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Abstract. In this paper, we improve and generalize several results in fixed point theory to the b-metric
space. Where we confirm the existence of the fixed point for self mapping 7" satisfying some rational
contractive conditions. Over-more, we establish the uniqueness of the fixed point in some cases and
give dynamic information linking the fixed points between them in the other cases. Some illustrative
examples are furnished, which demonstrate the validity of the hypotheses.
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Introduction

The fixed point theory is an exceptional combination of analysis (pure and applied), topology
and geometry. This theory stems from purely mathematical thought, and herein lies the difficulty
of developing and expanding this field. On the other hand, we find that the application of
these theorems as tool to study of non-linear natural phenomena gave amazing results that
match reality in various fields that include biology, chemistry, economics, engineering, game
theory and physics, which increased its aesthetic and importance, for more detait we refer reader
to [10]. Despite the difficulty of purely mathematical study, the fixed point theory developed
rapidly because of its applications in diverse fields, especially after the emergence of Banach’s
contraction [6], which is a basic result on fixed points for contraction type mappings, it was
introduced by great Polish mathematician Stefan Banach in 1922. It has been generalized in
various directions. These generalizations are made either by using contractive conditions or
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by imposing some additional conditions on the ambient spaces for more detail see references
[3-5,13,19, 20,22, 27].

There exist various generalizations of usual metric spaces. One of them is b-metric space or
metric-type space. This concept was first introduced by Bakhtin [5].

The b-metric space has been studied topologically in many works, including: such as
S. Czerwik [9], N.Bourbaki [8] which confirmed the fundamental difference between it and the
metric space, for example the b-metric is not necessarily continuous unlike the metric distance.

In 1993, Czerwik [9] extended the results of metric spaces that generalized the famous Banach
contraction principle for b-metric space. Later, several authors extended the fixed point theorem
in b-metric space. For fixed point results and more examples in b-metric spaces, the readers may
refer to [1,2,7,9,11-18,21-26]. The aim of this paper is to present some fixed point results for
mappings satisfying generalized contractive condition in a b-metric space.

1. Preliminary

In this section, we look back on some famous notions and definition of the b-metric spaces
which will be used in the sequel.

Definition 1 ([9]). Let X be a nonempty set and let s > 1 be a given real number. A mapping
d: X xX — [0,400) is said to be a b-metric if, for all x,y,z € X, the following conditions hold:
(b1) d(x,y) =0 if and only if x = y;

(b2) d(x,y) = d(y,x);

(b3) d(z, )(< sld(z, y) + d(y, 2)].

The triple (X, d, s) is called a b-metric space with constant s > 1.

Remark 1. It is obvious from the above definition that the class of b-metric spaces is larger
than that of metric spaces, since a b-metric space is a metric space when s = 1 but the converse
18 not true.

Remark 2. In general, the b-metric is not usually continuous (see example 4 in [19]).

Definition 2 ([21]). Let (X,d) be a b-metric space. Then a sequence {x,} in X is called

(a) convergent if and only if there exists x € X such that liT d(xn,x) = 0 and in this case we
n——+0oo
write lim x, = x;
n—-+oo

(b) Cauchy if and only if lim  d(zn,xm) = 0.

n,m—-4oo

Before starting, we present the following simple lemma proven by A. Aghajani, M. Abbas and
J.R.Roshan [3] which has a fundamental role in proving our results.

Lemma 1 ([3]). Let (X,d,s) be a b-metric space such that s > 1 and {z,} be a convergent
sequence in X to x. Then for each y € X, we have

1
—d(z,y) < liminfd(z,,y) < limsupd(z,,y) < sd(z,y). (1)
s

n—+o0o n—-+oo

2. Results

Firstly, we state and prove our first theorem that generalize and improve the result of Kho-
jasteh et al [20].
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Theorem 1. Let (X,d, s) be a complete b-metric space and let T be a self mapping in X. If there
exist five positive real number a,b,c, f, e € RY such that s?a < min{c, f} or s*b < min{c, f} and
forallz,y e X

d(z,T bd(y, T

= cd(z, Tx) + fd(y, Ty) + 6d(m7y). 2)

Then
1. T has at least one fized point © € X.

