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Introduction

The celebrated Hilbert 13th problem, even though it has been solved by A.N.Kolmogorov
and V.I. Arnold, leaves around itself many interesting questions. Thus, the original problem
about the representation of the solutions of a polynomial equation of seventh degree as a finite
superposition of continuous functions of two variables could be looked from a different angle,
if smooth, analytic or algebraic functions are being considered, instead of continuous functions.
Such interpretation of the Hilbert question gave rise to plenty of research and deep results about
the representation of functions with the help of superpositions of functions of lesser number of
variables in different functional classes (see, e.g., [1-4]).

If we replace superpositions of continuous functions by superpositions of germs of analytic
functions, then the beautiful and contensive theory, constructed in papers of V. K. Beloshapka,
arises ([5,6]). This theory allows to introduce a natural preorder on the set of analytic functions
of several variables (the definition was proposed by V. K. Beloshapka). We shall restrict ourselves
to functions of two variables, although it is possible to study analogous structures also in the
case of larger number of variables.

Let two analytic functions fi(z,y) and fo(z,y) be given. We say that f; is not more complex
then fo (f1 < f2), if f2 is representable as a superposition of analytic functions of one variable
and the function f; (see Definition 1 in Section 1). The minimal depth of the superposition is
referred to as complexity (with respect to f1) and is designated by N(f1). Preorder < brings to
the set of analytic functions a new structure, which needs further comprehension.

In the paper, we give answers to the main questions arising here, which, as we see it, are
essential for the description of the complete picture. Let us note the following three main points
of our exposition:

1) Does there exist a function f(z,y), which is simpler than « +y (i.e., such that f < z+y)?
Here we suppose that the complexity Ny, (f) of the function f with respect to addition z +y
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is greater than one, because otherwise the question ceases to be interesting, as we will show in
what follows.

2) Given functions f; and fo. Is it possible that f; is expressible in terms of fo with depth
n > 1, and f; is expressible in terms of f; with depth m > 17

3) Given functions f; and fs. Is it possible that f; is expressible in terms of fo with depth
n > 1, and f; is not expressible in terms of f17

In all the cases the answer is affirmative. But if in 2) and 3) the answer is something we
should expect, in 1) the answer is counterintuitive: we obtain that the simpler object « + y is a
superposition constructed with the help of the more complex object.

1. Definition of the preorder

The classes Cl,, = Cl,(z + y) of functions of finite analytical complexity are constructed
inductively with the help of finite superpositions of analytic functions of one variable and ad-
dition x + y. In analogous way the classes Cl,,(¢) can be constructed, if we take as a binary
operation an arbitrary analytic function ¢ = ¢(x,y) of two variables instead of addition. ILe.,
a function belongs to the class Cly(p), if it is an analytic function of one variable, and belongs
to the class Cl,,4+1(y), if in a neighbourhood of some point its germ has the form C(¢(An, By)),
where A,, B, € Cl,(¢), and C(¢) is an analytic function of one variable. Here the expression
C(¢(An, By)) means the following: for any analytic function in the superposition we take such
germ that the whole expression is a well-defined germ. With the help of shifts of the form
(z —2+a,y—y+0bt— t+c), where a,b,c € C, we can move the germs of all functions
to the origin. Therefore, it could be assumed that all germs are defined at the origin.

If one germ of an analytic function G(z,y) is representable with the help of the superposition
of the specified form, then almost all germs are also representable in that way (see [6]). Namely, if
G admits a holomorphic branch in some polydisc IT € C2, then the representation takes place at
a generic point in II (i.e., outside some proper analytic subset in IT). A function has complexity
n = N, with respect to the function ¢, if it belongs to the set Cl,(¢) \ Cl,_1(p). Next, if a
function does not belong to the set Cl,, () for any finite value n, then we assume N, = co. The
complexity is also computed at a generic point. We denote the hierarchy of all functions of finite
complexity with respect to ¢ by Cl(p), i.e., Cl(p) = U2 ,Cl,(p).

Let us recall that a preorder < on a set is a binary relation, satisfying the two following
properties:
1) reflexivity (f < f V),

2) transitivity (f1 < fo, fo < f3= f1 < f3 Vf1, f2, [3).
If in addition to this properties we have one more,

3) antisymmetry (f1 < fa, fo < fi = f1 = f2 Vf1, f2),
then we say that on the set a partial order is defined.

