 Fi[ «; f8; 1] is the confluent hypergeometric function (see [12, p. 123, eq. (1)]).
On replacing s,t and z; by sn?,tn? and z112, respectively, and multiplying both sides of the

2,2
resulting identity by n*™ exp(—wn — z3n?) W n

ap b= 4), and integrating both sides of the

last resulting identity with respect to 1 from 0 to co, we obtain

[e’e) 2.2 0 [y
) x1t .d qn s'v
/ n’+”expl—wn—<x3—8—t+S)Uﬂ W;,b(_ 1 )dn: ZZFTX
0 im—iz0 " (919)
o0 o df En
X / R exp(—wn — x3n®) W ( 4 >1Fl[ i1 aurldn
0

On comparing (2.1) and (2.12), we get

u—&-% (') i g
(a,b,c,d) e mty_ (4 s
R (q’“”x‘”’ T s)_<2 2
i=—00 j>0 (2.13)
2,2

o0
></ R exp(—wn — w31”) Wijf( — q: >1F1[ —j; i+ 1; xn’ldn.
0

Now using the series representations of exponential function exp(—wn) and generalized Wright

2,2
function W;g( — (]47]) and then by applying the following known results [1, p. 337, eq. (9)]:

o0 ]. s
/0 x‘i_lef‘”z%lFl[a; b; Ba3lde, = B 042F<;>2F1 [a, ;; b; fj

(R(s) > 0;R(a) > max{0, R(B)}),

we arrive at

, t v+3 > xiz TLj O (_a\k
Tg;;b7c,d)(q?w7$3—8—t+m> :;-%AZ Z( 3) (3) Z( ]::1'}) X (214)

= (@ () b b
9] T 4z, . . . . . . T
X —TI(A I+ = |2F1|—4, A I+ —; 1, —|.
g(dw(ﬂal) T ( +itj+ +2>2 1[ A+ IH IS
Now expanding o F} in its defining series (see [14, p. 29, eq. (4)]), and separating the resulting
series into even and odd terms with respect to the summation index k, and arranging the last

resulting multiple series into the Srivastava’s triple hypergeometric series F(3) [x1, 22, 23], we
arrive at the right-hand side of (2.10). This completes the proof. O
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3. Generating relations
Here, by using the results given in the previous section, we derive some interesting generating
relations.

Theorem 3.1. Let q,w,z3,23 —s—1t+ %“‘/ €RY; bc,deC, a(>1)€eR, d#£0,—-1,-2,---,
and R(p + v) > —1. Then the following generating relation holds true:

<x3>A{F(A)F1;1;() A C; 5 q2 w? w F<A+ 1) « (3 1)
7 0:a+1;1 T o o T = - .
g — Aad), & L M0tZ 42| VZ 2
A+ 5 - ; - 0o s \i (]
« 10 2 c - q2 wfz } B Z Z (ma)z (xtg)j §
0:a+1;1 7@ y = Y T
- A(a;b), d; %; da*Z" 47 im0 >0 J:
Atit+jun— = — ¢ = —J; 2 2
L q we X w
X {T(A+i+j)F® - | —- >
{ ( ) —n= = = Algh), & g5 it datws dvs ws| /g
Aditj+gm— — —: ¢ = —J; 2 >
¢ wm I
Ati+j+ )F(3 _
( e e .. Alasb), d; 3,541 4aax3 4:173 T3
o ’ ) . ) > Yy 95 9

where Z = 3 — s —t —|— Fp q’k is the Kampé de Fériet function [14, p. 63, eq. (16)] and
F®xy, a9, 23] is the Srwastava s triple hypergeometric series [14, p. 69, eq. (39)].

Proof. Expanding the left-hand side of (2.10) with the aid of (2.6) is seen to prove the result
here. O

Corollary 3.2. Let the conditions of Theorem 3.1 be satisfied. Then the following generating
relation holds true:

o3 ! T(A) | F Al“ﬁ L A+1 F A+l.§.w72 _
Z YHWhuz| o VzZ 2 ) Mt 2247~

= i Z(;"')Z%)J{F(AHH) \I/l[A+i+j, Ljiit1, L@ w]_ (3.2)

5 il ! 2" x5’ 4dzs
1 1 L. 3 oz w?
~Yr(a Uy |A : 1, = =
\F?) ( +i+7+ > 1{ +Z+J+2 —7; 1+ 1, 2 2y 4333]}’

where 1 Fy [a; B; 1] is the confluent hypergeometric function of one variable [12, p.123,eq.(1)] and
U [a, B;7, d; 21, x3] is the confluent hypergeometric function of two variables [14, p.59,eq.(41)].

Proof. Taking ¢ — 0 in (3.1) is seen to yield the desired result (3.2). O

Corollary 3.3. Let the condition of Theorem 3.1 be satisfied. Then the following generating
relation holds true:

T3 A A, ¢ i( t )j
(Z) 2o 7 Z Z (i

A(a;b), d; i=—00 j >0

A+i+j: ¢ —J;
« Lt J J B q2 Z1
Oratlil . ) T da%z3’ 3
- Aayb), d; i+ 1;
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where o F, 11 denotes the generalized hypergeometric function [14, p. 42, eq. (1)].