2. Every Picard sequence (T'xy)nen converges to a fized point.
3. If T has two distinct fized points &,y in X then d(z,y) > %.

a
Proof. Let (x,)nen be a Picard sequence(z,4+1 = Tx,) based on an arbitrary g € X. If there
exist an ng € N such that z,, = xp,+1 then, z,, is the fixed point of 7" and the proof is
completed. If z,, # x4 for all n € N, we follow the following steps:

Step 1: Let’s show that (2, )nen is a Cauchy sequence.
Case 1. If s?a < min{e, f}, by putting = x,,_1 and y = z,, in inequality (2), we find
ad(Tn—1,Tn+1)
cd(Tp—1,%n) + fd(xn, Tni1) +e
asd(xp—1,Tn) + asd(Tn, Tni1)
cd(Tp—1,2,) + fd(@pn, Tnie1) +e
asd(xn_1,Tyn) + asd(xy, Tpi1)

min{c; f} (d(xn,l, Tp) + d(xp, an)) +e

asd(Tp—1, ) + asd(xy, Trni1)

min{c; f}(d(wn_l,xn) + d(a:n,:nn+1)) +e

Since s?a < min{e, f}, then 0 < 6,, < = for all n € N, furthermore, the sequence (6, )nen is
s

d(xn7xn+1) < d(mn—lamn) <

d(xnflv xn) <

d(mn—h xn)-

for all n € N.

We denote that 8,, =

decreasing because for all n € N,

ase [d(mnH, ZTpta) — d(Tp_1, xn)]

[ min{c; f}(d(@n, Tni1) + d(@pg1, Tntz)) + €]
1

min{c; fH(d(¥n—1,2Zn) + d(Tn, Tny1)) + 6]

X

9n+1 - en

< 0.

T

On the other hand we have

d(l’n,$n+1) < ond(xn—hxn) <
g enen—ld(xn—% xn—l) g
< Onbp_1---b1d(xo, 21) <
< 0%d(zo,x1).

Now for all n, m € N such that m > n, we have

m—1

d(znaxm) < Z SiinJrld(miaxi-&-l) <

m—1
< s" "0 d (o, 1) <
591)” — (Sel)m 1
< X d(zg,x1).
1—s0, sn—1 (w0, 21)
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By passing to the limits n,m — 400 on a both side of previous inequality we get

lim  d(z,,zm,) =0. (3)

n,m—-+o0o
Then (z,,)nen is a Cauchy sequence in X.
Case 2. If s?b < min{c, f}, by putting * = z,, and y = x,,_; in inequality (2), we find
bd(l’n,h anrl)
cd(Tn, Tng1) + fd(rn—1,2,) +e

Similarly, as Case 1, we can deduce that (z,)nen is a Cauchy sequence in X.
Since the b-metric space (X, d, s) is complete, there exit & € X such that

d($n,$n+1) < d(zn—lyxn)-

lim =z, = .
n—-+oo

Step 2: We check that & is a fixed point of T
By putting x = &, y = z,, in inequality (2), we find

ad(Z, Tpt1) + bd(xy,, T)
cd(@,Tz) + fd(zy, Tny1) +e
By taking limit on both sides of (4), we have lim,,_, { o ©, = T%. Because of the uniqueness of
the limit, we find Tz = %.

Step 3: Suppose that T have two distinct fixed points &, ¢ in X and we find the distance between
them.

By putting = &, y = y in inequality (2), we find,
ad(&, ) + bd(y, &)
cd(z, &) + fd(y,9) +e

AT, xpe1) < d(z, zp). (4)

d(z,y) <

d(e,y) <

(0t D)) g,

Then d(&,7) > aé—;—b' This complete the proof of the theorem. O

Remark 3. If we takea=b=c= f=e=1 and s =1 in Theorem 1, we returne to results of
Khojasteh et al [20].

The following example support our Theorem 1.