With the help of the classes Cl,,(¢) we can introduce a preorder on the set A(z,y) of analytic
functions of two variables in the following way:

Definition 1. fi(z,y) < fa(z,y) if fo € CI(f1).

Reflexivity and transitivity of the relation < follow from the definition.
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2. Properties of the preorder

On the set of germs of analytic functions f(x,y) acts the group of transformations

G={z —a(z),y — BW), f — ()}

where a, 8,7 are germs in the origin of holomorphic invertible functions of one variable, such
that «(0) = (0) = v(0) = 0. Here, as above, we assume that the germ of the function f is
defined at the origin and vanishes there.

We call two germs [f1]o and [f2]o at the origin of the functions f; and f» gauge equivalent, if
there exists an element g € G, such that [f1]o = go[f2]o. Next, two germs [f1], and [f2], at points

a = (a1,a2) and b = (b1, bs) are gauge equivalent, if germs of the functions ( f1(z — a1,y —b1) —

fi(aq, b1)> and (f2 (x — az,y — ba) — fa(ag, bz)) at the origin are gauge equivalent. Finally, two
analytic functions f; and fo are gauge equivalent, if they have gauge equivalent germs (notation:
fi~ fa).

Let us note an important property of the group G: it acts on the set of all analytic func-
tions without changing their complexity (with respect to any function ¢). I.e., G o (C’ln(go) \

C’ln_l(go)) - (Oln(tp) \ Cln_1(<p)) for all 7 and .

2.1. The preorder is not a partial order

Let us show that the introduced preorder is not a partial order, i.e., the property of antisym-
metry fails.

Consider two arbitrary different functions f; and f5 of complexity one with respect to addi-
tion. The action of G on such functions is transitive, i.e., there exists an element g € G, such that
f1 = go fa. This means that the inequalities f; < f2 and fo < f1 hold, although f; # fo. Thus,
if we consider the preorder on the set of all functions, then it is easy to construct the counterex-
ample to the antisymmetry condition. But it seems natural to consider the quotient set of all
functions with respect to the action of the group G and ask the question about antisymmetry of
the introduced preorder for resulting equivalence classes.

On the set (A(m, y),/ ~ ) of classes of gauge equivalence the preorder < can be defined as

follows: [f1] < [fa], if for representatives f; and f2 of classes [f1] and [fz] of gauge equivalence
we have fi < fo. This definition does not depend on the choice of representatives of the classes.
2
Let o1 = @1(e,y) = (o= Dy + 770 02 = aley) =2+ 2y,
Theorem 2. 1) o1 Sz +y, and Ny, (x +y) = 2.
2) 2 S x4y, and Ny, (x+y) = 2.

Proof. We have:
2 2

y
)y +

1+y

(z =1y +

whence y

In (((em —1)Vev + T\/e—y)\/;y‘f' T\/e—y) =z+y,

ie,r+y=1In (gpl((pl(ez, Vey) +1, \/67’)> € Cla(¢1).
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We also have z +y ¢ Cli(p1), because otherwise ¢ would have complexity one with respect
to addition, but it has complexity two.

Next, 23y = —po(22, —po(z,y)) and 23y ~ z+y holds, i.e., x+y € Cla(p2). And complexity
Ny, (x +y) also equals two, because the complexity N1, (p2) equals two.

The proof of Theorem 2 is complete. O
Thus, we have
2

Y
1+y

r+y<x(x—1ly+ <r+y, crysrPtary<azty.

2
And also the functions x +y and ¢ = (x — 1)y + # have different complexity with respect to
)

the hierarchy Cl, hence, they belong to the different classes [z 4 y] and [¢1] of gauge equivalence.
ILe., the relation < is also not a partial order. The same is true also for the pair of functions
z +y and @ : the classes [z + y] and [p2] are different.

2.2. Increase of dimension of the stabilizer of a function

The functions ¢; and @2 demonstrate one more interesting effect. Namely, every function f
have the stabilizer St(f) with respect to the action of the group G, which consists of all elements
g € G, such that go f = f. For the dimension of the stabilizer there exist only four possibilities
(see [7]):

1) infinity — in this case the function depends on only one variable,

2) three — in this case f ~ z + y,

3) one — in this case f ~ r(z + y) — x for an analytic function r(¢),

4) zero in other cases.

