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ÀÍÍÎÒÀÖÈß

Öåëü ðàáîòû � èññëåäîâàòü ðàçðåøèìîñòü íàãðóæåííîãî óðàâíåíèÿ òè-

ïà Áþðãåðñà ñïåöèàëüíîãî âèäà, à òàêæå ïîëó÷èòü óñëîâèÿ, ãàðàíòèðóþùèå

åäèíñòâåííîñòü ðåøåíèÿ íåêîòîðîãî äðóãîãî íàãðóæåííîãî óðàâíåíèÿ òèïà

Áþðãåðñà ñ äàííûìè Êîøè.

Â õîäå ðàáîòû óäàëîñü îáîáùèòü è óñèëèòü ðåçóëüòàòû, ïîëó÷åííûå â

ñòàòüå [1]. Òàêæå áûëà äîêàçàíà òåîðåìà ãàðàíòèðóþùàÿ åäèíñòâåííîñòü ðå-

øåíèÿ íàãðóæåííîãî óðàâíåíèÿ òèïà Áþðãåðñà ñïåöèàëüíîãî âèäà ñ äàííûìè

Êîøè.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òèïà Áþðãåðñà, ìåòîä ñëàáîé àïïðîêñèìà-

öèè, ðàñùåïë¼ííàÿ çàäà÷à, íàãðóæåííîå óðàâíåíèå.

The aim of this work is to investigate the solvability of a loaded equation of

Burgers type of special form and to obtain conditions guaranteeing the uniqueness

of the solution of some other loaded equation of Burgers type with Cauchy data.

In the course of this work it was possible to generalize and strengthen the

results obtained in [1]. The theorem guaranteeing the uniqueness of the solution

of a loaded equation of Burgers type of special form with Cauchy data was also

proved.

Keywords: Burgers type equation, weak approximation method, split

problem, loaded equation.
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ÂÂÅÄÅÍÈÅ

Ñóùåñòâóþò ðàçëè÷íûå ìåòîäû ðåøåíèÿ îáðàòíûõ çàäà÷. Äëÿ ðåøåíèÿ

îáðàòíûõ çàäà÷è, ñîäåðæàùèõ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïàðàáîëè-

÷åñêîãî òèïà áûëî ðàçðàáîòàíî íåñêîëüêî ìåòîäîâ, êîòîðûå îïèñàíû â ðàáî-

òàõ Þ. ß. Áåëîâà, À. È. Êîæàíîâà è Þ. Å. Àíèêîíîâà � ñì. [2] - [6].Îäèí èç

ïîäõîäîâ îïèñàí, íàïðèìåð, â ñòàòüå [2] Þ. ß. Áåëîâà è Ê. Â. Êîðøóíà.

Ïóñòü äàíà íåêîòîðàÿ îáðàòíàÿ çàäà÷à ñ óñëîâèÿìè ïåðåîïðåäåëåíèÿ

è ñîãëàñîâàíèÿ, ïîñëå ýòîãî îíà ïðèâîäèòñÿ ê íåêîòîðîé ïðÿìîé âñïîìîãà-

òåëüíîé çàäà÷å, çàòåì ñ ïîìîùüþ ìåòîäà ñëàáîé àïïðîêñèìàöèè ïîëó÷àþòñÿ

àïðèîðíûå îöåíêè è äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ ïðÿìîé âñïîìîãà-

òåëüíîé çàäà÷è, ïîñëåäíèì ýòàïîì ÿâëÿåòñÿ äîêàçàòåëüñòâî òîãî, ÷òî ïîëó-

÷åííîå ðåøåíèå ÿâëÿåòñÿ ðåøåíèåì îáðàòíîé çàäà÷è.

Ïðè íåçíà÷èòåëüíûõ èçìåíåíèÿõ âõîäíûõ äàííûõ èëè êîëè÷åñòâà è âè-

äà íåèçâåñòíûõ êîýôôèöèåíòîâ, èëè ñòðóêòóðû óðàâíåíèÿ, êàê ïðàâèëî, òðå-

áóåòñÿ çàíîâî ïîëó÷àòü âñå àïðèîðíûå îöåíêè.

Â ñòàòüå [1] È. Â. Ôðîëåíêîâà, Ì. À. Äàðæàà ïðåäëîæåí ïîäõîä, îñíî-

âàííûé íà ðàññìîòðåíèè íàãðóæåííîãî óðàâíåíèÿ ñïåöèàëüíîãî âèäà. Ïðè-

âåä¼ì ôîðìóëèðîâêó òåîðåìû, äîêàçàííîé â ýòîé ñòàòüå.

Â ïðîñòðàíñòâå E1 âûáåðåì r ðàçëè÷íûõ òî÷åê α1, . . . , αr.

Â ïîëîñå G[0,T ] = {(t, x)|0 ⩽ t ⩽ T, x ∈ E1} ðàññìîòðèì çàäà÷ó Êîøè

ut = a(t)uxx + b(t, x, u(t, x), ω(t))ux + f(t, x, u(t, x), ω(t)), (0.1)

u(0, x) = u0(x). (0.2)

Îáîçíà÷èì ÷åðåç ω(t) = (u(t, αj),
∂k

∂xku(t, αk)), k = 0, . . . , p1, j = 1, . . . , r

âåêòîð�ôóíêöèþ, êîìïîíåíòàìè êîòîðîé ÿâëÿþòñÿ ñëåäû (çàâèñÿùèå òîëüêî

îò ïåðåìåííîé t) ôóíêöèè u(t, x) è âñåõ å¼ ïðîèçâîäíûõ ïî x äî ïîðÿäêà p1

âêëþ÷èòåëüíî. Âûáåðåì è çàôèêñèðóåì ïîñòîÿííóþ p ⩾ max{2, p1} ⩾ 2.
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Óñëîâèå 0.1. Ôóíêöèè b(t, x, u(t, x), ω(t)), f(t, x, u(t, x), ω(t)) � äåéñòâè-

òåëüíîçíà÷íûå ôóíêöèè, êîòîðûå îïðåäåëåíû è íåïðåðûâíû äëÿ ëþáûõ çíà-

÷åíèé ñâîèõ àðãóìåíòîâ. Äëÿ âñåõ t∗ ∈ (0, T ] è äëÿ âñåõ u(t, x) ∈ Zp+2
x ([0, t∗])

ýòè ôóíêöèè, êàê ôóíêöèè ïåðåìåííûõ (t, x) ∈ G[0,t∗], íåïðåðûâíû è èìåþò

íåïðåðûâíûå ïðîèçâîäíûå, ó÷àñòâóþùèå â ñîîòíîøåíèÿõ (2.5) è (2.6). Ôóíê-

öèÿ a(t) ⩾ a0 > 0 � íåïðåðûâíàÿ îãðàíè÷åííàÿ ôóíêöèÿ íà îòðåçêå [0, T ].

Ôóíêöèÿ u0(x) èìååò íåïðåðûâíûå ïðîèçâîäíûå, ó÷àñòâóþùèå â ñëåäóþùåì

ñîîòíîøåíèè
p+2∑
k=0

∣∣∣∣dku0(x)dxk

∣∣∣∣ ⩽ C.

Óñëîâèå 0.2. Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ

Uk(0) = sup
x∈E1

∣∣∣∣ dkdxku0(x)
∣∣∣∣ , k = 0, 1, . . . , p+ 2,

Uk(t) = sup
0<ξ⩽t

sup
x∈E1

∣∣∣∣ ∂k∂xku(ξ, x)
∣∣∣∣ , k = 0, 1, . . . , p+ 2,

U(t) =

p+2∑
k=0

Uk(t), U(0) =

p+2∑
k=0

Uk(0).

Ïóñòü äëÿ âñåõ t∗ ∈ (0, T ], äëÿ âñåõ t ∈ [0, t∗], äëÿ ëþáîé ôóíêöèè

u(t, x) ∈ Zp+2
x ([0, t∗]) âûïîëíåíû ñëåäóþùèå îöåíêè

p+2∑
k=0

∣∣∣∣ ∂k∂xk b(t, x, u(t, x), ω(t))
∣∣∣∣ ⩽ Pγ1(U(t)), (0.3)

p+2∑
k=0

∣∣∣∣ ∂k∂xkf(t, x, u(t, x), ω(t))
∣∣∣∣ ⩽ Pγ2(U(t)). (0.4)

Çäåñü γ1, γ2 ⩾ 0 � íåêîòîðûå ôèêñèðîâàííûå öåëî÷èñëåííûå êîíñòàíòû è

Pξ(y) = C(1 + |y|+ |y|2 + . . .+ |y|ξ),

à C ⩾ 1 � êîíñòàíòà, íå çàâèñÿùàÿ îò ôóíêöèè u(t, x) è å¼ ïðîèçâîäíûõ.
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Òåîðåìà 0.1 (Ñóùåñòâîâàíèÿ). Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 0.1 è

0.2, ïðè÷¼ì 0 ⩽ γ1 < ∞, 0 ⩽ γ2 ⩽ 1, òîãäà ñóùåñòâóåò êîíñòàíòà

t∗ ∈ (0, T ], êîòîðàÿ çàâèñèò îò a0, C èç óñëîâèÿ 0.1 è ñîîòíîøåíèé (0.3),

(0.4), òàêàÿ, ÷òî êëàññè÷åñêîå ðåøåíèå u(t, x) çàäà÷è (0.1), (0.2) ñóùåñòâó-

åò â êëàññå Zp
x([0, t

∗]).

Ïðîäåìîíñòðèðóåì ïðèìåíèìîñòü äàííîé òåîðåìû ê èññëåäîâàíèþ çà-

äà÷è, ïðèâåä¼ííîé â ñòàòüå [2] Þ. ß. Áåëîâà è Ê. Â. Êîðøóíà.

Â ïîëîñå G[0,T ] = {(t, x)|0 ⩽ t ⩽ T, x ∈ E1} ðàññìîòðèì óðàâíåíèå òèïà

Áþðãåðñà ñ äàííûìè Êîøè

ut(t, x) = µ(t)uxx + A(t)uux +B(t)u+ C(t) + g(t)f(t, x), (0.5)

u(0, x) = u0(x), x ∈ E1, (0.6)

ãäå ôóíêöèè A(t), B(t), C(t), f(t, x) � çàäàíû, à ôóíêöèè u(t, x) è g(t) íåèç-

âåñòíû.

Òàêæå ïîòðåáóåì, ÷òîáû áûëè âûïîëíåíû óñëîâèÿ ïåðåîïðåäåëåíèÿ è

óñëîâèÿ ñîãëàñîâàíèÿ

u(t, x0) = φ(t), x0 = const, (0.7)

u0(x0) = φ(0). (0.8)

Äëÿ òîãî, ÷òîáû ïðèâåñòè îáðàòíóþ çàäà÷ó (0.5)-(0.8) ê ïðÿìîé, ïîëî-

æèì â (0.5) x = x0, òîãäà

g(t) =
φ′(t)−B(t)φ(t)− C(t)− µ(t)uxx(t, x0)− A(t)φ(t)ux(t, x0)

f(t, x0)
. (0.9)

Ïîäñòàâëÿÿ (0.9) â (0.5), ïîëó÷èì ïðÿìóþ çàäà÷ó

ut(t, x) = µ(t)uxx + A(t)uux +B(t)u+ C(t)+

+
φ′(t)−B(t)φ(t)− C(t)− µ(t)uxx(t, x0)− A(t)φ(t)ux(t, x0)

f(t, x0)
f(t, x), (0.10)

u(0, x) = u0(x), x ∈ E1. (0.11)
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Äëÿ òîãî, ÷òîáû ãàðàíòèðîâàòü, ÷òî çíàìåíàòåëü âûðàæåíèÿ (0.10) íå

îáðàùàåòñÿ â íóëü, ïîòðåáóåì âûïîëíåíèÿ ñëåäóþùåãî óñëîâèÿ

|f(t, x)| ⩾ δ, (t, x) ∈ G[0,T ].