Example 1. Let X = {0,1,2} andd : X x X — R defined by d(x,y) = (x—y)? for allz,y € X.
(X,d,2) is a complete b-metric space. Let T : X — X be a self mapping given by T(0) = 0,
T(1) =0 and T(2) = 2.
If x =y, the equation is obviously verified. Now, we treat the other cases.
If t=0andy =2,
d(0,2) < (d(0,2) + 5d(0,2))d(0,2).
If x=1andy=2,
d(1,2) 4 5d(0,2)

d(0,2) <
(0.2) 4d(1,0) + 1

d(1,0).

If x =2 andy =0,
d(0,2) < (d(0,2) + 5d(0,2))d(0,2).
If =2 andy =1,

d(0,2) + 5d(1,2)
4d(1,0) + 1
That mean that the equation (2) is verified with constants a =1, b=5,c=4,e=1 and f = 4.
Over more, all conditions of Theorem 1 was satisfied, then T has at least one fized point in X.

d(0,2) < d(1,0).

1
We remark that T has exactly two fized point 0,2, over more, d(0,2) > 5
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If we take s = 1 in Theorem 1, we get the following corollary.

Corollary 1. Let (X,d) be a complete metric space and let T be a self mapping in X. If there
exist five positive real number a,b,c, f, e € RT such that a < min{c, f} or b < min{c, f} and for
all z,y € X

ad(xz, Ty) + bd(y, Tx)

<
ATz, Ty) < cd(z, Tx) + fd(y, Ty) + e

d(z,y). (5)

Then
1. T has at least one fized point & € X.

2. Every Picard sequence (Tx,)nen converges to a fixed point.
e

at+b’

This example illustrates and supports Theorem 1 and Corollary 1.
Example 2. Let X = {0,1,2} associated with a metric d such that d(0,1) = 0.75, d(0,2) =1
and d(1,2) = 0.25. Also, d(z,y) = d(y,x) for all z,y € X and d(z,z) =0 for all x € X.

Let T be a self mapping in X such that T(0) =2, T(1) =1 and T'(2) = 2.

It is easy to conclude that (X, d) is a complete metric space and the inequality (5) was verified

3. If T has two distinct fized points &,y in X then, d(&,9) >

1
for all x;y € X with constant a = b = 5 = f=1ande= 1 According to Corollary 1, we
conclude that T has at least one fized point. (exactly, it has two fized point 1 and 2). Moreover,
the distance between them is d(1,2) > 1
Remark 4. It should be noted that Khojasteh et al theorem [20] is not applicable in this example

while the generalized Corollary 1 is applicable as shown in the example above, which proves the
robustness of our results.

Secondly, we state and prove our second theorem that generalize and improve the result of
A.C. Aouine and A. Aliouche [4].

Theorem 2. Let (X,d, s) be a complete b-metric space and let T be a self mapping in X. If there
exist five positive real number a,b,c, f, e € RY such that s?a < min{c, f} or s*b < min{c, f} and
forallz,y e X

ad(z, Ty) + bd(y, Tx)
Tx, Ty) <
4Tz Ty) cd(z, Tz) + fd(y, Ty) + e

Then T has a unique fized point & € X.

max{d(z,Tx),d(y, Ty)}. (6)

Proof. Let (x,)nen be a Picard sequence(z,+1 = Tx,) based on an arbitrary zo € X. If there
exist an ng € N such that z,, = xn,+1 then, z,, is the fixed point of 7" and the proof is
completed. If z,, # xz,1 for all n € N, we follow the following steps:

Step 1: Let’s show that (z,),en is a Cauchy sequence.

Case 1. If s?a < min{c, f}, by putting # = z,,_1 and y = z,, in inequality (6), we find
ad(Tn—1, Tn+1)
Cd(xn—lv xn) + fd(l‘n, Z‘n-&-l) +e
asd(xn—1,Tyn) + asd(xy, Tpi1)

max{d(xn,l, xn)v d(xna mn+1)} <

d(mnyanrl) <

g d n—1s n 7d n»s n g
cd(Tp—1,2n) + fd(xn, Trni1) +emax{ (@1, ), d(Zn; Tni1)}
asd(xp—1,Tn) + asd(xy, Tpi1)
< ; max{d(xn_1,2Tyn), d(Tn, Ty <
min{c; f}(d(zp—1,2n) + d(Tn, Tni1)) + € {d(@n-1,n), d{ +)}
< asd(xp—1,T,) + asd(xy, Tpi1) (n 1, 20).