For the functions ¢ and @2 the dimensions of the stabilizers are the following: dim St(p2)=1,
dim St(p1) = 0 (it is easy to check by substituting ¢; in the published at the web page
vkb.strogino.ru criterion of one-dimensionality of a stabilizer, see section "Ipyroe", item
"Maple-ipmitozkenne k crarbe ’O6 aHATUTHYIECKUX (DYHKIIUAX JIBYX [IEPEMEHHBIX ¢ OJTHOMEDHBIM
crabumsaropom’). But on the other hand, the function x + y, having the three-dimensional
stabilizer, belongs simultaneously to the classes Cly(¢1) and Clay(p2). Le., the more complicated
function (with respect to ¢1 and s) has higher dimension of the stabilizer. Such effect is absent
in the standard hierarchy Cl with respect to addition: the simplest function x + y has the largest
stabilizer.

2.3. Partial order on the equivalence classes

Using the preorder <, we can divide the set of analytic functions of two variables into equiv-

alence classes: f1(z,y) is equivalent to fo(x,y), if fi(z,y) < fa(e,y) and fo(,y) < fi(2,y)
(notation: f; & f3). Note that the orbits of the action of the group G fall into the same equiva-
lence class. In accordance with the general set-theoretic construction the preorder relation < on

the set (A(x7 y),/ ~ ) of equivalence classes become a partial order relation.

2.4. Existence of nonequivalent functions inside one hierarchy

It follows from Theorem 2 that some functions of different complexity are not equivalent with
respect to the relation ~. The question arise: can all the functions from the hierarchy Cl(yp) fall
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into the same equivalence class for all ¢? We will give an example of a function ® = &(z,y),
such that among the functions from the hierarchy Cl(®) there exist nonequivalent ones. For this
purpose we will write down the function ® of infinite complexity with respect to the standard
hierarchy CI, such that the function z 4+ y has complexity two with respect to the hierarchy
Cl(®).

We need some auxiliary constructions. Let F(z,y) be a function, satisfying the following
three conditions:

1) F(z,y) = F(y,z),
2) F(Z‘,y) = F(_x7y)7 (1)
3) the function y = x(x,w) given by the implicit equation F(z,y) =w

has infinite complexity.

It can be shown that functions F(z,y) with these properties exists, and there are many
functions of the same sort (see below), but we will give explicit examples of functions F'(z,y)
with the specified properties.

To begin with, there exists an entire function 1, such that the implicit equation

Y(y) + oy =w (2)

defines the function ¥(x,w) of infinite complexity (see [8]). At the same time, there are plenty

of such functions ¢ (further we will only need that there are more than two of them). By the

implicit function theorem, ¥ (z,w) is defined everywhere outside a proper analytic subset of the

space C2. Note that equation (2) for all possible 1) defines the general solution of the Hopf
. Oy Oy

equation — = y—.

ox ow

Then the function F(z,y) = ¥ (y?) + 2%y? + ¥(x?) satisfies all three conditions given above.
It is clear that conditions 1) and 2) are satisfied. Let us check condition 3).

If ¥(y?) + 22y + ¥(2?) = w, then y = x(z,w) = /¥(x,w —¥(22)). Since ¥(z,w) has
infinite complexity, then x(x,w) also has infinite complexity, because the change of coordinates
{x — 2, w — w — P(2?)} does not change complexity, and also extracting a root does not
change complexity.

Let ®(z,w) = x(z + w,w) + w. The function ®(x,w) also has infinite complexity.
Theorem 3. =+ w € Cly(P).

Proof. Since ®(x,w) has infinite complexity with respect to w + x, then w+ x ¢ Cl;(®P). Let us
show that
O(—0(z,w),w) = x + 2w. (3)

As before in the definition of the complexity classes, we understand equation (3) as equality
of the function x + 2w to the correctly chosen composition of germs of the function ®. Here we
consider this equality only in those points, in which it is possible to choose germs so that the
composition is well-defined (these are generic points). I.e., we will show that equality (3) holds
at a generic point.

Let &(—®(z,w),w) = x( - (X(x + w, w) +w> —|—w,w) + w = u. Then
X(—x(m+w,w),w) =u—w,
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which is equivalent to
w:F(—x(x—l—w,w),u—w).