Çàìåòèì, ÷òî ïðÿìóþ çàäà÷ó (0.10), (0.11) ìîæíî ïðåäñòàâèòü â âèäå

ut = a(t)uxx + b(t, x, u(t, x), ω(t))ux + f(t, x, u(t, x), ω(t)), (0.12)

u(0, x) = u0(x), (0.13)

äëÿ êîòîðîé ïðèìåíèìà òåîðåìà 0.1 ïðè âûïîëíåíèè óñëîâèé 0.1, 0.2. Ïðîâå-

ðèì èõ âûïîëíåíèå. Äëÿ äàííîé çàäà÷è ôóíêöèè b(t, x, u(t, x), ω(t)) è

f(t, x, u(t, x), ω(t)) áóäóò èìåòü âèä

b(t, x, u(t, x), ω(t)) = A(t)u,

f(t, x, u(t, x), ω(t)) = B(t)u+ C(t)+

+
φ′(t)−B(t)φ(t)− C(t)− µ(t)uxx(t, x0)− A(t)φ(t)ux(t, x0)

f(t, x0)
f(t, x).

Èç óñëîâèÿ 0.2 ïîëó÷èì

4∑
k=0

∣∣∣∣ ∂k∂xkA(t)u
∣∣∣∣ ⩽ CU(t) ⩽ P1(U(t)),

4∑
k=0

∣∣∣ ∂k
∂xk

B(t)u+ C(t)+

+
φ′(t)−B(t)φ(t)−C(t)−µ(t)uxx(t, x0)−A(t)φ(t)ux(t, x0)

f(t, x0)
f(t, x)

∣∣∣ ⩽
⩽ C(1 + U(t)) ⩽ P1(U(t)).

Îòíîñèòåëüíî ôóíêöèé A(t), B(t), C(t), f(t, x), φ(t), u0(x), µ(t) ïðåäïî-

ëîæèì, ÷òî îíè ÿâëÿþòñÿ äîñòàòî÷íî ãëàäêèìè è óäîâëåòâîðÿþò ñëåäóþùèì

óñëîâèÿì:

4∑
k=0

∣∣∣∣dku0(x)dxk

∣∣∣∣+ 4∑
k=0

∣∣∣∣∂kf(t, x)∂xk

∣∣∣∣+|A(t)|+|B(t)|+|C(t)|+|φ(t)|+|φ′(t)| ⩽ C,
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|f(t, x)| ⩾ δ > 0,

µ(t) ⩾ µ0 > 0.

Òàê êàê äëÿ äàííîé çàäà÷è 0 ⩽ γ1 = 1 è 0 ⩽ γ2 = 1 ⩽ 1, òî âûïîëíåíû

óñëîâèÿ òåîðåìû 0.1 è ñóùåñòâóåò ïîñòîÿííàÿ t∗ òàêàÿ, ÷òî ðåøåíèå u(t, x)

çàäà÷è (0.10), (0.11) ñóùåñòâóåò â êëàññå Z2
x([0, t

∗]).

Çàìåòèì, ÷òî îãðàíè÷åíèå íà ïîñòîÿííóþ γ2 (0 ⩽ γ2 ⩽ 1) íå ïîçâîëÿ-

åò ïðèìåíÿòü òåîðåìó 0.1 äëÿ çàäà÷, â êîòîðûõ ïðàâàÿ ÷àñòü íàãðóæåííîãî

óðàâíåíèÿ íåëèíåéíûì îáðàçîì çàâèñèò îò ñëåäîâ ôóíêöèè u(t, x), êàê â ñëå-

äóþùåì ïðèìåðå.

Ðàññìîòðèì â îáëàñòè G[0,T ] = {(t, x) | 0 ⩽ t ⩽ T, x ∈ E1} ñëåäóþùóþ

çàäà÷ó Êîøè

ut(t, x) = a2uxx(t, x) + (u(t, x) + λ1(t))ux(t, x) + λ2(t)f(t, x), (0.14)

u(0, x) = u0(x). (0.15)

Ôóíêöèè λ1(t), λ2(t) ïîäëåæàò îïðåäåëåíèþ îäíîâðåìåííî ñ ðåøåíèåì

u(t, x) çàäà÷è (0.14), (0.15), óäîâëåòâîðÿþùèì óñëîâèÿì ïåðåîïðåäåëåíèÿ

u(t, α) = φ1(t), (0.16)

ux(t, α) = φ2(t) (0.17)

è óñëîâèÿì ñîãëàñîâàíèÿ

u(0, α) = φ1(0), (0.18)

ux(0, α) = φ2(0). (0.19)

Îòíîñèòåëüíî ôóíêöèé φ1(t), φ2(t), u0(x), f(x) ïðåäïîëàãàåì, ÷òî îíè

äîñòàòî÷íî ãëàäêèå, èìåþò âñå íåïðåðûâíûå ïðîèçâîäíûå, âõîäÿùèå â ñëå-

äóþùåå ñîîòíîøåíèå è óäîâëåòâîðÿþò èì

|φ1|+ |φ′
1|+ |φ2|+ |φ′

2|+
∣∣∣∣ dkdxku0(x)

∣∣∣∣+ ∣∣∣∣ ∂k∂xkf(t, x)
∣∣∣∣ ⩽ C, k = 0, . . . , 6. (0.20)
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Òàêæå ââåä¼ì ôóíêöèþ ñðåçêè Sδ(y), ñêîëü óãîäíî ðàç äèôôåðåíöèðó-

åìóþ, îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè

Sδ(y) ⩾
δ

3
> 0, ∀y ∈ E1,

Sδ(y) =


y, y ⩾

δ

2
;

δ

3
, y ⩽

δ

3
.

Ïóò¼ì ïðåîáðàçîâàíèé, ïîëó÷èì, ÷òî îáðàòíàÿ çàäà÷à ñâîäèòñÿ ê âñïî-

ìîãàòåëüíîé ïðÿìîé çàäà÷å âèäà

ut = a2uxx +

[
u+

(ψ1(t)− a2uxx(t, α))fx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))f(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))

]
ux+

+

[
(ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))φ2

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ1(t)− a2uxx(t, α))uxx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))

]
f(t, x), (0.21)

u(0, x) = u0(x). (0.22)

Ïðîâåðèì âûïîëíåíèå óñëîâèé 0.1, 0.2. Äëÿ äàííîé çàäà÷è ôóíêöèè

b(t, x, u(t, x), ω(t)) è f(t, x, u(t, x), ω(t)) áóäóò èìåòü âèä

b(t, x, u(t, x), ω(t)) = u+
(ψ1(t)− a2uxx(t, α))fx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))f(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
,

f(t, x, u(t, x), ω(t)) =
(ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))φ2

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ1(t)− a2uxx(t, α))uxx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
f(t, x).

Èç óñëîâèÿ 0.2 ïîëó÷èì

5∑
k=0

∣∣∣∣ ∂k∂xk
[
u+

(ψ1(t)− a2uxx(t, α))fx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−
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− (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))f(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))

]∣∣∣∣ ⩽ CU(t) ⩽ P1(U(t)),

5∑
k=0

∣∣∣∣[(ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))φ2

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ1(t)− a2uxx(t, α))uxx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))

]
∂k

∂xk
f(t, x)

∣∣∣∣ ⩽
⩽ C(1 + U2(t) + U3(t) + U 2

2 (t)) ⩽ P2(U(t)).

Òàêèì îáðàçîì, óñëîâèÿ òåîðåìû 0.1 íå âûïîëíåíû, òàê êàê γ2 > 1.

Â äàííîé ðàáîòå ïîëó÷åí ðåçóëüòàò, êîòîðûé ïîçâîëÿåò ðàñøèðèòü ïðè-

ìåíèìîñòü òåîðåìû 0.1 äëÿ ëþáûõ íàòóðàëüíûõ γ2.
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1 Âñïîìîãàòåëüíûå îáîçíà÷åíèÿ,

îïðåäåëåíèÿ è òåîðåìû

Â äàííîé ãëàâå ïðèâåäåíû íåêîòîðûå îáîçíà÷åíèÿ, îïðåäåëåíèÿ è òåî-

ðåìû, êîòîðûå áóäóò äàëåå èñïîëüçîâàòüñÿ â òå÷åíèå âñåé ðàáîòû.

En � n-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî äåéñòâèòåëüíûõ ÷èñåë.

Ω � íåêîòîðàÿ îãðàíè÷åííàÿ îáëàñòü â En.

Ω � çàìûêàíèå ìíîæåñòâà Ω.

∂Ω � ãðàíèöà îáëàñòè Ω.

Ck(Ω) - ìíîæåñòâî âñåõ ôóíêöèé íåïðåðûâíî äèôôåðåíöèðóåìûõ k ðàç

â îáëàñòè Ω.

Ck,l
t,x(Ω) � ìíîæåñòâî âñåõ ôóíêöèé íåïðåðûâíî äèôôåðåíöèðóåìûõ k

ðàç ïî t è l ðàç ïî x â îáëàñòè Ω.

Îïðåäåëåíèå 1.1. Ìíîæåñòâî M íîðìèðîâàííîãî ïðîñòðàíñòâà En

íàçûâàåòñÿ êîìïàêòíûì, åñëè èç êàæäîé ïîñëåäîâàòåëüíîñòè {xn} ⊂ M

ìîæíî âûäåëèòü ôóíäàìåíòàëüíóþ ïîäïîñëåäîâàòåëüíîñòü.

Îïðåäåëåíèå 1.2. Ãîâîðÿò, ÷òî ìíîæåñòâîM íåïðåðûâíûõ íàΩôóíê-

öèé ðàâíîìåðíî îãðàíè÷åíî, åñëè äëÿ âñåõ f ∈ M è âñåõ x ∈ Ω ñóùåñòâóåò

ïîñòîÿííàÿ K, òàêàÿ ÷òî |f | ⩽ K.

Îïðåäåëåíèå 1.3. Ãîâîðÿò, ÷òî ìíîæåñòâîM íåïðåðûâíûõ íàΩôóíê-

öèé ðàâíîñòåïåííî íåïðåðûâíî, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ = δ(ε) >

0 òàêîå, ÷òî äëÿ ëþáîé ôóíêöèè f ∈M è ëþáûõ x
′
, x

′′ ∈ Ω, óäîâëåòâîðÿþùèõ

íåðàâåíñòâó |x′ − x
′′| < δ, èìååò ìåñòî íåðàâåíñòâî |f(x′

)− f(x
′′
)| < ε.

1.1 Òåîðåìà Àðöåëà

Òåîðåìà 1.1. Ïóñòü M - íåêîòîðîå áåñêîíå÷íîå ìíîæåñòâî íåïðå-

ðûâíûõ íà Ω ôóíêöèé.
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Äëÿ òîãî, ÷òîáû ìíîæåñòâî M ⊂ C(Ω) áûëî êîìïàêòíî â C(Ω),

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ôóíêöèè èç M áûëè ðàâíîìåðíî îãðàíè-

÷åíû â C(Ω) è ðàâíîñòåïåííî íåïðåðûâíû â Ω.

Äîêàçàòåëüñòâî ïðèâåäåíî, íàïðèìåð, â [21].

1.2 Ïðèíöèï ìàêñèìóìà äëÿ ïàðàáîëè÷åñêîãî

óðàâíåíèÿ âòîðîãî ïîðÿäêà

Ïóñòü T > 0− const,Π[0,T ] = {(t, x)|0 ⩽ t ⩽ T, x ∈ E1}.

Ðàññìîòðèì â Π[0,T ] ëèíåéíîå óðàâíåíèå

ut = auxx + bux + cu+ f, (1.1)

ãäå a, b, c, f - âåùåñòâåííûå êîíå÷íîçíà÷íûå ôóíêöèè ïåðåìåííûõ t, x.

Ðàññìîòðèì äëÿ óðàâíåíèÿ (1.1) çàäà÷ó Êîøè: íàéòè íåïðåðûâíóþ â

ïîëîñå Π[0,T ] ôóíêöèþ u(t, x), óäîâëåòâîðÿþùóþ â Π[0,T ] óðàâíåíèþ (1.1) è

ïðè t = 0 ñîâïàäàþùóþ ñ çàäàííîé íà E1 ôóíêöèåé φ:

u(0, x) = φ(x), x ∈ E1. (1.2)

Òåîðåìà 1.2. Ïóñòü ôóíêöèÿ u(t, x) � êëàññè÷åñêîå îãðàíè÷åííîå ðå-

øåíèå çàäà÷è Êîøè (1.1), (1.2), a, b, c, f - âåùåñòâåííûå êîíå÷íîçíà÷íûå

ôóíêöèè ïåðåìåííûõ t, x è âûïîëíÿþòñÿ ñîîòíîøåíèÿ

|φ(x)| ⩽ q, x ∈ E1,

|f(t, x)| ⩽ N, c(t, x) ⩽M, (t, x) ∈ Π[0,T ].

Òîãäà âñþäó â Π[0,T ]

|u(t, x)| ⩽ eMt(Nt+ q).