min{c; f}(d(zp—1,2n) + d(Tn, Tni1)) + €
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We denote that 0, = — asd(zp1,2n) + asd(n, Tni1)
min{c; f} (d(xn—la Tp) + d(zp, $n+1)) +e

1
Since s?a < min{c, f}, then 0 < ,, < = for all n € N, furthermore, the sequence (6,,)nen is
s
decreasing because for all n € N,

for all n € N.

ase[d(Tni1, Tny2) — d(Tn_1,2n)]
[min{c; fHd(xpn, Tpt1) + d(@pt1, Tno)) + 6]
1
8 [min{c; f}(d(zn—1,2n) + d(Tn, Tni1)) + €]

9n+1 -0, =

X

< 0.

On the other hand, we have

d(x'ruxn—i-l) < end(xn—lvxn) <
< 9n€n,1d(l‘n,2, xnfl) <
< enen—l o 91d(330, xl) g
< 0%d(zg, 21).

Now, for all n, m € N such that m > n, we have

m—1
A(zn, ) <Y T d(2,2i40) <
mil
< Z 517"+10§d(x0,x1) <
(801)” — (801)m 1
< T 0, X sn_ld(sco,xl).

By passing to the limits n,m — 400 on a both side of previous inequality, we get

nﬂil_r>n+oo d(xp, xm) = 0. (7)

Then (z,)nen is a Cauchy sequence in X.
Case 2. If s2b < min{c, f}, by putting = x,, and y = 2,,_; in inequality (6), we find
bd(xnfla (En+1)

Cd(xn—la xn) + fd(xnz xn—&-l) +e
bsd(xn—1,Tpn) + bsd(Tp, Tni1)

d(xnaxn+1) < max{d(l'nfhxn)ad(xn»xn+1)} <

< d n—is+n ad ny+n <
Cd(l’n,l'n+1) +fd(xn_l,wn) +6max{ (.’E 1, T ) (.’1? xz +1)}
bsd(xp—1, ) + bsd(xy, Tpi1)
g d —1yn ?d ? g
min{c,f}[d(ﬂfn,ﬂﬂnﬂ) +d(xn71;mn)} Ye max{ (In 1 I;) (CCn xn-i—l)}
o bsd(xp—1,Tn) + bsd(zy, Tni1)

d(xp—1,%n)-
min{c7 f}[d(xna xn-i—l) + d(.13n_1, xn)] +e (x e )

Similarly, as Case 1, we can deduce that (z,)nen is a Cauchy sequence in X.
Since the b-metric space (X, d, s) is complete, there exit & € X such that

lim =z, = <.
n—-+oo
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Step 2: We check that & is a fixed point of T
Suppose that d(&, T¢) > 0

1
Case 1. If s%a < 3 min{c, f}, by putting = x,,, y = & in inequality (6), we find

) ad(xy,, Tt) + bd(zpy1, )
d(Tz,x, < s
(T#, 2ns1) cd(Tp, Tni1) + fd(i,TZ) + e

max{d(z,T&),d(n, Tnt1)}- (8)

On the other hand, we have

d(z,Tz) < sd(Z,zp41)+ sd(xpy1,TE) <
ad(xy, Tt) + bd(zpy1, )

< sd(z, s
sd(@ Tn1) + Scd(:z:n,san) + fd(z,T%) + e

max{d(d, T), d(zn, ns1)}. (9)

By taking limit superior on both sides of (9), we have

salimsup,, , . d(z,,Tt)

d(z,Tz) < Fd(i T7) + ¢ d(z,Tx). (10)
According to Lemma 1, we get
s%a
d(&,Ti) < md(a’;,m)?, (11)
then 2y
1< md(a’c,Ti). (12)

1
Since, s%a < imin{c,f}, then s?a < f, then s?ad(i,T4) < fd(i,T%) + e which contradict
inequality (12). Then d(&,T%) = 0 that mean T'¢ = 4.
Case 2. If s°b < min{c, f}, by putting x = i, y = z,, in inequality (6), we find

ad(Z, Tpy1) + bd(xy,, T)

d(Td,Tn41) S ———-
( o +1) Cd(vax)+fd(In7xn+l)+e

max{d(&, T%),d(xn, Tni1)}- (13)

Similarly, as Case 1, we can deduce that T2 = 7.

