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Abstract. Examples of computing power sums of roots of systems of equations, including transcenden-
tal, are considered. Since the number of roots of such systems is, as a rule, infinite, it is necessary to
study the power sums of roots in a negative degree. Formulas for finding residue integrals, their con-
nection with power sums of roots to a negative degree, multidimensional analogues of Waring’s formulas
are given.
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Introduction

Basing on the multidimensional logarithmic residue, L. A. Aizenberg has obtained formulas
for power sums of roots of systems of non-linear algebraic equations in C" [1, Theorem 2, Corol-
lary 2|. These formulas enable us to find sums of values of holomorphic functions in roots without
calculation of roots themselves, and to develop a new method of investigation of systems of equa-
tions in C". For different types of systems, such formulas have different forms.

This was proposed by L. A. Aizenberg [1], and the development of this idea was continued in
monograph [2|. The main idea of the method is to find power sums of roots of a system in positive
degrees, and then use either one-dimensional or multidimensional Newton recurrent formulas to
recover them. Unlike the classical elimination method, this method is less time consuming and
does not increase the multiplicity of roots. The base of the method is a formula [1] obtained by
using the multidimensional logarithmic residue for evaluation of sums of values of an arbitrary
polynomial in roots of a given system of algebraic equations without calculation of the roots
themselves.

As a rule, we cannot obtain formulas for the sums of roots of non-algebraic (transcendent)
equations, because the set of the roots can be infinite, and power series of their coordinates
can be divergent. However, the non-algebraic systems of equations arise, for instance, in the
problems of chemical kinetics [3]. Therefore, such systems demand further investigations.

The power sums of negative degrees of roots of various transcendent systems are studied in
papers [4-9]. These sums are calculated by means of residue integral over skeletons of polydisks
with center at the origin. Note that this residue integral in general is not a multidimensional
logarithmic residue, or the Grothendieck residue. There exist formulas of residue integrals for
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various types of homogeneous systems of lower orders, and established connections with power
sums of roots of the system in negative degree.

More complicated systems are investigated in the works [7,8]. Here the lower homogeneous
parts allow expansion into product of linear factors, and the cycles of integration in the residue
integrals are determined by these factors.

The subjects of the paper [9] are algebraic and transcendent systems of equations, where
the lower homogeneous parts of functions form non-degenerated system of algebraic equations.
Formulas were found for the residue integrals, power sums of the roots in negative degree, and
multidimensional analogs of the Waring formula, i. e., the relations between the coefficients of
the equations with the residue integrals. In the next section we use the results of this article.

1. Principal statements

Consider a system of equations f(z) = 0, where f(z) = (f1(2), f2(2),..., fn(2)) are functions
of the form

fi(z) = P;(2) + Q;(2) = 0, (1)
where P; is the lower homogeneous part of the function, i.e. degree of all monomials (in all
variables) in @; is strictly greater than in P;.

Biz)= Y bl
187 |=m,
and functions Q); develop in Taylor series in a neighborhood of the origin that converge absolutely
and uniformly:

llad{|>m;

For non-degenerate systems of polynomials P, i.e. such that there exists only one their
common zero — the origin, one can show that ([9, Lemma 1|) the cycle

FP:{ZG(CnZ|Pj|:Tj, rj>0,j=1,7n}

is a compact set that does not intersect with the coordinate axes for almost all r;.
Denote by J, the residue integral

1 Lodf _

= (Qwﬁ)nr/ e A
1 / 1 dfy | df af.
(2W\/j1)n Z’Y1+1 Y2+l . Ynt+1 fl f2 et fn )

-z ce2n
p 1 2

where v = (1, ... Vn)-

Theorem 1.1 ([9], Theorem 1). Under the assumtions made, for a system of equations of the
form (1) we have

« A- Qa
= >, (=nlelom Lypaﬂ] ; (2)
lall<Ilyll+n
where A is the Jacobian of the system (1), Q% = Q7' - ... - Q%~, and M is a linear functional

that to a Laurent polynomial assigns its free term.
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We shall additionally assume that the system of polynomials P does not have zeroes at the
infinity in the space C" and consider the case Q;(z) are polynomials of degree s; with the
condition: for each ¢

deg, P <deg, Q;, deg, P >deg, Qi i#].