Äîêàçàòåëüñòâî äàííîé òåîðåìû ïðèâåäåíî â [20].
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1.3 Òåîðåìà ñõîäèìîñòè ìåòîäà ñëàáîé

àïïðîêñèìàöèè

Â ïîëîñå Π[t0,t1] = {(t, x) | t0 ⩽ t ⩽ t1, x ∈ En} ðàññìîòðèì ñèñòåìó

äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

∂u

∂t
= φ(t, x, u). (1.3)

Çäåñü u = u(t, x) = (u1(t, x), . . . , ul(t, x)), φ = (φ1, . . . , φl) � âåêòîð-ôóíêöèè

ðàçìåðíîñòè l ⩾ 1. ×åðåç u = (v0, v1, . . . , vr) îáîçíà÷åíà âåêòîð-ôóíêöèÿ,

êîìïîíåíòû êîòîðîé îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì: v0 = u; v1 � âåêòîð,

ñîñòàâëåííûé èç âñåõ ïðîèçâîäíûõ ïîðÿäêà r ïî x îò u. Òàêèì îáðàçîì,

u = (u1, . . . , ul,
∂u1
∂x1

,
∂u1
∂x2

, . . . ,
∂ul
∂xn

, . . . ,
∂ru1
∂xr1

, . . . ,
∂rul
∂xrn

),

è ñèñòåìà óðàâíåíèé (1.3) ñîäåðæèò ïðîèçâîäíûå ïî ïðîñòðàíñòâåííûì ïå-

ðåìåííûì äî ïîðÿäêà r âêëþ÷èòåëüíî.

Ìû ïðåäïîëàãàåì, ÷òî

φ =
m∑
i=1

φi, φj =
m∑
i=1

φi
j, j = 1, . . . , l,

ãäå φi � âåêòîð-ôóíêöèè ðàçìåðíîñòè l; φi, φi
j � j-ûå êîìïîíåíòû âåêòîðîâ φ

è φi ñîîòâåòñòâåííî. Ðàññìîòðèì ñèñòåìó

∂uτ

∂t
=

m∑
i=1

ai,τ(t)φi(t, x, u
τ), (1.4)

ãäå ôóíêöèè ai,τ îïðåäåëåíû ñëåäóþùèì ñîîòíîøåíèåì

ai,τ(t) =


m, t0 + (n+ i−1

m )τ < t ⩽ t0 + (n+
i

m
)τ,

0, â ïðîòèâíîì ñëó÷àå,

n = 0, . . . , N ; τN = t1 − t2.

Ñèñòåìà (1.4) ñëàáî àïïðîêñèìèðóåò ñèñòåìó (1.3).
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Íàêîíåö, ðàññìîòðèì ñèñòåìó

∂uτ

∂t
=

m∑
i=1

ai,τ(t)φi,τ(t, x, u
τ), (1.5)

ãäå âåêòîð-ôóíêöèè φi,τ(t, x, u
τ) åñòü íåêîòîðûå àïïðîêñèìàöèè âåêòîð-ôóíêöèé

φi, (t, x, u
τ), çàâèñÿùèå îò τ .

Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ.

Óñëîâèå 1.1. Âåêòîð-ôóíêöèè φi îïðåäåëåíû è íåïðåðûâíû ïðè ëþ-

áûõ çíà÷åíèÿõ ñâîèõ àðãóìåíòîâ. Âåêòîð-ôóíêöèè φi,τ(t, x, u
τ) íà êëàññè-

÷åñêèõ ðåøåíèÿõ uτ ñèñòåìû óðàâíåíèÿ (1.5) íåïðåðûâíû ïî ïåðåìåííûì

(t, x) ∈ Π[t0,t1].

Ïóñòü {τk}∞k=1(0 < τ ⩽ τ0) � íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü, ñõîäÿùàÿñÿ

ê íóëþ: lim
k→∞

τk = 0. Çàìåòèì, ÷òî ïîñëåäîâàòåëüíîñòè {τk}∞k=1 ñîîòâåòñòâóåò

ïîñëåäîâàòåëüíîñòü {Nk}∞k=1 öåëûõ ÷èñåë, òàêèõ ÷òî τkNk = t1 − t0.

×åðåç uτk(t, x) îáîçíà÷èì ðåøåíèå ñèñòåìû (1.5) ïðè ôèêñèðîâàííîì

τk > 0.

Óñëîâèå 1.2. Ïóñòü ïðè âñåõ τk > 0 êëàññè÷åñêîå ðåøåíèå uτk ñèñòåìû

(1.5) ñóùåñòâóåò è ïðè τk → 0 ðàâíîìåðíî â ΠN
[t0,t1]

= {(t, x) | t0 ⩽ t ⩽ t1, |x| ⩽

N}, ïîñëåäîâàòåëüíîñòü uτk ñõîäèòñÿ ê íåêîòîðîé âåêòîð-ôóíêöèè u âìåñòå

ñî âñåìè ïðîèçâîäíûìè ïî x, âõîäÿùèìè â (1.3), ïðè÷¼ì

max
ΠN

[t0,t1]

|φi(t, x, u
τk)− φi,τk(t, x, u

τk)| → 0, τk → 0, i = 0, . . . ,m.

Òåîðåìà 1.3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (1.1), (1.2). Òîãäà âåêòîð-

ôóíêöèÿ u(t, x) åñòü ðåøåíèå ñèñòåìû (1.3) â ΠN
[t0,t1]

.

Äîêàçàòåëüñòâî äàííîé òåîðåìû ïðèâåäåíî â [7].
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1.4 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ

çàäà÷è Êîøè äëÿ ñèñòåìû ëèíåéíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé n-ãî ïîðÿäêà

Ðàññìîòðèì íà îòðåçêå [0, T ] ñèñòåìó ëèíåéíûõ îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé n-ãî ïîðÿäêà

h′1(t) = a11(t)h1(t) + a12(t)h2(t) + . . .+ a1n(t)hn(t) + f1(t),

h′2(t) = a21(t)h1(t) + a22(t)h2(t) + . . .+ a2n(t)hn(t) + f2(t),

. . .

h′n(t) = an1(t)h1(t) + an2(t)h2(t) + . . .+ ann(t)hn(t) + fn(t),

(1.6)

ãäå aij(t), fi(t), i, j = 1, . . . , n � çàäàííûå íåïðåðûâíûå íà îòðåçêå [0, T ] ôóíê-

öèè, à îïðåäåëèòåëü ìàòðèöû, ñîñòàâëåííîé èç ýëåìåíòîâ aij îòëè÷åí îò íóëÿ.

Ïóñòü çàäàíû íà÷àëüíûå óñëîâèÿ

hi(t0) = h0i, i = 1, . . . , n (1.7)

Òåîðåìà 1.4. Ïóñòüôóíêöèè aij(t), fi(t), i, j = 1, . . . , n � íåïðåðûâíû

íà îòðåçêå [0, T ]. Òîãäà ñóùåñòâóåò åäèíñòâåííûé íàáîð ôóíêöèé h1(t),

h2(t), . . . , hn(t), ÿâëÿþùèéñÿ ðåøåíèåì ñèñòåìû (1.6), (1.7) íà îòðåçêå [0, T ].

Äîêàçàòåëüñòâî òåîðåìû ïðèâåäåíî â ó÷åáíèêå [19].
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2 Ðàçðåøèìîñòü íàãðóæåííîãî óðàâíåíèÿ òè-

ïà Áþðãåðñà ñïåöèàëüíîãî âèäà

2.1 Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå E1 âûáåðåì r ðàçëè÷íûõ òî÷åê α1, α2, . . . , αr.

Â ïîëîñå G[0,T ] = {(t, x)|0 ⩽ t ⩽ T, x ∈ E1} ðàññìàòðèâàåòñÿ çàäà÷à

Êîøè

ut = a(t)uxx + b(t, x, u(t, x), ω(t))ux + f(t, x, u(t, x), ω(t)), (2.1)

u(0, x) = u0(x). (2.2)

Îáîçíà÷èì ÷åðåç ω(t) = (u(t, αj),
∂k

∂xku(t, αk)), k = 0, . . . , p1, j = 1, . . . , r

âåêòîð�ôóíêöèþ, êîìïîíåíòàìè êîòîðîé ÿâëÿþòñÿ ñëåäû (çàâèñÿùèå òîëüêî

îò ïåðåìåííîé t) ôóíêöèè u(t, x) è âñåõ å¼ ïðîèçâîäíûõ ïî x äî ïîðÿäêà p1

âêëþ÷èòåëüíî. Âûáåðåì è çàôèêñèðóåì ïîñòîÿííóþ p ⩾ max{2, p1} ⩾ 2.

Îïðåäåëåíèå 2.1. Îáîçíà÷èì ÷åðåç Zp
x([0, t

∗]) ìíîæåñòâî ôóíêöèé

u(t, x), îïðåäåë¼ííûõ â G[0,t∗], ïðèíàäëåæàùèõ êëàññó

C1,p
t,x (G[0,t∗]) =

{
u(t, x)|∂u

∂t
,
∂ku

∂xk
∈ C(G[0,t∗]), k = 0, . . . , p

}
,

îãðàíè÷åííûõ ïðè (t, x) ∈ G[0,t∗] âìåñòå ñî âñåìè ïðîèçâîäíûìè, âõîäÿùèìè

â ñîîòíîøåíèå
p∑

k=0

∣∣∣∣∂ku(t, x)∂xk

∣∣∣∣ ⩽ C. (2.3)

Îïðåäåëåíèå 2.2. Ïîä êëàññè÷åñêèì ðåøåíèåì çàäà÷è (2.1), (2.2) â

G[0,t∗] áóäåì ïîíèìàòü ôóíêöèþ u(t, x) ∈ Zp
x([0, t

∗]), óäîâëåòâîðÿþùóþ óðàâ-

íåíèþ (2.1) è íà÷àëüíûì äàííûì (2.2) â G[0,t∗].

Çäåñü 0 < t∗ ⩽ T � íåêîòîðàÿ ôèêñèðîâàííàÿ ïîñòîÿííàÿ.

Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ.
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Óñëîâèå 2.1. Ôóíêöèè b(t, x, u(t, x), ω(t)), f(t, x, u(t, x), ω(t)) � äåéñòâè-

òåëüíîçíà÷íûå ôóíêöèè, êîòîðûå îïðåäåëåíû è íåïðåðûâíû äëÿ ëþáûõ çíà-

÷åíèé ñâîèõ àðãóìåíòîâ. Äëÿ âñåõ t∗ ∈ (0, T ] è äëÿ âñåõ u(t, x) ∈ Zp+2
x ([0, t∗])

ýòè ôóíêöèè, êàê ôóíêöèè ïåðåìåííûõ (t, x) ∈ G[0,t∗], íåïðåðûâíû è èìåþò

íåïðåðûâíûå ïðîèçâîäíûå, ó÷àñòâóþùèå â ñîîòíîøåíèÿõ (2.5) è (2.6). Ôóíê-

öèÿ a(t) ⩾ a0 > 0 � íåïðåðûâíàÿ îãðàíè÷åííàÿ ôóíêöèÿ íà îòðåçêå [0, T ].

Ôóíêöèÿ u0(x) èìååò íåïðåðûâíûå ïðîèçâîäíûå, ó÷àñòâóþùèå â ñëåäóþùåì

ñîîòíîøåíèè
p+2∑
k=0

∣∣∣∣dku0(x)dxk

∣∣∣∣ ⩽ C. (2.4)

Óñëîâèå 2.2. Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ

Uk(0) = sup
x∈E1

∣∣∣∣ dkdxku0(x)
∣∣∣∣ , k = 0, 1, . . . , p+ 2,

Uk(t) = sup
0<ξ⩽t

sup
x∈E1

∣∣∣∣ ∂k∂xku(ξ, x)
∣∣∣∣ , k = 0, 1, . . . , p+ 2,

U(t) =

p+2∑
k=0

Uk(t), U(0) =

p+2∑
k=0

Uk(0).