Step 3: Suppose that T have two fixed points &,y in X. By putting x = &, y = y in inequality
(6), we find

ad(z,y) + bd(y, &)
cd(z, %) + fd(y,9) + e

Then d(&,9y) = 0, that mean, & = gy, and this completes the proof of the theorem. O

d(z,9) < max{d(, &), d(y,9)}- (14)

Remark 5. If we takea=b=c= f=e=1 and s =1 in Theorem 2, we returne to results of
A. C. Aouine and A. Aliouche [4].

The following example illustrates and supports our Theorem 2.

Example 3. Let X =[0,4.5] and d: X x X — RT defined by d(x,y) = (x —y)? for all z,y € X.
(X,d,2) is a complete b-metric space. Let T : X — X be a self mapping given by

_— {4.5 if  €10,2.5]
4 if x €[2.5,4.5]
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Let z,y € X and denote

d(z, Ty) + d(y, T'x)
4d(xz, Tz) + 4d(y, Ty) + 1

m(z,y) = —d(Tz, Ty) + max{d(z,Tx),d(y, Ty)}.

if x € 0,2.5] and y € [2.5,4.5], we draw the curve of the function m over this domain (Fig. 1).
We remark that it is positive, which proves the validity of the inequality (6) for all z € [0,2.5]

and y € [2.5,4.5]. The other cases is trivial.

Therefore, by choosinga =b=e =1 and ¢ = f = 4 all conditions of Theorem 2 are satisfied.
Hence T has a unique fized point & in X (here & =4).

0.6

0.4

Fig. 1. Curve of the function m

If we take s =1 in Theorem 2, we get the following corollary.

Corollary 2. Let (X,d) be a complete metric space and let T be a self mapping in X. If there
exist five positive real number a,b,c, f, e € RT such that a < min{c, f} or b < min{c, f} and for
allz,y e X

o _ad(@,Ty) + bd(y, Tz)
= ed(x, Ta) + fd(y, Ty) +e

d(T'z,Ty) max{d(z,Txz),d(y, Ty)}. (15)

Then T has a unique fized point & € X.
Every Picard sequence converge to .

The following example illustrates and supports Corollary 2 and Theorem 2.

Example 4. Let X = {0,1,2} associated with a metric d such that d(0,1) = 0.6, d(0,2) =1
and d(1,2) = 0.4. Also d(x,y) = d(y,z) for all z,y € X and d(xz,z) =0 for all z € X.
Let T be a self mapping in X such that T(0) =2, T(1) =1 and T(2) = 1.
It is easy to conclude that (X,d) is a complete metric space and the inequality (15) was
1
verified for all x,y € X with constanta =b=c=f =3 and e = 1 According to Corollary 2,

we conclude that T has a unique fixed point. In additional, every Picard sequence converge to .

Remark 6. It should be noted that A.C. Aouine and A. Aliouche. Theorem [2] is not applicable
in this example while the generalized Corollary 2 is applicable as shown in the example above,
which proves the robustness of our results.

Third, we can generalize the previous theorems as follow:
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Theorem 3. Let (X,d, s) be a complete b-metric space and let T be a self mapping in X. If there

1
exist five positive real number a, b, c, f, e € RT such that s?a < 3 min{c, f} or s?b < 3 min{c, f}

and for all x,y € X,

ad(z, Ty) + bd(y, T'x)
cd(z,Tz)+ fd(y,Ty) +e

d(Tz,Ty) < max{d(z,Ty),d(y, Tx)}.

Then
1. T has at least one fized point & € X.

2. Every Picard sequence (T'xy,)nen converges to a fized point.

3. If T has two distinct fized points &,y in X then, d(z,y) > «ekb'
a

(16)

Proof. Let (x,)nen be a Picard sequence(z,+1 = Tx,) based on an arbitrary g € X. If there
exist an ng € N such that z,, = %p,+1, then z,, is the fixed point of 7" and the proof is

completed. If z,, # z,11 for all n € N, we follow the following steps:

Step 1: Let’s show that (x,)nen is a Cauchy sequence.