Using properties 2) and 1), we obtain
w= F(X(x—l—w,w),u —w) = F(u— w,x(m—i—w,w)),

whence
x(x +w,w) = X(u—w,w).
Therefore we can suppose u — w = x 4+ w, whence u = x + 2w. Following back the chain of
equalities obtained in the proof of the theorem, we obtain that the function u = x 4+ 2w satisfies
the equality ®(—®(x,w),w) = u. After the change {x — oz, w— %} we get what we need.
The proof of Theorem 3 is complete. O

Corollary 4. Any function f(x,y) of finite complexity with respect to addition belongs to the
hierarchy CL(®), but in the same time ® ¢ CI(f).

2.5. Pairs of functions of different finite relative complexity

Thus, we have constructed the function @, such that Ng(x+y) = 2, but Nyy, (®) = oo for all
natural n. The given above construction can be slightly modified to obtain examples of functions
®,,, such that Ng, (z +y) = 2, but Ny4(®,) = v(n) for some natural v(n) € [n —2,n+ 2|. For
this purpose we need to construct a function F,(z,y) satisfying the following three conditions:

1) Fo(2,y) = Fa(y, @),

2) Fy(z,y) = Fu(-m,y),

3) the function y = x,(x,w), given by the implicit equation F,(z,y) = w, has complexity
not less than n — 1 and not greater than n + 1.

To construct the functions F,,(z,y) with the given properties it is necessary to choose, as
above, an entire function 1),,, such that the implicit equation

Vnly) + 2y = w

defines the function ¥, (z,w) of complexity n (see [8]). Note that there are also plenty of such
functions ,,.

Then the function F,(z,y) = ¥n(y?) + 22y? + 1, (2?) satisfies all the three conditions. It is
clear that conditions 1) and 2) are satisfied. Let us check condition 3).

If ¥ (y2) + 2%y? + 1, (22) = w, then y = xu (2, w) = /¥, (z,w — 1, (22)). Since ¥, (z,w)
has complexity n, then the complexity of the function x,,(z,w) differs from n by no more than
one, because the coordinate change {z — z, w — w — ¥, (2?)} can change complexity by not
more than one, and extracting a root does not change complexity.

Let @, (2, w) = xn(z + w,w) + w. Complexity v(n) of the function ®,,(z,w) differs from the
complexity of the function ,, by no more than two, therefore n —3 < v(n) < n+ 3.

2.6. Metric and continuous dependence on function

For functions f and g, which are holomorphic in U, the metric py(f,g) is introduced in a
standard way with the help of the enumerable sequence of seminorms in the Frechet space.
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In the same time, it is clear that there is a continuous dependence of the classes Cl,,(¢)
on the function ¢. Namely, let a function f = f(B,S,¢)(z,y) € Cl,(¢) be given. Here
B = (Bi(t),...,By(t)) for N = (2"T! — 1) is the set of functions of one variable, which en-
ter into the superposition of the function f(B, S, )(z,y), and S is a scheme of the composition,
i.e., a way of arrangement of the functions from the set B inside the superposition (see [6] for
more information on schemes). Consider a function f = f(B, S, 3)(z,y) € Cl,(¢), which differs
from f only by replacing ¢ by ¢. And let the functions ¢ and ¢ have holomorphic elements
(@(U),U) and (@(U),U) in a common domain U. Then V e > 0 3 6 > 0, such that for

pu(eU),3(U)) < & the functions f, f have holomorphic elements (fV,V> and (fv,V> in a

common domain V = V(e), for which py (fv, fv) < € holds.
In particular, from the property of continuity follows that the condition that a function does
not belong to the class Cl, () is an open condition. Namely, we have the following

Proposition 5. Let f ¢ Cl,(¢). Then there exists a number 6 > 0, such that for
pu(p(U), p(U)) < & we have f ¢ Cly(p).

Proof. Indeed, assume the contrary, i.e., let for all 6 > 0 there exist a function ps(U), such that
pu(p(U),ps(U)) < §, and f € Cl,,(¢s) holds. But the sequence of functions ¢s5 converges to ¢
in the metric for § — 0, whence by the property of continuity we obtain f € Cl,(y), which
contradicts the condition. |

2.6. Almost all hierarchies contain nonequivalent functions

Choose a function @, such that the following condition hold:

1) there exist a domain U, such that elements ®(U) and ®(U) of the functions ® and ® are
defined in it,

2) p(@(U),2(V)) <,

3) & ¢ C1(®).