Ïóñòü äëÿ âñåõ t∗ ∈ (0, T ], äëÿ âñåõ t ∈ [0, t∗], äëÿ ëþáîé ôóíêöèè

u(t, x) ∈ Zp+2
x ([0, t∗]) âûïîëíåíû ñëåäóþùèå îöåíêè

p+2∑
k=0

∣∣∣∣ ∂k∂xk b(t, x, u(t, x), ω(t))
∣∣∣∣ ⩽ Pγ1(U(t)), (2.5)

p+2∑
k=0

∣∣∣∣ ∂k∂xkf(t, x, u(t, x), ω(t))
∣∣∣∣ ⩽ Pγ2(U(t)). (2.6)

Çäåñü γ1, γ2 ⩾ 0 � íåêîòîðûå ôèêñèðîâàííûå öåëî÷èñëåííûå êîíñòàíòû è

Pξ(y) = C(1 + |y|+ |y|2 + . . .+ |y|ξ),

à C ⩾ 1 � êîíñòàíòà, íå çàâèñÿùàÿ îò ôóíêöèè u(t, x) è å¼ ïðîèçâîäíûõ.
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Òåîðåìà 2.1 (Ñóùåñòâîâàíèÿ). Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 2.1 è 2.2,

ïðè÷¼ì 0 ⩽ γ1 < ∞, 0 ⩽ γ2 < ∞, òîãäà ñóùåñòâóåò êîíñòàíòà t∗ ∈ (0, T ],

êîòîðàÿ çàâèñèò îò a0, C èç óñëîâèÿ 2.1 è ñîîòíîøåíèé (2.5), (2.6), òàêàÿ,

÷òî êëàññè÷åñêîå ðåøåíèå u(t, x) çàäà÷è (2.1), (2.2) ñóùåñòâóåò â êëàññå

Zp
x([0, t

∗]).

Äîêàçàòåëüñòâî òåîðåìû äëÿ ñëó÷àÿ 0 ⩽ γ2 ⩽ 1 ïðèâåäåíî â [1]. Â

íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé 2 ⩽ γ2 <∞.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êî-

øè (2.1), (2.2) âîñïîëüçóåìñÿ ìåòîäîì ñëàáîé àïïðîêñèìàöèè. Ðàññìîòðèì

âñïîìîãàòåëüíóþ ðàñùåïë¼ííóþ çàäà÷ó ñëåäóþùåãî âèäà, â êîòîðîé ñäåëàí

ñäâèã ïî âðåìåíè íà
(
t− τ

3

)
â ñëåäàõ íåèçâåñòíûõ ôóíêöèé è íåëèíåéíûõ

÷ëåíàõ.

uτt (t, x) = 3a(t)uτxx(t, x), nτ < t ⩽

(
n+

1

3

)
τ ; (2.7)

uτt (t, x) = 3b
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
uτx(t, x),(

n+
1

3

)
τ < t ⩽

(
n+

2

3

)
τ ; (2.8)

uτt (t, x) = 3f
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
,(

n+
2

3

)
τ < t ⩽ (n+ 1)τ ; (2.9)

uτ(t, x)
∣∣
t⩽0

= u0(x). (2.10)

Äîêàæåì àïðèîðíûå îöåíêè, îáåñïå÷èâàþùèå êîìïàêòíîñòü ñåìåéñòâà

ðåøåíèé u(t, x) çàäà÷è (2.7)�(2.10) â êëàññå C1,p
t,x (G[0,t∗]) äëÿ íåêîòîðîé êîí-

ñòàíòû 0 < t∗ ⩽ T .

Íà ïåðâîì äðîáíîì øàãå
(
0 < t ⩽ τ

3

)
íóëåâîãî öåëîãî øàãà (n = 0)

ïðèìåíèì ïðèíöèï ìàêñèìóìà ê çàäà÷å (2.7), (2.10) è ïîëó÷èì îöåíêó íà

ôóíêöèþ uτ(t, x)

|uτ(t, x)| ⩽ U0(0), 0 < t ⩽
τ

3
.
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Äèôôåðåíöèðóÿ çàäà÷ó (2.7), (2.10) k ðàç ïî x, ïîëó÷àåì àíàëîãè÷íûå îöåíêè∣∣∣∣ ∂k∂xkuτ(t, x)
∣∣∣∣ ⩽ Uk(0), 0 < t ⩽

τ

3
, k = 1, . . . , p+ 2.

Ñóììèðóÿ ïîëó÷åííûå íåðàâåíñòâà ïîëó÷èì îöåíêó

U τ(t) ⩽ U(0), 0 < t ⩽
τ

3
. (2.11)

Íà âòîðîì äðîáíîì øàãå
(
τ
3 < t ⩽ 2τ

3

)
ðåøàåòñÿ óðàâíåíèå (2.8). Òàê êàê

ôóíêöèÿ b
(
t− τ

3 , x, u
τ
(
t− τ

3 , x
)
, ωτ

(
t− τ

3

))
ÿâëÿåòñÿ íåïðåðûâíîé è èçâåñò-

íîé èç ïðåäûäóùåãî äðîáíîãî øàãà, òî ðåøåíèå äàííîãî óðàâíåíèÿ ñóùåñòâó-

åò ( [12], ï. 2.6). Ðàññìîòðèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ óðàâíåíèÿ

(2.8)
dx

dt
= −3b

(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
.

Îáîçíà÷èì çà φ(ξ, ζ, η) õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ïîëó÷åííîãî õàðàêòå-

ðèñòè÷åñêîãî óðàâíåíèÿ, òî åñòü x = φ(ξ, ζ, η) � èíòåãðàëüíàÿ êðèâàÿ, ïðî-

õîäÿùàÿ ÷åðåç òî÷êó (ζ, η). Òîãäà ðåøåíèå íà âòîðîì äðîáíîì øàãå áóäåò

èìåòü âèä

uτ(t, x) = uτ
(τ
3
, φ
(τ
3
, t, x

))
,

τ

3
< t ⩽

2τ

3
. (2.12)

Ñëåäîâàòåëüíî, ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

U τ
0 (t) ⩽ U τ

(τ
3

)
⩽ U(0),

τ

3
< t ⩽

2τ

3
. (2.13)

Ïðîäèôôåðåíöèðóåì óðàâíåíèå (2.8) ïî x è ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ

uτx(t, x) = zτ(t, x),

bτ0(t, x) = 3b
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
,

bτ1(t, x) = 3
∂

∂x
b
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
.

Â íîâûõ îáîçíà÷åíèÿõ ïðîäèôôåðåíöèðîâàííîå óðàâíåíèå ïðèìåò âèä

zτt = bτ0(t, x)z
τ
x + bτ1(t, x)z

τ .
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Ðåøåíèå äàííîãî óðàâíåíèÿ ìîæåò áûòü çàïèñàíî â ïàðàìåòðè÷åñêîé

ôîðìå ( [12], ï. 4.3)

zτ(t, x) = eF
τ
0 (t,

τ
3 ,η)zτ

(τ
3
, η
)
, x = φτ

(
t,
τ

3
, η
)
,

ãäå

F τ
0 = F τ

0 (t, ζ, η) = −
t∫

ζ

bτ1(ξ, ζ, η)dξ,

à x = φτ(ξ, ζ, η) � âñ¼ åù¼ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óðàâíåíèÿ

dx

dt
= −bτ0(t, x) = −3b

(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
.

Ñëåäîâàòåëüíî, ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

|uτx(t, x)| = |zτ(t, x)| ⩽ U τ
1

(τ
3

)
ePγ1

(Uτ (t− τ
3 ))τ ⩽ U τ

1

(τ
3

)
ePγ1

(U(0))τ .

Òåïåðü âîçüì¼ì îò ëåâîé è ïðàâîé ÷àñòåé ïîëó÷åííîãî íåðàâåíñòâà sup ïî

x ∈ E1

U τ
1 (t) ⩽ U τ

1

(τ
3

)
ePγ1

(U(0))τ ,
τ

3
< t ⩽

2τ

3
. (2.14)

Äàëåå ïðîäèôôåðåíöèðóåì óðàâíåíèå (2.8) äâàæäû ïî x è ââåä¼ì ñëåäóþùèå

îáîçíà÷åíèÿ

uτxx(t, x) = vτ(t, x),

cτ0(t, x) = 3b
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
,

cτ1(t, x) = 6
∂

∂x
b
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
,

cτ2(t, x) = 3
∂2

∂x2
b
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
.

Â íîâûõ îáîçíà÷åíèÿõ óðàâíåíèå ïðèìåò âèä

vτt = cτ0(t, x)v
τ
x + cτ1(t, x)v

τ + cτ2(t, x)z
τ(t, x).

Ðåøåíèå äàííîãî óðàâíåíèÿ ìîæåò áûòü çàïèñàíî â ïàðàìåòðè÷åñêîé
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ôîðìå ( [12], ï. 4.3)

vτ = eG
τ
0(t,

τ
3 ,η)
(
vτ
(τ
3
, η
)
+

t∫
τ
3

cτ2

(
ξ, φ

(
ξ,
τ

3
, η
))

zτ
(
ξ, φ

(
ξ,
τ

3
, η
))

eG
τ
0(ξ,

τ
3 ,η)dξ

)
,

x = φτ(ξ, ζ, η),

ãäå

Gτ
0 = Gτ

0(t, ζ, η) = −
t∫

ζ

cτ1(ξ, ζ, η)dξ.

Çàìåòèì, ÷òî äëÿ ôóíêöèè zτ(t, x) îöåíêà óæå ïîëó÷åíà. Ñëåäîâàòåëüíî, ìû

ñìîæåì îöåíèòü ôóíêöèþ vτ(t, x)

|uτxx(t, x)| = |vτ(t, x)| ⩽

⩽ e2τPγ1
(U(0))

(
U τ
2

(τ
3

)
+ 3Pγ1(U(0))e

2τPγ1
(U(0))

t∫
τ
3

U τ
1 (ξ)dξ)

)
⩽

⩽ eCτPγ1
(U(0))

(
U τ
2

(τ
3

)
+ CτPγ1(U(0))U

τ
1

(τ
3

)
eτPγ1

(U(0))
)
⩽

⩽ eCτPγ1
(U(0))

(
U τ
2

(τ
3

)
+ CτPγ1(U(0))U

τ
1

(τ
3

))
⩽

⩽ eCτPγ1
(U(0))

(
U τ
2

(τ
3

)
+ U τ

1

(τ
3

))
(1 + CτPγ1(U(0))) ⩽

⩽ eCτPγ1
(U(0))

(
U τ
2

(τ
3

)
+ U τ

1

(τ
3

))
.

Òåïåðü âîçüì¼ì îò ëåâîé è ïðàâîé ÷àñòåé ïîëó÷åííîãî íåðàâåíñòâà sup ïî

x ∈ E1

U τ
2 (t) ⩽ eCτPγ1

(U(0))
(
U τ
2

(τ
3

)
+ U τ

1

(τ
3

))
,

τ

3
< t ⩽

2τ

3
. (2.15)

Äàëåå áóäåì äèôôåðåíöèðîâàòü óðàâíåíèå (2.8) k = 3, . . . p+ 2 ðàçà ïî

x è, èñïîëüçóÿ ôîðìóëó Ëåéáíèöà äëÿ k-îé ïðîèçâîäíîé ïðîèçâåäåíèÿ äâóõ

ôóíêöèé, ïîëó÷èì â îáùåì âèäå óðàâíåíèå

∂k

∂xk
uτt = gτ0

∂k

∂xk
uτx + gτ1

∂k

∂xk
uτ +

k∑
j=2

gτj
∂k−j+1

∂xk−j+1
uτ ,
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ãäå

gτ0 = 3b
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
,

gτj = 3Cj
k

∂j

∂xj
b
(
t− τ

3
, x, uτ

(
t− τ

3
, x
)
, ωτ

(
t− τ

3

))
.

Çàïèñûâàÿ ðåøåíèå â ÿâíîì âèäå, ïîëó÷èì ñëåäóþùóþ îöåíêó

∣∣∣∣ ∂k∂xkuτ(t, x)
∣∣∣∣ ⩽ eCτPγ1

(U(0))
(
U τ
k

(τ
3

)
+ CPγ1(U(0))

t∫
τ
3

k−1∑
j=1

U τ
j (ξ)dξ

)
⩽

⩽ eCτPγ1
(U(0))

(
U τ
k

(τ
3

)
+ CτPγ1(U(0))e

CτPγ1
(U(0))

k−1∑
j=1

U τ
j

(τ
3

))
⩽

⩽ eCτPγ1
(U(0))

( k∑
j=1

U τ
j

(τ
3

))
(1 + CτPγ1(U(0))) ⩽

⩽ eCτPγ1
(U(0))

( k∑
j=1

U τ
j

(τ
3

))
, k = 3, . . . , p+ 2,

τ

3
< t ⩽

2τ

3
.