1
Case 1. If s%a < 3 min{c, f}, by putting = z,_; and y = x,, in inequality (16), we find

ad(Tp—1,%n11)
cd(Tp—1,2n) + fd(xpn,zny1) +e
asd(xp—1,Tn) + asd(xy, Tpi1)
cd(Tp—1,Tn) + fd(Tp, Tni1) +e
asd(xp—_1,Ty) + asd(xy, Tpi1)
min{c; f} (d(:l:n_l, Tn) + d(xn, xn+1)) +e

d(.l'n,.%'n+1) < d(xn—lvxn+l) <

/N

N

asd(xp—_1,T,) + asd(xy, Tpi1)
min{c; f}(d(xn—h In) + d(xn; xn+1)) te
1 1
Since s2a < 3 min{¢, f}, then 0 < 0,, < % for all n € N.
On the other hand we have

We denote that 6,, = for all n € N.

d(xn; In+1) g gn[Sd(xn—la xn) + Sd(l'ny zn+1)]7

then
0,5

1-06,s

d(xn7$n+1) < d(xn—l,xn)~

0ns

for all n € N.

We denote that \,, = 1

nS

1
SinceO<9n<Q—forallneN,then()g)\n<1.
s

Then d(xyn, Tpt1) < d(@n—1,z,) for all n € N, then d(zp41, Tni2) < d(Tp_1,Zn).

Furthermore, the sequence (6,,),cn is decreasing because for all n € N

9 o — ase [d(wnJrh Tpy2) — d(Tn-1, xn)} y
n+l — Un — .
" [ min{c; fH(d(@n, Tpi1) + d(Tni1, Tnio)) + €]

1
*Tmin{e; fH(d(@n—1,2n) + d(@n, Tny1) + €]

— 514 —
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Then the sequence (A, )nen is decreasing, then

d(xna$n+1) < )\nd(xnflaxn) <
< An)\n—ld(mn—%zn—l) g

AnAn—1 - A1d(xg, 1) <
/\?d(xo,l‘l).

VAN/AN

Now for all n, m € N such that m > n, we have

m—1
d@n,zm) < Y82, i) <
mil .
< ST N d(wg, 1) <
(A1) — (sA)™ 1
< d(z0, 71).
1— s\ x sn—1 (xo 331)

By passing to the limits n,m — 400 on a both side of previous inequality, we get

lim  d(z,,zm) =0. (17)

n,Mm—~+00
Then (z,)nen is a Cauchy sequence in X.
1
Case 2. If s°b < 3 min{c, f}, by putting « = x,, and y = z,,—1 in inequality (16), we find

bd(xn—la xn+1)
cd(Tn, Tng1) + fd(rn—1,2,) +e

d(xnvgjn-‘rl) g d(l’n_17l'n+1).

Similarly, as Case 1, we can deduce that (z,)ncn is a Cauchy sequence in X.
Since the b-metric space (X, d, s) is complete, there exit & € X such that

lim =z, = <.
n—-+oo

Step 2: We check that & is a fixed point of T
Suppose that d(&, Tx) > 0.

1
Case 1. If s%a < B min{c, f}, by putting z = z,,, y = & in inequality (16), we find

. ad(2y, TE) + bd(&, Xpi1)
T <
d( $7xn+1) Cd(xnaxn+l) +fd(x,T:r) te

max{d(&, Tp41),d(xn, TE)}. (18)
On the other hand, we have
d(z,Tt) < sd(&,zn41) + sd(xpy1,TE) < (19)

sad(xy, Tt) 4 sbd(Z, Tpq1)
Cd(xna -Tn-l-l) + fd(.l?, T'T) te

< sd(&,xpy1) + max{d(&, xny1),d(zn, T1)}. (20)
By taking limit superior on both sides of (20), we have

sa 2
. . < - 3 ¥ .
W) S 5 7wy 1 e Oﬁiﬂf Hen, Tm 2y
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According to Lemma 1, we get

sa

AT S T T v e

d(&,Ti)?, (22)

then sa Ji T
1< 55— d(@,T2). 2
fd(z,Tz)+e (&,T4) (23)

1
Since, s?a < imin{c,f}, then s?a < f, then s%ad(%,T4) < fd(i,T%) + e which contradict
inequality (23). Then d(&,T4) = 0 that mean T% = &.
1
Case 2. If sb < 3 min{c, f}, by putting z = & and y = z,, in inequality (16), we find

ad(Z, Tpt1) + bd(x,, T)
cd(@,Tz) + fd(zp, Tny1) +e

AT, xpe1) < max{d(&, Tpy1),d(Tn, TE)}.