1
We make in the functions f;(z) = Pj(z)+Q;(#) the change z; = . assuming that all w; # 0.
We get '

1 1 1 ~ ~
fj(ﬂfl""’wn) T mn.(Pj(w)Jer(w)),

J
wy j . Wn

where P( ) and @j(w) are polynomials with the property deg ﬁj > deg @j, and f;(w) =

Pj(w) + Q;(w).
Denote by I's the cycle

Is={weC":|Pj|=¢j, & >0}
Then for an arbitrary multi-index v the integral J, is equal to ([9, Lemma 9|)

( 1)77, v1+1 y2+1 Yn+1 dN)l df? dfn
J “e. n . — —= .
N = ( 7) /’U} + Wy wy, ,\1, A\ ~2 A\ -

Moreover, if wy,...,w, are zeroes of the system f(w) = 0 (counting multiplicities) where
Wi = (Wk1, W2, - - - , Wkp) then

1 1 1
J _E w"/1+ ’Yz-‘r w;y;;-i— )

These zeroes are related with the zeroes 21, ..., 2, of the original system that do not lie on the
1

coordinate axes via zp,, = ——. Collecting obtained formulas and computing the integral in
km

(2) using the transformation formula for the Grothendieck residue, we get the main result.

Theorem 1.2 ([9], Theorem 6). Under the assumptions made, the power sum of roots of the
system (1) is equal to

P
1 L
Y ST T T S T
- ¥ (—1)“""'¥/w7“-w:
_ I
lall<Imll+n @rv=rJ pet

_ s,7=1
= n b
z : . k.- | n B N;j+B;+N;
KNI y]1+n [T j=1(ksj) [T= w;

(—1)lEln T, (E?:l ksj)!im[w”“ A-det A-Q*I[" ak

where the summation is performed over all integer non-negative matrices K = ||ks;|5 ;=1 such
that the sum Z:Zl ks; = o, and the sum Z?=1 kjs is denoted by 8s. The polynomial coefficients
as; are taken from the representation

N +1
g a]kpka

and det A is the determinant of the matriz of coeﬁicients.
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2. Examples

Example 1. Consider a system of equations in two complex variables

f1 (21,22) =1 +a121 +agze = O7
fa(z1,22) = 14 b1z1 + bz = 0.

1 1
Let us replace the variables z; = —, z5 = —. Our system will take the form
w1 wo

{fl = wiwz + ayws + aswy = 0,

}72 = wiwsz + bjwsg + bowy = 0.

Subtract the second equation from the first one and pass to the system of the form

fi = wiws + ajws + azwy =0,
fa = (a2 — ba)wy + (a1 — by)wy = 0.

The Jacobian A of the system (4) is equal to

~ wo +a9 w1+ a
A=2T7 TET — (Cag + bo)wy + (a1 — by)wa + (arby — aghy).
ag — bQ a; — bl

Note that

C~22:0-

131 = wiwaz,
132 = (a2 — bg)u}l + (a1 — b1)w2.

{Ql = a1W2 + awi,

Let us calculate det A. Since
wi = a1 Py + ai2Ps,

) _ _
wy = a1 P1 + axnPs,

where P, = wiwsy, Py = (a2 — b2)wy + (a1 — by)ws. Therefore, the elements of a;; are equal

ay — bl w1
aj] = — g = —2
B ag — by 12 az — by
az — b2 w2
as] = — oy — 22
21 a1 — by’ 22 —
Therefore,
det A = —— 2 + wr (a2 — ba)wy — (a1 — by)ws
ag—bs  a;—b (a1 — by)(az — by)

By Theorem 1.1

J0,0) = >
’ k11!« k1! kop! - kao!
|K||=k11+k12+ko1+ka2<2
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A Ak11+ka1 | Ak12+kao k11 k12 k21 k22
m[A'detA'Ch Q3 (apy - ay3” - Ao ‘%21
b

2(k k 2(k k
wl( 11+k12) .w2( 21+ka22)

(=D (ki + K1o)! - (ko + ko)

- ¥
’ kil kig!-kor!- koo!
| K l|=k11+k12+ko1+ka2 <2

<M (—1)ktkar ((ay — by)wy — (a1 — by)wsa) - ((a1 — by)wa — (az — ba)wy + (a1bs + aszby)) y
(al _ b1)1+k21+k22*k11 . ((12 _ b2)1+k11+k12*k21

y [(a1w2 + a2w1>k11+k21 . 0k12+k22]

w?kll“l‘kl? . w§k21+k22

Calculate the values of the sums using the fact that ég =0.