Òåïåðü âîçüì¼ì îò ëåâîé è ïðàâîé ÷àñòåé ïîëó÷åííîãî íåðàâåíñòâà sup ïî

x ∈ E1

U τ
k (t) ⩽ eCτPγ1

(U(0))
( k∑

j=1

U τ
j

(τ
3

))
,

τ

3
< t ⩽

2τ

3
. (2.16)

Ñëîæèâ íåðàâåíñòâà (2.13), (2.14), (2.15) è (2.16) ïîëó÷èì îöåíêè ðåøåíèÿ íà

âòîðîì äðîáíîì øàãå

U τ(t) ⩽ U τ(
τ

3
)eCτPγ1

(U(0)),
τ

3
< t ⩽

2τ

3
. (2.17)

Íà òðåòüåì äðîáíîì øàãå
(
2τ
3 <t ⩽τ

)
ïðîèíòåãðèðóåì óðàâíåíèå (2.9)

ïî ïåðåìåííîé t

uτ(t, x) = uτ
(
2τ

3
, x

)
+ 3

t∫
2τ
3

f
(
η − τ

3
, x, uτ

(
η − τ

3
, x
)
, ωτ

(
η − τ

3

))
dη.

Èç óñëîâèÿ 2.2, áóäåò ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî

U τ
0 (t) ⩽ U τ

0

(
2τ

3

)
+ CτPγ2

(
U τ

(
2τ

3

))
.
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Äèôôåðåíöèðóÿ óðàâíåíèå (2.9) k ðàç ïî x, k = 1, . . . , p+2 è, èñïîëüçóÿ

óñëîâèå 2.2, ïîëó÷èì

U τ
k (t) ⩽ U τ

k

(
2τ

3

)
+ CτPγ2

(
U τ

(
2τ

3

))
.

Ïðîñóììèðîâàâ ïîëó÷åííûå íåðàâåíñòâà, ïîëó÷èì

U τ(t) ⩽ U τ

(
2τ

3

)
+ CτPγ2

(
U τ

(
2τ

3

))
⩽

⩽ 1 + U τ

(
2τ

3

)
+ Cτ

(
1 + U τ

(
2τ

3

))γ2

− 1 ⩽

⩽

(
1 + U τ

(
2τ

3

))(
1 + Cτ

(
1 + U τ

(
2τ

3

))γ2−1
)

− 1 ⩽

⩽

(
1 + U τ

(
2τ

3

))
eCτ(1+Uτ( 2τ

3 ))
γ2−1

− 1. (2.18)

Èñïîëüçóÿ îöåíêè (2.11), (2.17), (2.18), íà íóëåâîì âðåìåííîì øàãå

t ∈ [0, τ ] ñïðàâåäëèâî ñëåäóþùåå ñîîòíîøåíèå

U τ(t) ⩽
(
1 + U(0)eCτPγ1

(U(0))
)
eCτ[1+U(0)eCτPγ1(U(0))]

γ2−1

− 1 ⩽

⩽ (1 + U(0))eCτPγ1
(U(0))+Cτ(1+U(0))γ2−1e(γ2−1)CτPγ1(U(0))

− 1 ⩽

⩽ (1 + U(0))eCτ[Pγ1
(U(0))+(1+U(0))γ2−1]e(γ2−1)CτPγ1(U(0))

− 1.

Âûáåðåì γ3 = max{γ1; γ2 − 1}, òîãäà

U τ(t) ⩽ (1 + U(0))eCτPγ3
(1+U(0))eγ3CτPγ3(U(0))

− 1.

Ïóñòü τ òàêîå, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

eγ3CτPγ3
(U(0)) ⩽ 2,

òîãäà

U τ(t) ⩽ (1 + U(0))e2CτPγ3
(1+U(0)) − 1, t ∈ [0, τ ].

Ðàññóæäàÿ àíàëîãè÷íî, íà ïåðâîì âðåìåííîì øàãå (τ < t ⩽ 2τ) ïîëó-

÷èì îöåíêó
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U τ(t) ⩽ (1 + U τ(τ))e2CτPγ3
(1+Uτ (τ)) − 1 ⩽

⩽
(
1 + (1 + U(0))e2CτPγ3

(1+U(0)) − 1
)
e2CτPγ3

[1+(1+U(0))e2CτPγ3(1+U(0))−1] − 1 ⩽

⩽ (1 + U(0))e2CτPγ3
(1+U(0))+2CτPγ3

(1+U(0))e2Cτγ3Pγ3(1+U(0))

⩽

⩽ (1 + U(0))e2CτPγ3
(1+U(0))[1+e2Cτγ3Pγ3(1+U(0))] − 1.

Ïóñòü τ òàêîå, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

e2Cτγ3Pγ3
(1+U(0)) ⩽ 2,

òîãäà

U τ(t) ⩽ (1 + U(0))e6CτPγ3
(1+U(0)) − 1, t ∈ [0, 2τ ].

Íà âòîðîì öåëîì âðåìåííîì øàãå (2τ < t ⩽ 3τ) ïîëó÷èì îöåíêó

U τ(t) ⩽ (1 + U τ(2τ))e2CτPγ3
(1+Uτ (2τ)) − 1 ⩽

⩽
(
1 + (1 + U(0))e6CτPγ3

(1+U(0)) − 1
)
e2CτPγ3

[1+(1+U(0))e6CτPγ3(1+U(0))−1] − 1 ⩽

⩽ (1 + U(0))e6CτPγ3
(1+U(0))+2CτPγ3

(1+U(0))e6Cτγ3Pγ3(1+U(0))

⩽

⩽ (1 + U(0))e2CτPγ3
(1+U(0))[3+e6Cτγ3Pγ3(1+U(0))] − 1.

Ïóñòü τ òàêîå, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

e6Cτγ3Pγ3
(1+U(0)) ⩽ 2,

òîãäà

U τ(t) ⩽ (1 + U(0))e10CτPγ3
(1+U(0)) − 1, t ∈ [0, 3τ ].

Ïðîäîëæàÿ ïðèâåä¼ííûå âûøå ðàññóæäåíèÿ, ïîëó÷èì, ÷òî íà i-òîì öå-

ëîì âðåìåííîì øàãå áóäåò âåðíà îöåíêà

U τ(t) ⩽ (1 + U(0))e(4i+2)CτPγ3
(1+U(0)) − 1, t ∈ [0, iτ ].

Ïóñòü t∗ (0 < t∗ ⩽ T ) òàêîå, ÷òî

et
∗Cγ3Pγ3

(1+U(0)) ⩽ 2.

23



Òîãäà äëÿ âñåõ i ⩾ 0, òàêèõ ÷òî (4i+2)τ ⩽ t∗ ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

U τ(t) ⩽ (1 + U(0))e(4i+2)CτPγ3
(1+U(0)) − 1 ⩽ (1 + U(0))et

∗CPγ3
(1+U(0)) − 1.

Òàê êàê t∗, C, γ3 è U(0) çàâèñÿò îò âõîäíûõ äàííûõ, íî íå çàâèñÿò îò τ , òî

ïîëó÷èì∣∣∣∣ ∂k∂xkuτ(t, x)
∣∣∣∣ ⩽ U τ(t) ⩽ (1 + U(0))et

∗CPγ3
(1+U(0)) − 1 = K, t ∈ [0, t∗]. (2.19)

Îòñþäà ñëåäóåò ðàâíîìåðíàÿ ïî τ îãðàíè÷åííîñòü ôóíêöèè uτ(t, x) è

å¼ ïðîèçâîäíûõ ïî x äî ïîðÿäêà p+ 2 âêëþ÷èòåëüíî â ïîëîñå G[0,t∗].

Â ñèëó óðàâíåíèé (2.7)�(2.9) ñëåäóåò òàêæå ðàâíîìåðíàÿ ïî τ îãðàíè-

÷åííîñòü ïðîèçâîäíûõ
∂

∂t

∂kuτ

∂xk
, k = 0, . . . , p, (2.20)

êîòîðûå âìåñòå ñ îãðàíè÷åííîñòüþ ïðîèçâîäíûõ ∂
∂x

∂kuτ

∂xk , k=1, . . . , p ãàðàíòè-

ðóþò ðàâíîñòåïåííóþ íåïðåðûâíîñòü â GN
[0,t∗] = {(t, x)|0 ⩽ t ⩽ t∗, |x| ⩽ N}

ìíîæåñòâà ôóíêöèé
{

∂kuτ

∂xk

}
, k = 0, . . . p äëÿ ëþáîé ôèêñèðîâàííîé êîíñòàí-

òû N .

Â ñèëó òåîðåìû Àðöåëà î êîìïàêòíîñòè íåêîòîðàÿ ïîäïîñëåäîâàòåëü-

íîñòü uτk(t, x) ïîñëåäîâàòåëüíîñòè uτ(t, x) ðåøåíèé ðàñùåïë¼ííîé çàäà÷è (2.7)-

(2.10) ñõîäèòñÿ âìåñòå ñ ïðîèçâîäíûìè ïî x äî ïîðÿäêà p âêëþ÷èòåëüíî ê

ôóíêöèè u(t, x) ∈ C1,p
t,x

(
G[0,t∗]

)
. È â ñèëó òåîðåìû ñõîäèìîñòè ìåòîäà ñëàáîé

àïïðîêñèìàöèè [7], u(t, x) � ðåøåíèå èñõîäíîé çàäà÷è (2.1), (2.2). Ïðè ýòîì

ïðè (t, x) ∈ G[0,t∗] ñïðàâåäëèâà îöåíêà

p∑
k=0

∣∣∣∣∂ku(t, x)∂xk

∣∣∣∣ ⩽ C.

Òàêèì îáðàçîì, u(t, x) ∈ Zp
x([0, t

∗]). Òåîðåìà äîêàçàíà.
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3 Èññëåäîâàíèå åäèíñòâåííîñòè ðåøåíèÿ íà-

ãðóæåííîãî óðàâíåíèÿ òèïà Áþðãåðñà ñïåöè-

àëüíîãî âèäà ñ äàííûìè Êîøè

3.1 Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå E1 âûáåðåì r ðàçëè÷íûõ òî÷åê α1, α2, . . . , αr.

Â ïîëîñå G[0,T ] = {(t, x)|0 ⩽ t ⩽ T, x ∈ E1} ðàññìàòðèâàåòñÿ çàäà÷à

Êîøè

ut = a(t)uxx +B1(t, x)ux +B0(t, x)u+
r∑

k=1

p1∑
s=0

[(
∂s

∂xs
u(t, αk)

)
· Fk,s(t, x)

]
,

(3.1)

u(0, x) = 0, (3.2)

ãäå ÷åðåç ∂s

∂xsu(t, αk), k = 1, . . . , r; s = 1, . . . , p1 îáîçíà÷åíû ñëåäû ôóíêöèè

u(t, x) è âñåõ å¼ ïðîèçâîäíûõ ïî x äî ïîðÿäêà p1 âêëþ÷èòåëüíî. Âûáåðåì è

çàôèêñèðóåì ïîñòîÿííóþ p ⩾ max{2, p1} ⩾ 2 è ïîñòîÿííóþ t∗ > 0.

Óñëîâèå 3.1. Ôóíêöèè B1(t, x), B0(t, x), Fk,s(t, x) (k = 1, . . . , r,

s = 0, . . . , p1) � äåéñòâèòåëüíîçíà÷íûå ôóíêöèè, êîòîðûå îïðåäåëåíû è íåïðå-

ðûâíû äëÿ ëþáûõ çíà÷åíèé ñâîèõ àðãóìåíòîâ. Äëÿ âñåõ t1 ∈ (0, t∗] ýòè ôóíê-

öèè èìåþò íåïðåðûâíûå ïðîèçâîäíûå, ó÷àñòâóþùèå â ñîîòíîøåíèè (3.3).

Ôóíêöèÿ a(t) ⩾ a0 > 0 � íåïðåðûâíàÿ îãðàíè÷åííàÿ ôóíêöèÿ íà èíòåðâàëå

[0, t∗],
p1∑

m=0

∣∣∣∣ ∂m∂xmB0

∣∣∣∣+ p1∑
m=0

∣∣∣∣ ∂m∂xmB1

∣∣∣∣+ p1∑
m=0

r∑
k=1

p1∑
s=0

∣∣∣∣ ∂m∂xmFk,s

∣∣∣∣ ⩽ C, ∀(t, x) ∈ G[0,t1].