Proof. This corollary can be established with the help of (3.1) by putting w = 0. O

Corollary 3.4. Let the condition of Theorem 3.1 be satisfied. Then we have:

<x3>A A, ¢ 2 i Z (=) (L)d
— | 2Fana - = —E S (A) iy X
Z A(a;b), d; 4a°Z a0 ¥ 7!
(3.4)
A +i+ ja G q2
X oFyq1 ~ Tatz.
A(a;b), d; a"T3
Proof. On setting 21 = 0 in (3.3), we easily get our claimed result(3.4). O

4. Recurrence relations

In this section, we establish the following recurrence relations for our introduced Voigt func-
tion.

Theorem 4.1. The following recurrence relations for our generalized Voigt function

Tx(zbb’c’d) (%1, T2, x3) holds true:

s
v

T(a,b,c,c+2) +e T;(f

b,c+1,c+1 a,b,c,c+1) __
(ot )= (c+1) T ) =0 (4.1)

and

ac
TN+ (L) TS 4 pad TGP 0. (4.2)

Proof. We have the following recurrence relation of the generalized Wright function (see [2,
p. 8, eq. (72)]):
W2 (2) + e Wbt (z) = (e +1) Wit (2). (4.3)

From above relation, we can easily arrive at

ry\"TE 2 v xit?
? / t“+V eXp(—fI,'Qt — l'dt ) Wacjg - T dt +
0

x v+i oo x3t?
+ c<2> /0 tHY exp(—mot — x3t?) X W;Il’c+1 < - z>dt =

1 v+i oo 2242
=(c+1) (2) / tHHY exp(—xot — x3t?) W;’gﬂ < — Z)dt. (4.4)
0

By applying (2.1) in (4.4), we receive our needed result (4.1).
Similarly, the other recurrence relation (4.2) can be established with the help of the following
recurrence relation of W;g(z) (see [2, p. 9, eq. (7T4)]):

c,d c,d ac c+1,d
Waia(2) + (L= 0)Wi(z) = 2 Wi (2).
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5. Concluding remarks

In the present study, we have defined a new type of the generalized Voigt function by mak-
ing use of the generalized Wright function. We have also studied various interesting and useful
properties (for example, series representations involving Kampé de Fériet function F,;"; and

Srivastava’s triple hypergeometric series F'(®) [x1, 22, 23], generating relations and recurrence re-
lations) of our proposed Voigt function.

In this section, we shortly discuss about two interesting variations in the integral representa-
tion of our introduced Voigt function Y%

The generalized Wright function W;’g () have the undermentioned relations with the Fox

H-Function H;";" and Fox Wright hypergeometric function »¥q (see [2, p4])):

c, _ F<d) 1,1 (1 -G 1)
Wa,lil(z) - @HI,B [— Z/ (07 1)’ (1 _ b, a)’ (1 o d, 1) ‘| (51)
and
W) = pod | 5 ] (52

Therefore, by using (5.1) and (5.2), we can propose two interesting variations in the integral

representation of our generalized Voigt function T,(E’Vb’c’d)

1
I(d " v+3
Tfff’ub’c’d) (21,2, 23) = Fici (21) ‘

o] 242
pn+v _ o 2 1,1 xlt (1 —C, 1)
X/o N >H1»3[ 4 / 0.1), (1—ba), (1—d1) [ O3

as follows:

and
Tfﬁ’yb’c’d) (1,22, 3) =
1
() (o [ (1) 20
= = thTVexp(—azot — x5t2)1 U Al - 5.4
I‘(c)(2) A exp(—xot — x3t*)1 o (d,1), (b,a); 4 (5.4)
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O6 o606mienHoit pyHkmuu Poiirra u CBA3aHHBLIX C HeEil
CBOliCTBax

VYabdar AHcapu

Mymappad Aan

PakynbreT MaTeMaTUKN, KoJuteK [anan Pans-M-Aam
Taxmxaxanmyp-242001, Uaaus

Yuusepcurer Maxarmbr I2xotnbet [Ixyne Poxuakxanga
Bapeitnun-243006, Nuansa

Moxna I'asicyaaua
QaxynbreT MaTeMaTUKN, VIHTErpaJ bHbIA yHUBEPCUTET
Henrp Mlaxmxkaxanmyp-242001, Uuans

AnaHOoTaus. B Hacrosimeil crarbe Mbl CTPEMHUMCs IPEJCTABUTH HOBBIA THIT 0000IIEHHON (hyHKIMN
Doiirra 1 UCCIEIOBATH €€ PsIOBBIE MPEJICTaB/IeHNs. VICTIONb3ys PsiIOBbIE TIPEJICTABICHNS] HAIIEH (PYHK-
IMH, MBI TAKKe YKA3bIBAEM HEKOTOPbIE TIOPOXK TAOIINE COOTHOIIEHNsI, CBsI3aHHbIe ¢ dyHKImeil Kamme ne
®Depuera, TPOAHBIM TrUnEpreoMerpudeckuM psaoMm IlIpuBacTaBbl, KOH(DJIIOIHTHBIMA TUIIEPreOMETPHUYE-
CKUMY (DYHKIIUSIMEU OJIHON M JIBYyX IEpEMEHHBIX M ODODIIEHHOI rumepreoMeTpudeckoii dpyukumeit. Kpo-
M€ TOTO, TAKXK€ yKA3aHBI JIBA WHTEPECHBIX PEKYPPEHTHBIX COOTHOIIEHUS HAIIEH BBEIEHHONW (DYHKITUN
Doiirra.

Kurouessie cioBa: dyukiusa Doiirra, yukius Paiira, dynknna Kammne ne @epne, TpoitHoil rumnep-
reomeTpudeckuii psan [IIpuBacTasbr.
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