Condition 3) can be attained, because the set C1(®) is equal to the countable union of nowhere
dense sets Cl,,(®). Hence, C1(®) can not include an entire neighbourhood of the function ®(U).

For small enough & we obtain that ®(—®(z, w), w) ¢ CI(®), because ®(—®(x, w), w) ¢ C1(P)
and the condition that a function does not belong to the set Cl(®) is an open condition by
continuous dependence of the differential criteria J,,(¢) on . This means that the set C1(®)/ ~
also contain more than one equivalence class. It is also clear that almost all (in the sense of the
metric py) functions ® possess this property.

2.7. Intersecting hierarchies, which do not coincide

Suppose that two hierarchies Cl(y;) and Cl(yp3), based on different functions ¢; and o,
intersect, i.e., there exists a function f, such that f € Cl(¢1) and f € Cl(g2), and also f
depends on both variables x and y. This takes place, for example, if @3 € Cl(p1) or 1 € Cl(ps)
holds. In this case one hierarchy is nested within one another. It is natural to ask: is it the only
reason for intersection? We will show in what follows that the answer is negative — intersecting
hierarchies are not necessary nested within one another.

Consider the set F of functions F(z,y), satisfying properties 1) and 2) in (1), which are
holomorphic in a domain U and for which the nonequality py(®(U), F) < ¢ for some ¢ > 0
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holds. The set F defines the set ) of functions y = x(x,w). The set ) is a complete metric
space, which can be represented as the countable union YV = Ui<n<ooVn of the sets ), consisting
of functions of complexity n. Moreover, the sets ), for n < co are nowhere dense. By the Baire
theorem we obtain from here that the set ), can not be represented as an at most countable
union of nowhere dense sets. Note that V., coincide with the set of all functions y = x(z,w),
given by property 3) in (1).

The set Cl,,(®) is nowhere dense for all fixed n. Hence, there exists a function ®; € ) (and
there are plenty of such functions), such that z +y € Cla(®1), but &, ¢ Cl,(P) Vn. We also can
obtain the condition ®(U) ¢ Cl,,(®1) Vn in an analogous way.

This means that the hierarchies Cl,,(®) and Cl,(®1) intersect (in the function z + y and
some others), but are not nested within one another. It is clear that the intersection contains
the set Cl(z + y).

In conclusion, let us formulate a question, which was left out of our considerations.

Question 6. Fix a function ¢. Does there exist the minimal element in the hierarchy Cl(p)?

Here we mean the following. As was shown, there exists the function ®, in terms of which we
can express the function x + y, such that the hierarchy C1(®) contains the hierarchy Cl(z + y),
and moreover, this inclusion is strict. The question arise: is it possible to find an infinite sequence
of functions ¥;, j =1,2,3,..., such that the strict inclusion Cl(¥;) C Cl(¥5) C CI(¥3) C ...
holds?

This work was supported by the Russian Science Foundation, project no. 19-11-00316,
https:// rscf.ru/en/project/19-11-00316/.
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OTHollleHrEe TIPeaIIopsadKa Ha MHOXKECTBE aHAJINTUYIECKNX
dbyHKIMit

Mapuga A. CrenanoBa
Maremarnueckniit nactrutyT uMm. B. A. Creknosa PAH
Mocksa, Poccuniickast @enepartust

Amnnoranus. B pa6ore u3y4ueHO OTHOIIEHYE IIPEIIIOPsIKa, KOTOPOE €CTECTBEHHO OIIPEIEIISIeTCsl Ha MHO-
JKECTBE AHAJIUTUIECCKUX (DYHKIUN NBYX KOMIJIEKCHBIX IMEPEMEHHBIX C ITOMOIIBIO CYMEPITO3UIUI aHAJIN-
TUYECKUX (DYHKINHA OTHON IepeMEeHHOiA.

KiroueBblie cjioBa: aHAJIUTUYECKAs] CJI0XKHOCTD, CYIIEPIO3UIUN aHAJINTUIECKUX (DyHKIHI.
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