(3.3)

Òåîðåìà 3.1. Ïðè âûïîëíåíèè óñëîâèÿ 3.1, ðåøåíèå çàäà÷è (3.1), (3.2)

òðèâèàëüíî è åäèíñòâåííî.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ôóíêöèÿ u(t, x) ≡ 0 ÿâëÿåòñÿ ðåøåíèåì

çàäà÷è (3.1), (3.2). Äîêàæåì, ÷òî ýòî ðåøåíèå åäèíñòâåííî.
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Ðàññìîòðèì çàäà÷ó (3.1) ñ íà÷àëüíûìè äàííûìè (3.2).

ut = a(t)uxx + ux ·B1 + u ·B0 +
r∑

k=1

p1∑
s=0

[(
∂s

∂xs
u(t, αk)

)
· Fk,s

]
, (3.4)

u(0, x) = 0. (3.5)

Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ

gs(t) = sup
x∈E1

sup
0<ξ⩽t

∣∣∣∣ ∂s∂xsu(ξ, x)
∣∣∣∣ , s = 0, . . . , p1.

Îòìåòèì, ÷òî ôóíêöèè gs(t) ÿâëÿþòñÿ íåîòðèöàòåëüíûìè, íåóáûâàþùèìè íà

îòðåçêå [0, t∗].

Ïðèìåíèì ïðèíöèï ìàêñèìóìà äëÿ çàäà÷è (3.4), (3.5)

|u(ξ, x)| ⩽ eξ·sup |B0|

(
r∑

k=1

p1∑
s=0

|Fk,s| gs(t)

)
ξ ⩽ eCt∗

(
C

r∑
k=1

p1∑
s=0

gs(t)

)
ξ ⩽

⩽ Ct

(
p1∑
s=0

gs(t)

)
, (ξ, x) ∈ G[0,t∗], 0 < t ⩽ t∗. (3.6)

Âîçüì¼ì îò ëåâîé è ïðàâîé ÷àñòåé ïîëó÷åííîãî íåðàâåíñòâà ñíà÷àëà sup
ξ∈(0,t]

, à

ïîòîì sup
x∈E1

è â ñèëó íåîòðèöàòåëüíîñòè ôóíêöèé gs(t), ïîëó÷èì

g0(t) ⩽ Ct

(
p1∑
s=0

gs(t)

)
, 0 < t ⩽ t∗. (3.7)

Òåïåðü ïðîäèôôåðåíöèðóåì çàäà÷ó (3.4), (3.5) ïî x è îáîçíà÷èì z(t, x) =

ux(t, x)

zt = a(t)zxx +B1zx + (B1x +B0)z +B0xu+
r∑

k=1

p1∑
s=0

[(
∂s

∂xs
u(t, αk)

)
(Fk,s)x

]
,

(3.8)

z(0, x) = 0. (3.9)

Îòìåòèì, ÷òî èç ðàññóæäåíèé ïðèâåä¼ííûõ âûøå äëÿ ôóíêöèè u(t, x)

ñïðàâåäëèâî íåðàâåíñòâî (3.6). Â ñèëó ïðèíöèïà ìàêñèìóìà ñïðàâåäëèâà ñëå-

äóþùàÿ îöåíêà
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|z(ξ, x)| ⩽ eξ·sup |B1x+B0|

(
sup |B0x| · g0(t) +

r∑
k=1

p1∑
s=0

|(Fk,s)x| gs(t)

)
ξ ⩽

⩽ C

(
Ct

(
p1∑
s=0

gs(t)

)
+ C

r∑
k=1

p1∑
s=0

gs(t)

)
ξ ⩽

⩽ Cξ

(
t∗

(
p1∑
s=0

gs(t)

)
+

p1∑
s=0

gs(t)

)
⩽

⩽ Ct

(
p1∑
s=0

gs(t)

)
, (ξ, x) ∈ G[0,t∗], 0 < t ⩽ t∗. (3.10)

Âîçüì¼ì îò ëåâîé è ïðàâîé ÷àñòåé ïîëó÷åííîãî íåðàâåíñòâà ñíà÷àëà sup
ξ∈(0,t]

, à

ïîòîì sup
x∈E1

è â ñèëó íåîòðèöàòåëüíîñòè ôóíêöèé gs(t), ïîëó÷èì

g1(t) ⩽ Ct

(
p1∑
s=0

gs(t)

)
, 0 < t ⩽ t∗. (3.11)

Òåïåðü ïðîäèôôåðåíöèðóåì çàäà÷ó (3.4), (3.5) m = 2, . . . , p1 ðàç ïî x

∂m

∂xm
ut = a(t)

∂m

∂xm
uxx +B1

∂m

∂xm
ux + (mB1x +B0)

∂m

∂xm
u+

+H(t, x, u, B1, B0) +
r∑

k=1

p1∑
s=0

[(
∂s

∂xs
u(t, αk)

)
· ∂

m

∂xm
Fk,s

]
, (3.12)

∂m

∂xm
u(0, x) = 0, (3.13)

ãäå ôóíêöèÿ H(t, x, u, B1, B0) çàâèñèò îò ôóíêöèè u(t, x) è âñåõ å¼ ïðîèçâîä-

íûõ äî ïîðÿäêà m − 1 âêëþ÷èòåëüíî, à òàêæå îò ôóíêöèé B1, B0 è âñåõ èõ

ïðîèçâîäíûõ äî ïîðÿäêà m âêëþ÷èòåëüíî.

Â ñèëó ïðèíöèïà ìàêñèìóìà∣∣∣∣ ∂m∂xmu(ξ, x)
∣∣∣∣ ⩽ eξ·sup |mB1x+B0|

(
C

m−1∑
l=0

gl(t) + C
r∑

k=1

p1∑
s=0

gs(t)

)
ξ ⩽

⩽ C

(
mCt∗

(
p1∑
s=0

gs(t)

)
+ C

p1∑
s=0

gs(t)

)
ξ ⩽ Ct

(
p1∑
s=0

gs(t)

)
, 0 < t ⩽ t∗.

(3.14)
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Âîçüì¼ì îò ëåâîé è ïðàâîé ÷àñòåé ïîëó÷åííîãî íåðàâåíñòâà ñíà÷àëà sup
ξ∈(0,t]

, à

ïîòîì sup
x∈E1

è â ñèëó íåîòðèöàòåëüíîñòè ôóíêöèé gs(t), ïîëó÷èì

gm(t) ⩽ Ct

(
p1∑
s=0

gs(t)

)
, 0 < t ⩽ t∗, 2 ⩽ m ⩽ p1. (3.15)

Ñêëàäûâàÿ íåðàâåíñòâà (3.7), (3.11) è (3.15), ïîëó÷èì ñëåäóþùóþ îöåíêó

p1∑
m=0

gm(t) ⩽ Ct

(
p1∑
s=0

gs(t)

)
, 0 < t ⩽ t∗.

Âçÿâ t ∈ [0, 1
C ), ïîëó÷èì, ÷òî

p1∑
m=0

gm(t) = 0,

îòêóäà â ñèëó íåîòðèöàòåëüíîñòè ôóíêöèé gm(t) ñëåäóåò, ÷òî gm(t) = 0,m =

0, . . . , p1. Ñëåäîâàòåëüíî∣∣∣∣ ∂m∂xmu(ξ, x)
∣∣∣∣ = 0, 0 < ξ ⩽ t <

1

C
, x ∈ E1, m = 0, . . . , p1.

Ðàññóæäàÿ àíàëîãè÷íî ïðè t ∈ [ 1C ,
2
C ), ïîëó÷èì, ÷òî∣∣∣∣ ∂m∂xmu(ξ, x)

∣∣∣∣ = 0, 0 < ξ ⩽ t <
2

C
, x ∈ E1, m = 0, . . . , p1.

×åðåç êîíå÷íîå ÷èñëî øàãîâ ïîëó÷èì, ÷òî u(ξ, x) ≡ 0, ξ ∈ [0, t∗], x ∈ E1.
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4 Ïðèìåðû èñïîëüçîâàíèÿ ïîëó÷åííûõ ðå-

çóëüòàòîâ

4.1 Çàäà÷à èäåíòèôèêàöèè ôóíêöèè èñòî÷íèêà äëÿ

óðàâíåíèÿ òèïà Áþðãåðñà

Ðàññìîòðèì ïðÿìóþ çàäà÷ó (0.10), (0.11), êîòîðàÿ èññëåäîâàëàñüÞ. ß. Áå-

ëîâûì è Ê. Â. Êîðøóíîì.

Â ïîëîñå G[0,T ] = {(t, x)|0 ⩽ t ⩽ T, x ∈ E1} ðàññìîòðèì çàäà÷ó Êîøè

ut(t, x) = µ(t)uxx + A(t)uux +B(t)u+ C(t)+

+
φ′(t)−B(t)φ(t)− C(t)− µ(t)uxx(t, x0)− A(t)φ(t)ux(t, x0)

f(t, x0)
f(t, x), (4.1)

u(0, x) = u0(x), x ∈ E1. (4.2)

Ïðåäïîëîæèì, ÷òî ôóíêöèè A(t), B(t), C(t), f(t, x), φ(t), u0(x), µ(t) ÿâ-

ëÿþòñÿ äîñòàòî÷íî ãëàäêèìè è óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

6∑
k=0

∣∣∣∣dku0(x)dxk

∣∣∣∣+ 6∑
k=0

∣∣∣∣∂kf(t, x)∂xk

∣∣∣∣+|A(t)|+|B(t)|+|C(t)|+|φ(t)|+|φ′(t)| ⩽ C,

|f(t, x)| ⩾ δ > 0,

µ(t) ⩾ µ0 > 0.

Ïðîâåðèì âûïîëíåíèå óñëîâèé òåîðåìû 2.1. Äëÿ äàííîé çàäà÷è ôóíêöèè

b(t, x, u(t, x), ω(t)) è f(t, x, u(t, x), ω(t)) áóäóò èìåòü âèä

b(t, x, u(t, x), ω(t)) = A(t)u,

f(t, x, u(t, x), ω(t)) = B(t)u+ C(t)+

+
φ′(t)−B(t)φ(t)− C(t)− µ(t)uxx(t, x0)− A(t)φ(t)ux(t, x0)

f(t, x0)
f(t, x).

Èç óñëîâèÿ 2.2 ïîëó÷èì

6∑
k=0

∣∣∣∣ ∂k∂xkA(t)u
∣∣∣∣ ⩽ CU(t) ⩽ P1(U(t)),
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6∑
k=0

∣∣∣ ∂k
∂xk

B(t)u+ C(t)+

+
φ′(t)−B(t)φ(t)−C(t)−µ(t)uxx(t, x0)−A(t)φ(t)ux(t, x0)

f(t, x0)
f(t, x)

∣∣∣ ⩽
⩽ C(1 + U(t)) ⩽ P1(U(t)).

Òàê êàê äëÿ äàííîé çàäà÷è γ1 = γ2 = 1, òî âûïîëíåíû óñëîâèÿ òåîðå-

ìû 2.1 è ñóùåñòâóåò ïîñòîÿííàÿ t∗ òàêàÿ, ÷òî ðåøåíèå u(t, x) çàäà÷è (4.1),

(4.2) ñóùåñòâóåò â êëàññå Z4
x([0, t

∗]).

Äîêàæåì, ÷òî ïàðà ôóíêöèé u(t, x) è g(t) ÿâëÿåòñÿ ðåøåíèåì îáðàòíîé

çàäà÷è

ut(t, x) = µ(t)uxx + A(t)uux +B(t)u+ C(t) + g(t)f(t, x), (4.3)

u(0, x) = u0(x), x ∈ E1, (4.4)

ãäå

g(t) =
φ′(t)−B(t)φ(t)− C(t)− µ(t)uxx(t, x0)− A(t)φ(t)ux(t, x0)

f(t, x0)
.

Äëÿ ýòîãî ïîäñòàâèì â (4.1) x = x0 è ïîëó÷èì

ut(t, x0)− φ′(t) = A(t)ux(t, x0)(u(t, x0)− φ(t)) +B(t)(u(t, x0)− φ(t)).

