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Abstract. Formulas are given for finding power sums of zeros to a negative power for entire functions
of finite order of growth.
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Let the function f(z)

f2) =1+ bez¥, bo=1,
k=1

be an entire function of finite growth order and having zeros at ay, as, ...,an,,... (each root is
counted as many times as its multiplicity). There can be a finite or infinite number of zeros. We
will arrange them in ascending order of modules 0 < |ag| < |ag| < ... < af, < ...

Let us recall the Hadamard expansion for such functions (see, for example, [1, Chapter 8,
Theorem 8.2.4], [2, Chapter 7]).

Theorem 1. If f(z) is an entire function of finite order p, then

2P

flz)= 25eR) H <1 — Z) eﬁjL?Zai%Jr"'erﬁ’ (1)
(79
n=1

where Q(z) is a polynomial whose degree q is not higher than p, s is the multiplicity of zero of f
at the point 0, and p < p.

The infinite product in (1) converges absolutely and uniformly in C. (Recall that a sequence
of holomorphic functions converges uniformly in the open set U, if it converges uniformly on
every compact set in U.)

In what follows we assume that f(0) = 1. We will write the polynomial Q(z) in the form

Q=) = Z dj.
j=1

Here dy = 0, since f(0) = 1.
The expression
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is called the canonical product, and the number p is the genus of the canonical product

genus of the entire function f(z) is the number max{q,p}. If we denote by p’ the order of the

canonical product (2), then p = max{q, p'}

1
(3)

Consider the series

‘anh.

ANl

The infimum of positive numbers + for which the series (3) converges is called the index of
convergence of zeros of the canonical product ®(z)

It is well known (see, for example, [1, Chapter 8, paragraph 8.2.5], [2, Chapter 7]) that the
index of convergence of zeros of a canonical product is equal to its order p’ .

Therefore power sums of zeros to a negative power

=1
27
n=1 an

'—1<p<y

are absolutely convergent series for k > p’, i.e. and for k > p. It is also known that p

(see, for example, [1]).
In what follows, we will consider power sums with positive integer exponents k
For polynomials, the recurrent formulas of Newton and Waring are well known, connecting

i

the usual power sums of the roots of a polynomial and its coefficients (see, for example, [3-5])
Now we will connect the integrals in the formula

(4)

and power sums of zeros o;. Here
2| =r},r >0},

v ={z:
Let us express this integral in terms of power sums of zeros using Hadamard’s formula. Let us
1

restrict ourselves to the case when s =0
In a sufficiently small neighborhood of the origin we have (by Hadamard’s formula (1))

In f(z )+ Zln {(1 - ) eP"(z)] ,

p(z) =

2 P
where P,(z) = — + 2—2 +...+ vt
The series for cp( ) converges uniformly and absolutely in a sufficiently small neighborhood
of the origin, since the zeros of «; are separated from the origin.
Let us find the integrals in (4) for each term. Obviously,
1 1 kdp, wpm 1<k<yq,
G / — dQ(z) = ST
TSy, 2 0 mpu k>gq.
Let us transform the expression
[e7%)
dln {(1 - ) eP"(f“')} = e 5 =
Qn (1 — az )ei 2“%+ +pﬂn
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2 P 2 P
L2 A2 E 4 E 2 2 P
_ _Z an ' 2a2 ab _ Z an ' 2a2 b Z Z_ e Z
d(l an)e n P +<1 an)e n p d(an +2a%;,+ + p)

pan

Z = Qp Qp % n
2P 1
dz 1 (a - ) p dz (2P —ab)dz 2Pdz
= —_— z = =
Z— (z B ) z—an  ab N z—a)  on(z—an)
an

Then

5 z +o +Z”
1 & d{(l%)e 2 } 2P~k
2771'2/ z 27rzz/

zp _
S w () E (=au)
0, ecm k<p
o0

Thus, the equality is true if ¢ < p, then

)

k = —0og, ecm k> p.

kd for k <gq,
=4¢0 for g<k<p,
—o for k>p.

1 1df

2ri 2k f

Yr

Let ¢ > p, then

kdy for k <p,
1 1df
- —— = kdp,—or for p<k<gq
Yr

27i .zkfi
—o for k>q.

Thu,s we obtain the statement

Theorem 2. For q < p the following equalities are true:

kd k<gq,

AR for ks<gq

— =40 for q<k<p,
.

2mi 2k f
—oy  for k>np.

For g > p the following equalities are true:

kd k<p,

1 Ldf K for P

— = kdp —or for p<k<gq
¥r

2mi P
—or  for k>q.

This theorem generalizes Proposition 1.4.1 from [6].
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Corollary 1. The equality is true

1 1df .
27’(’i[/r2kf__0k7 if k>p.

Corollary 2. The formulas are valid

b1 bo 0 ... 0
-1 k—1
o = f% 22 b bo for k> p. (5)
kb br—1 bg—2 ... by

To prove it, it is enough to multiply the second column in the formula (5) by b1, the third by
ba, etc., then add them to the first column.

These formulas relate the power sums o, and the Taylor coefficients of the function f.

Example 1. Consider the function

f(z) =cosz-e”.

This is a function of the first order of growth (p = 1). Then

3
f(z):cosz~e'z:1+z+%+....

Then from (5) we obtain o3 = 1, which corresponds to the known equalities.
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HaxoxkageHne cTelleHHbIX CyMM HYyJIeil 1eJIbix OyHKITIiA
KOHEYHOI'o Iops/IKa POCTa

Hasiarb6aii /I>xymabaeB
yHI/IBepCI/ITeT TOYHBIX U CONUAJIBHBIX HBYK
Tarmkenrt, ¥Y36ekucran

Awnnoranusi. [losrygenbr hopMysIbI 1715l HAXOXK/IEHUST CTETIEHHBIX CYMM HYyJIEl B OTPUIATETHLHOMN CTermeHn
1eIbIX PYHKIMH KOHETHOTO TOPSIIKA POCTA.

KiroueBble ciioBa: crelneHHbIE CYMMBI Hy.IIefI, meJsiad (byHKLII/ISI KOHEYHOI'O ITOpsAJIKa poCTa.
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