Similarly, as Case 1 we can deduce that T4 = .

Step 3: Suppose that 7" have two distinct fixed points &, in X and we find the distance between
them.
By putting @ = &, y = ¢ in inequality (16), we find

ad(z,7y) + bd(y, &)

d(d,y) < cd(i, &) + fd(y,9) + e

e

Then, d(i, ) > ,

3. Discussion

e The Corollary 1 generalize the result of Khojasteh et al [1] and the Corollary 2 generalize
the result of Aouine and Aliouche [2].

e We note that the choice of constants related to inequalities (2), (5), (6), (15) and (16)
directly affects the dynamic result of Theorems 1, 2, and Corollaries 1, 2 and 3 respectively.
ad(z, Ty) + bd(y, Tx)

cd(z, Tx) + fd(y,Ty) +e
might be greater or less than 1, thus theorems is an special case of Banach contraction
principle. Example 1 illustrates this point precisely.

o If rangT is a closed sub set of X, the inequalities (2), (5), (6), (15) and (16) can be
restricted to rangT, and that does not affect the proof and the desired results, which
makes it easier for us to verify its validity and become more applicable.

e Note that the ratio in the inequalities (2), (5), (6), (15) and (16)

e The above results can be generalized into several generalized metric spaces as q; — ¢
b-metric space, partial metric space, ... .
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HexkoTopbie HOBbIE pe3yIbTaThl ¢ PUKCUPOBAHHON TOYKOI
B b-MeTpmyeckoM MPOCTPAHCTBE C PaAIlMOHAJIBHBIM
000OIIEHHBIM yCJIOBUEM CXKATUHA

Becma Jlayanu

Taku Daaun Yccaud
Jleitsia Benaya
VYuusepcurer Oym Dib Byaru
VYum Dap Byaru, Asxkup
JImnnana I'ypan
Sananubiii yausepcurer Apana
Bacune lNosnpnc, Apan, Pymbians
Croan PagenoBuu
Benrpanckwuit yausepcurer
Benrpan, Cepbust

Annoranusi. B sToit crarpe Mpl yuydimaeM u 0000InaeM HEKOTOPBIE PE3YJIbTATHI TEOPHUH HEIOBUXK-
HBIX TOYEK Ha b-MeTprdecKoe MpOCTPAHCTBO. [/1e MBI MOATBEPXK Ja€M CYIIECTBOBAHNE HEITOIBUKHOM TOY-
KU JUIsT caMoOoTobpazkeHus 1', yIOBIETBOPSIONIEN0 HEKOTOPBIM PAIIMOHAIBHBIM CKUMAIOIIAM YCIOBUSIM.
Bosee Toro, Mpl ycraHaBIMBaeM YHUKAJIHHOCTDL (PUKCHPOBAHHON TOYKN B HEKOTODPBIX CIydasx U JTaeM
IMHAMIYIECKYIO MHMOOPMAIINIO, CBSI3BIBAIONLYIO HEITOJABUKHBIE TOYKU MEXKY COOOH B APYTHUX CIIydasX.
IIpuBeieHb! HArIsIHBIE IPUMEDHI, JEMOHCTPUDYIOIINE CIIPABEIINBOCTD TUIIOTES.

KuaroueBbie cioBa: MeTprudeckoe MPOCTPAHCTBO, b-METPHUYECKOE MPOCTPAHCTBO, MOCJIEI0BATEIHHOCTE
ITukapa, bukcupoBaHHAsT TOYKA, OTOOpPArKEHNE PAIMOHAJIBHOTO CXKATHUS.
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