Äëÿ ôóíêöèè v(t) = u(t, x0)− φ(t), ó÷èòûâàÿ óñëîâèå ñîãëàñîâàíèÿ

u0(x0) = φ(0),

ïîëó÷èì çàäà÷ó Êîøè

v′(t) =
(
A(t)ux(t, x0) +B(t)

)
v(t),

v(0) = 0,

êîòîðàÿ èìååò åäèíñòâåííîå íóëåâîå ðåøåíèå. Ñëåäîâàòåëüíî âûïîëíåíî óñëî-

âèå ïåðåîïðåäåëåíèÿ u(t, x0) = φ(t) è ñóùåñòâóåò ðåøåíèå îáðàòíîé çàäà÷è

(4.3), (4.4).
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Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò äâà ðàçëè÷íûõ ðåøåíèÿ çàäà÷è (4.3),

(4.4) u1(t, x) ̸= u2(t, x), g1(t) ̸= g2(t), òîãäà ðàçíîñòü u = u1(t, x)−u2(t, x), g(t) =

g1(t)− g2(t) áóäåò ÿâëÿòüñÿ ðåøåíèåì çàäà÷è

ut = µ(t)uxx + A(t)u1ux + A(t)u2xu+B(t)u+ g(t)f(t, x), (4.5)

u(0, x) = 0, (4.6)

u(t, x0) = 0. (4.7)

Ïîäñòàâèì â (4.5) x = x0 è âûðàçèì g(t)

g(t) = −µ(t)uxx(t, x0)+A(t)u1(t, x0)ux(t, x0)+(B(t)+A(t)u2x(t, x0))u(t, x0)

f(t, x0)
.

Òîãäà u(t, x) áóäåò ÿâëÿòüñÿ ðåøåíèåì çàäà÷è

ut = µ(t)uxx + A(t)u1ux + (A(t)u2x +B(t))u+ g(t)f(t, x), (4.8)

u(0, x) = 0. (4.9)

Ïðîâåðèì âûïîëíåíèå óñëîâèé òåîðåìû 3.1. Ãäå ñîãëàñíî ââåä¼ííûì

îáîçíà÷åíèÿì

B1(t, x) = A(t)u1(t, x),

B0(t, x) = A(t)u2x(t, x) +B(t),

F1,0 = −B(t) + A(t)u2x(t, x0)

f(t, x0)
f(t, x),

F1,1 = −A(t)u1(t, x0)
f(t, x0)

f(t, x),

F1,2 = − µ(t)

f(t, x0)
f(t, x).

Ïîñêîëüêó ôóíêöèè A(t), B(t), µ(t), f(t, x), u1(t, x), u2x(t, x) ÿâëÿþòñÿ äîñòà-

òî÷íî ãëàäêèìè è óäîâëåòâîðÿþò óñëîâèþ
2∑

m=0

∣∣∣∣ ∂m∂xmB0

∣∣∣∣+ 2∑
m=0

∣∣∣∣ ∂m∂xmB1

∣∣∣∣+ 2∑
m=0

2∑
s=0

∣∣∣∣ ∂m∂xmF1,s

∣∣∣∣ ⩽ C, ∀(t, x) ∈ G[0,t∗],

òî ñóùåñòâóåò òîëüêî òðèâèàëüíîå ðåøåíèå çàäà÷è (4.8), (4.9). Çíà÷èò

u(t, x) ≡ 0, g(t) ≡ 0 è ðåøåíèå çàäà÷è (4.5)-(4.7) òàêæå òðèâèàëüíî, îòêó-

äà ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è (4.3), (4.4).
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4.2 Çàäà÷à èäåíòèôèêàöèè äâóõ íåèçâåñòíûõ ôóíê-

öèé â óðàâíåíèè òèïà Áþðãåðñà

Ðàññìîòðèì â îáëàñòè G[0,T ] = {(t, x) | 0 ⩽ t ⩽ T, x ∈ E1} ñëåäóþùóþ

çàäà÷ó Êîøè

ut(t, x) = a2uxx(t, x) + (u(t, x) + λ1(t))ux(t, x) + λ2(t)f(t, x), (4.10)

u(0, x) = u0(x). (4.11)

Ôóíêöèè λ1(t), λ2(t) ïîäëåæàò îïðåäåëåíèþ îäíîâðåìåííî ñ ðåøåíèåì

u(t, x) çàäà÷è (4.10), (4.11), óäîâëåòâîðÿþùèì óñëîâèÿì ïåðåîïðåäåëåíèÿ

u(t, α) = φ1(t), (4.12)

ux(t, α) = φ2(t) (4.13)

è óñëîâèÿì ñîãëàñîâàíèÿ

u(0, α) = φ1(0), (4.14)

ux(0, α) = φ2(0). (4.15)

Îòíîñèòåëüíî ôóíêöèé φ1(t), φ2(t), u0(x), f(x) ïðåäïîëàãàåì, ÷òî îíè

äîñòàòî÷íî ãëàäêèå, èìåþò âñå íåïðåðûâíûå ïðîèçâîäíûå, âõîäÿùèå â ñëå-

äóþùåå ñîîòíîøåíèå è óäîâëåòâîðÿþò èì

|φ1|+ |φ′
1|+ |φ2|+ |φ′

2|+
∣∣∣∣ dkdxku0(x)

∣∣∣∣+ ∣∣∣∣ ∂k∂xkf(t, x)
∣∣∣∣ ⩽ C, k = 0, . . . , 7. (4.16)

Ïóñòü òàêæå äëÿ âñåõ t ∈ [0, T ] âûïîëíÿåòñÿ ñîîòíîøåíèå

φ2(t)fx(t, α)− f(t, α)
∂2

∂x2
u0(α) ⩾ δ > 0. (4.17)

Ïðèâåä¼ì èñõîäíóþ çàäà÷ó (4.10)-(4.13) ê íåêîòîðîé âñïîìîãàòåëüíîé

ïðÿìîé çàäà÷å. Äëÿ ýòîãî ñíà÷àëà ïðîäèôôåðåíöèðóåì (4.10) ïî x, ïîñëå

÷åãî â ïîëó÷åííîå âûðàæåíèå è â âûðàæåíèå (4.10) ïîäñòàâèì x = α, òàêèì

îáðàçîì ïîëó÷èì ñèñòåìó

φ′
1(t) = a2uxx(t, α) + (φ1(t) + λ1(t))φ2(t) + λ2(t)f(t, α),
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φ′
2(t) = a2uxxx(t, α) + φ2

2(t) + (φ1(t) + λ1(t))uxx(t, α) + λ2(t)fx(t, α).

Çàïèøåì ïîëó÷åííóþ ñèñòåìó êàê ñèñòåìó ëèíåéíûõ óðàâíåíèé îòíî-

ñèòåëüíî λ1(t) è λ2(t):

λ1(t)φ2 + λ2(t)f(t, α) = φ′
1 − a2uxx(t, α)− φ1φ2,

λ1(t)uxx(t, α) + λ2(t)fx(t, α) = φ′
2 − a2uxxx(t, α)− φ2

2 − φ1uxx(t, α).

Âû÷èñëèì îïðåäåëèòåëè ïîëó÷åííîé ñèñòåìû

∆ = φ2fx(t, α)− uxx(t, α)f(t, α),

∆1 = (ψ1(t)− a2uxx(t, α))fx(t, α)− (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))f(t, α),

∆2 = (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))φ2 − (ψ1(t)− a2uxx(t, α))uxx(t, α),

ãäå

ψ1(t) = φ′
1(t)− φ1(t)φ2(t), ψ2(t) = φ′

2(t)− φ2
2(t).

Ïîäñòàâëÿÿ â (4.10) âûðàæåíèÿ äëÿ λ1(t) =
∆1

∆ è λ2(t) =
∆2

∆ , ïîëó÷èì

ut = a2uxx +

[
u+

(ψ1(t)− a2uxx(t, α))fx(t, α)

φ2fx(t, α)− uxx(t, α)f(t, α)
−

− (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))f(t, α)

φ2fx(t, α)− uxx(t, α)f(t, α)

]
ux+

+

[
(ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))φ2

φ2fx(t, α)− uxx(t, α)f(t, α)
−

− (ψ1(t)− a2uxx(t, α))uxx(t, α)

φ2fx(t, α)− uxx(t, α)f(t, α)

]
f(t, x), (4.18)

u(0, x) = u0(x). (4.19)

Äëÿ òîãî, ÷òîáû ãàðàíòèðîâàòü, ÷òî çíàìåíàòåëü âûðàæåíèÿ (4.18) íå

îáðàùàåòñÿ â íóëü, ââåä¼ì ôóíêöèþ ñðåçêè Sδ(y), ñêîëü óãîäíî ðàç äèôôå-

ðåíöèðóåìóþ, îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè

Sδ(y) ⩾
δ

3
> 0, ∀y ∈ E1,
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Sδ(y) =


y, y ⩾

δ

2
;

δ

3
, y ⩽

δ

3
.

Ïîäñòàâèì ñðåçêó â çíàìåíàòåëü äðîáíûõ âûðàæåíèé è ïîëó÷èì ïðÿìóþ íà-

ãðóæåííóþ çàäà÷ó:

ut = a2uxx +

[
u+

(ψ1(t)− a2uxx(t, α))fx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))f(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))

]
ux+

+

[
(ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))φ2

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ1(t)− a2uxx(t, α))uxx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))

]
f(t, x). (4.20)

u(0, x) = u0(x). (4.21)

Ïðîâåðèì âûïîëíåíèå óñëîâèé 2.1, 2.2. Äëÿ äàííîé çàäà÷è ôóíêöèè

b(t, x, u(t, x), ω(t)) è f(t, x, u(t, x), ω(t)) áóäóò èìåòü âèä

b(t, x, u(t, x), ω(t)) = u+
(ψ1(t)− a2uxx(t, α))fx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))f(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
,

f(t, x, u(t, x), ω(t)) =
(ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))φ2

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ1(t)− a2uxx(t, α))uxx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
f(t, x).

Èç óñëîâèÿ 2.2 ïîëó÷èì

5∑
k=0

∣∣∣∣ ∂k∂xk
[
u+

(ψ1(t)− a2uxx(t, α))fx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−

− (ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))f(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))

]∣∣∣∣ ⩽ CU(t) ⩽ P1(U(t)),

5∑
k=0

∣∣∣∣[(ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α))φ2

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))
−
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− (ψ1(t)− a2uxx(t, α))uxx(t, α)

Sδ(φ2fx(t, α)− uxx(t, α)f(t, α))

]
∂k

∂xk
f(t, x)

∣∣∣∣ ⩽
⩽ C(1 + U2(t) + U3(t) + U 2

2 (t)) ⩽ P2(U(t)).

Òàêèì îáðàçîì, âûïîëíåíû óñëîâèÿ òåîðåìû 2.1 è ñóùåñòâóåò ïîñòîÿííàÿ t∗

òàêàÿ, ÷òî ðåøåíèå u(t, x) çàäà÷è (4.20), (4.21) ñóùåñòâóåò â êëàññå Z5
x([0, t

∗]).

Òåïåðü íóæíî ¾ñíÿòü¿ ñðåçàþùóþ ôóíêöèþ, äëÿ ýòîãî ïîêàæåì, ÷òî

âûðàæåíèå ïîä ñðåçàþùåé ôóíêöèåé óäîâëåòâîðÿåò óñëîâèþ

φ2(t)fx(t, α)− uxx(t, α)f(t, α) ⩾
δ

2
. (4.22)

Äëÿ ýòîãî âîçüì¼ì ñíà÷àëà ïåðâóþ, à ïîòîì âòîðóþ ïðîèçâîäíóþ ïî x â

âûðàæåíèè (4.20) è ïðîèíòåãðèðóåì îò 0 äî t:

uxt(t, x) = a2uxxx(t, x) + u2x(t, x) + (u(t, x) + λ1)uxx(t, x) + λ2fx(t, x),

uxxt(t, x) = Ψ(t, x),

uxx(t, x) =
∂2

∂x2
u0(x) +

t∫
0

Ψ(η, x) dη, (4.23)

ãäå

Ψ(t, x)=a2
∂4

∂x4
u(t, x)+3ux(t, x)uxx(t, x)+(u(t, x)+λ1)

∂3

∂x3
u(t, x)+λ2fxx(t, x).

Äîìíîæèì (4.23) íà (−f(t, α)) è ïðèáàâèì ê îáåèì ÷àñòÿì óðàâíåíèÿ

φ2(t)fx(t, α)

φ2(t)fx(t, α)− f(t, α)uxx(t, x) =

= φ2(t)fx(t, α)− f(t, α)
∂2

∂x2
u0(x)− f(t, α)

t∫
0

Ψ(η, x) dη. (4.24)

Ïîäñòàâèì â âûðàæåíèå (4.24) x = α:

φ2(t)fx(t, α)− f(t, α)uxx(t, α) =

= φ2(t)fx(t, α)− f(t, α)
∂2

∂x2
u0(α)− f(t, α)

t∫
0

Ψ(η, α) dη.
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Â ñèëó (4.17), ïîëó÷èì

φ2(t)fx(t, α)− f(t, α)uxx(t, α) ⩾ δ − A(δ)t ⩾
δ

2
,

ãäå A(δ) � íåêîòîðàÿ ïîëîæèòåëüíàÿ êîíñòàíòà, êîòîðàÿ çàâèñèò îò δ, C. Â

ñèëó îïðåäåëåíèÿ ñðåçàþùåé ôóíêöèè Sδ(y) ïîëó÷èì

Sδ(φ2(t)fx(t, α)− f(t, α)uxx(t, α)) = φ2(t)fx(t, α)− f(t, α)uxx(t, α),

ïðè t ∈ [0, t∗], ãäå t∗ = min

{
t∗1,

δ

2A(δ)

}
.

Òàêèì îáðàçîì, â óðàâíåíèè (4.20) ñðåçêà ñíèìàåòñÿ è äîêàçàíî ñóùå-

ñòâîâàíèå ðåøåíèÿ u(t, x) ïðÿìîé çàäà÷è (4.18), (4.19).

Äîêàæåì, ÷òî òðîéêà ôóíêöèé u(t, x), λ1(t), λ2(t), ãäå

λ1(t)=
(ψ1(t)−a2uxx(t, α))fx(t, α)−(ψ2(t)−a2uxxx(t, α)−φ1uxx(t, α))f(t, α)

φ2fx(t, α)− uxx(t, α)f(t, α)
,

λ2(t)=
(ψ2(t)−a2uxxx(t, α)−φ1uxx(t, α))φ2−(ψ1(t)−a2uxx(t, α))uxx(t, α)

φ2fx(t, α)− uxx(t, α)f(t, α)

ÿâëÿåòñÿ ðåøåíèåì îáðàòíîé çàäà÷è (4.10)-(4.13). Òàê êàê u(t, x) � ðåøåíèå

ïðÿìîé çàäà÷è (4.18), (4.19), òî ïîäñòàâëÿÿ u(t, x), λ1(t), λ2(t) â (4.10) ìû ïî-

ëó÷èì âåðíîå òîæäåñòâî.

Òðîéêà ôóíêöèé u(t, x), λ1(t), λ2(t) ïðè (t, x) ∈ G[0,t∗] óäîâëåòâîðÿåò

íåðàâåíñòâó
5∑

k=0

∣∣∣∣ ∂k∂xku(t, x)
∣∣∣∣+ |λ1(t)|+ |λ2(t)| ⩽ C. (4.25)

Äîêàæåì âûïîëíåíèå óñëîâèé ïåðåîïðåäåëåíèÿ (4.12), (4.13). Äëÿ ýòîãî

ââåä¼ì îáîçíà÷åíèÿ h1(t) = φ1(t)−u(t, α), h2(t) = φ2(t)−ux(t, α) è äîìíîæèì

(4.18) íà φ2(t)fx(t, α)− f(t, α)uxx(t, α):

(φ2(t)fx(t, α)− f(t, α)uxx(t, α))
(
ut(t, x)− a2uxx(t, x)− u(t, x)ux(t, x)

)
=

=
[ (
ψ1(t)− a2uxx(t, α)

)
fx(t, α)−

(
ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α)

)
×

× f(t, α)
]
ux(t, x) +

[ (
ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α)

)
φ2−

−
(
ψ1(t)− a2uxx(t, α)

)
uxx(t, α)

]
f(t, x). (4.26)
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Ïîëîæèì â óðàâíåíèè (4.26) x = α è ïðèâåä¼ì ïîäîáíûå:

h′1(t) (uxx(t, α)f(t, α) + fx(t, α)φ2(t, α)) = A1(t)h1(t) +B1(t)h2(t),

ãäå

A1(t) = uxx(t, α)f(t, α)ux(t, α)− φ1(t)fx(t, α)ux(t, α),

B1(t) = a2fx(t, α)uxx(t, α) + ψ2(t)f(t, α)− a2uxxx(t, α)f(t, α) + fx(t, α)φ
′
1.

Òåïåðü ïðîäèôôåðåíöèðóåì (4.18) ïî x è äîìíîæèì íà φ2(t)fx(t, α) −

f(t, α)uxx(t, α):

(φ2(t)fx(t, α)− f(t, α)uxx(t, α))
(
utx(t, x)− a2uxxx(t, x)− u2x(t, x)−

− u(t, x)uxx(t, x)
)
=
[ (
ψ1(t)− a2uxx(t, α)

)
fx(t, α)−

−
(
ψ2(t)− a2uxxx(t, α)− φ1uxx(t, α)

)
f(t, α)

]
uxx(t, x) +

[(
ψ2(t)−

− a2uxxx(t, α)− φ1uxx(t, α)
)
φ2 −

(
ψ1(t)− a2uxx(t, α)

)
uxx(t, α)

]
fx(t, x).

(4.27)

Ïîëîæèì â óðàâíåíèè (4.27) x = α è ïðèâåä¼ì ïîäîáíûå:

h′2(t) (uxx(t, α)f(t, α)− fx(t, α)φ2(t, α)) = A2(t)h1(t) +B2(t)h2(t), (4.28)

ãäå

A2(t) = u2xx(t, α)f(t, α)− φ2(t)fx(t, α)uxx(t, α), (4.29)

B2(t) = (f(t, α)uxx(t, α)− φ′
2fx(t, α)) (φ2(t) + ux(t, α)). (4.30)

Òàêèì îáðàçîì, ïîëó÷èì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

h′1(t) = Ã1(t)h1(t) + B̃1(t)h2(t), (4.31)

h′2(t) = Ã2(t)h1(t) + B̃2(t)h2(t), (4.32)

h1(0) = 0, (4.33)

h2(0) = 0, (4.34)
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ãäå

Ãi(t) =
Ai(t)

∆
, B̃i(t) =

Bi(t)

∆
, (4.35)

ãäå ∆ îïðåäåëÿåòñÿ âûðàæåíèåì (4.2)

Çàìåòèì, ÷òî ðåøåíèå ñèñòåìû (4.31)-(4.34) ñóùåñòâóåò è åäèíñòâåííî

â ñèëó òåîðåìû 1.4. Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèè h1(t) = 0, è h2(t) = 0,

ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû (4.31)-(4.34). Òîãäà

u(t, α) = φ1(t),

ux(t, α) = φ2(t).

Äàëåå äîêàæåì åäèíñòâåííîñòü ïîëó÷åííîãî ðåøåíèÿ â êëàññå Z5
x(t

∗).

Ïóñòü u1(t, x), λ11(t), λ
2
1(t) è u2(t, x), λ

1
2(t), λ

2
2(t) - äâà ðàçëè÷íûõ ðå-

øåíèÿ çàäà÷è (4.10)-(4.13), êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì (4.22) è (4.25).

Ïîäñòàâëÿÿ ïàðó ðåøåíèé â (4.10)-(4.13),ïîëó÷èì

u1t(t, x) = a2u1xx(t, x) + (u1(t, x) + λ11(t))u1x(t, x) + λ21(t)f(t, x), (4.36)

u2t(t, x) = a2u2xx(t, x) + (u2(t, x) + λ12(t))u2x(t, x) + λ22(t)f(t, x), (4.37)

u1(0, x) = u2(0, x) = u0(x), (4.38)

u1(t, α) = u2(t, α) = φ1(t), (4.39)

u1x(t, α) = u2x(t, α) = φ2(t). (4.40)

Ââåä¼ì îáîçíà÷åíèÿ u = u1(t, x)−u2(t, x), λ1 = λ11(t)−λ12(t), λ2 = λ21(t)−

λ22(t) è âû÷òåì (4.37) èç (4.36)

ut = a2uxx + (u1 + λ11(t))ux + u2xu+ λ1(t)u2x + λ2(t)f(t, x), (4.41)

u(0, x) = 0, (4.42)

u(t, α) = 0, (4.43)

ux(t, α) = 0 (4.44)

è ïîäñòàâèì x = α, ó÷èòûâàÿ, (4.39) è (4.40)

0 = a2uxx(t, α) + φ2λ
1 + f(t, α)λ2.
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Òåïåðü ïðîäèôôåðåíöèðóåì (4.41) ïî x:

utx = a2uxxx+ux(u1x+u2x)+ (u1+λ11(t))uxx+u2xxu+λ1(t)u2xx+λ2(t)fx(t, x)

è ïîäñòàâèì x = α, ó÷èòûâàÿ, (4.39) è (4.40)

0 = a2uxxx(t, α) + (φ1 + λ11(t))uxx(t, α) + u2xx(t, α)λ
1 + fx(t, α)λ

2.

Ïîëó÷èëè ñèñòåìó ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî λ1 è λ2

φ2λ
1 + f(t, α)λ2 = −a2uxx(t, α),

u2xx(t, α)λ
1 + fx(t, α)λ

2 = −a2uxxx(t, α)− (φ1 + λ11(t))uxx(t, α).

Ðåøàÿ ïîëó÷åííóþ ñèñòåìó ìåòîäîì Êðàìåðà, ïîëó÷èì

λ1(t) =

(
a2uxxx(t, α) + (φ1 + λ11(t))uxx(t, α)

)
f(t, α)− a2uxx(t, α)f(t, α)

φ2fx(t, α)− f(t, α)u2xx(t, α)
,

(4.45)

λ2(t) =
a2uxx(t, α)u2xx(t, α)− φ2

(
a2uxxx(t, α) + (φ1 + λ11(t))uxx(t, α)

)
φ2fx(t, α)− f(t, α)u2xx(t, α)

. (4.46)

Çàìåòèì, ÷òî çíàìåíàòåëü íå îáðàùàåòñÿ â íóëü â ñèëó (4.17).

Òàêèì îáðàçîì, âûïîëíåíû óñëîâèÿ òåîðåìû 3.1, ïîñêîëüêó ôóíêöèè

u1(t, x), u2x(t, x), f(t, x) ÿâëÿþòñÿ äîñòàòî÷íî ãëàäêèìè è óäîâëåòâîðÿþò óñëî-

âèþ

3∑
m=0

∣∣∣∣ ∂m∂xmB0

∣∣∣∣+ 3∑
m=0

∣∣∣∣ ∂m∂xmB1

∣∣∣∣+ 3∑
m=0

3∑
s=0

∣∣∣∣ ∂m∂xmF1,s

∣∣∣∣ ⩽ C, ∀(t, x) ∈ G[0,t∗],

òî ñóùåñòâóåò òîëüêî òðèâèàëüíîå ðåøåíèå çàäà÷è (4.41), (4.44). Çíà÷èò

u(t, x) ≡ 0, λ1(t) ≡ 0, λ2(t) ≡ 0, îòêóäà ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ

îáðàòíîé çàäà÷è (4.10), (4.11).

39



ÇÀÊËÞ×ÅÍÈÅ

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå äîñòàòî÷-

íûõ óñëîâèé ðàçðåøèìîñòè íàãðóæåííîãî óðàâíåíèÿ òèïà Áþðãåðñà ñïåöè-

àëüíîãî âèäà. Íîâèçíà ïîëó÷åííîãî ðåçóëüòàòà ñîñòîèò â òîì, ÷òî îí ðàñ-

øèðÿåò íàáîð âõîäíûõ äàííûõ äëÿ ðàíåå äîêàçàííîé òåîðåìû 0.1 è ñîîòâåò-

ñòâåííî êëàññ îáðàòíûõ çàäà÷, äëÿ êîòîðûõ âñïîìîãàòåëüíàÿ ïðÿìàÿ çàäà÷à

ñîäåðæèò â ïðàâîé ÷àñòè ïîëèíîìèàëüíóþ íåëèíåéíîñòü.

Â ðàáîòå òàêæå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ åäèíñòâåííîñòè è òðè-

âèàëüíîñòè ðåøåíèÿ íàãðóæåííîãî óðàâíåíèÿ òèïà Áþðãåðñà ñïåöèàëüíîãî

âèäà ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè.

Äàííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû ïðè èññëåäîâàíèè êîýô-

ôèöèåíòíûõ îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ñ äàííûìè Êî-

øè. Ñîîòâåòñòâóþùèå ïðèìåðû ïðîäåìîíñòðèðîâàíû â ãëàâå 4.
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