(0,0,0,0) :
((a2 — b2)w1 — (a1 — b1)wz) - ((a1 — br)wa — (a2 — b2)w1 + (a1by 4+ azb1)) |
fm{ (a1 —b1) - (a2 — b2) }707
(1,0,0,0) :
((a2 = b2)wr — (a1 — b1)w2) - ((a1 — br)we — (a2 — b2)wi + (a1b2 + a2b1)) - (a1wa + azwy) |
n| (a2~ b2 07 |-
_ Cbz(a1b2 - ale)
a2 — b2 ’
(0,0,1,0) :
((a2 = b2)wr — (a1 — b1)wa) - ((a1 — br)wa — (a2 — b2)wi + (a1ba 4+ a2b1)) - (a1wa + azwy) |
Sm{ (a1 —b1)? - w3 } a
—a1(a1bz — azb1)
- a; — b1 ’
(2,0,0,0) :
((a2— b2)wi— (a1 — b)wz) - (a1 — b)wa— (a2 — ba)wi+ (arbz+ azb1)) - (arwa2+ azw1)? - (a1 —b1)]
Em{ (az = b2)? - wi } a
_ —a3(a1 —by)
a2 — b2 ’
(0,0,2,0) :
_ ((aa— b2)w1 — (a1— b1)ws) - ((a1— b)wz— (az— ba)wi + (arba+ a2by)) - (arw2+ azw1)? - (a2 — by) _
Em{ (a1 —b1) - w3 } ;
_ —ai(az —by)
al — b1 ’
(1,0,1,0) :
B ((a2 — b2)wr — (a1 — by)ws) - (a1 — br)wa — (a2 — b2)wi + (a1bs + azby)) - (a1wa + azw)? _
im{ (a1 —b1) - (a2 — b2) - w} - w3 }7
_ —ai(az — b)? n —a3(a1 — b1)? 4 dayas.

(a1 —bi)(a2 —b2) (a1 —b1)(az — b2)
Therefore,

ag(albg — agbl) _ al(albg — azbl) _ 2@%(@2 — bg) _ 20,%(&1 — bl)
as — by a; — by a; — by az — ba -

J(O,O) = 4@10/2 +
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Calculate the power sum of the root system (3) directly. We multiply the first equation of
the system by bs, the second by as and subtract one from another. Thus

az — by
2= 5
airby —ashy’
ay — by
29 = —— .
arby — azby

By Theorem 1.2

i 1 (a1b2 — (Ile)Q

J — )
(0,0) 21 - %2 (a1 — b1)(az — b2)

j=1

which coincides with the value found above.

Example 2. We shall use the result of the previous example in the case of a non-algebraic
system. Recall the well-known expansions of the sine into an infinite product and a power series:

sm\f = ()RR
H( ) e

which uniformly and absolutely converge on the complex plane and have the order of growth
equal to 1/2.
Consider the system of equations
siny/a12z1 + aszs oo a1z1 + agzo
1-————| =0,

J1(z1,22) = = II m2n?

N
sin BE O _ 5 (bbb
Vhizi + b2y = s2m?

Using the formula obtained above in Example 1 and the well-known expansion of the series,
we obtain that the integral Jy ¢ is equal to the sum of the series

f2 (21, 22) =

o0
(Cl1b2 - CLle)Z
J = .
(0,0) Z m4(s2a; — m2by)(m2bs — s2az)

m,s=1
o0 oo
J - Z 4@1&2 + Z a1b2 — a2b1 a1 a2
0,0) = -
(0,0) m4m?2 m4m?2 m2b; — s2a; m2by — s2ay
m=1 m,s=1
00 2 > 20,2 2
B Z 2a2(m?b; — s al) B Z 2a7(m?bs — s%as)
A (m?2 A d (2 2.\
m4ma(m?2b s2a mimA(m2b; — s%a
m,s=1 27 2) m,s=1 ( 1 1)

The value of this series is found in the articles [5] and [7].
The author was supported by the Russian Foundation for Basic Research (project no. 19-31-
60012).
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IIpnmepsbl BbIYNC/IEHNS CTEIIEHHBIX CyMM KOPHEI cucTeM
yYpaBHEHU

Esrenusa K. MpinkunHa
WNucruryT Bhraucinresnsaoro mogenuposanns CO PAH
Kpacnosipck, Poccuiickass @eneparms

Awnnoranusi. PaccMoTpenb! TpuMephl BRITUCIEHUS CTEIIEHHBIX CyMM KODHEH CHCTEM yPABHEHUIl, B TOM
YHhCsIe TPAHCIEHIEHTHBIX. TaK KaK YUCI0 KOPHEH TaKuX CUCTEM, KaK IPaBUJIO, BECKOHETHO, TO HEODXO-
JIMMO U3YYUTh CTEIeHHbIE CYMMbI KOPHEH B OTpUIlATE/IbHOM cTeneHu. [IpuBeneHbr (hOpMyJIbI JIJIsT HAXOXK-
JIeHUsI BBIYETHBIX MHTEIPAJIOB, WX CBA3b CO CTENEHHBIMU CyMMAMHU KODHEH B OTPUIATEHHOHN CTeleHw,
MHOTOMepHbIe aHajiorn ¢popmysa Bapunra.

KuroueBbie ciioBa: TpaHCIEHJIEHTHBIE CUCTEMbI YPaBHEHU, CTEIIEHHbIE CYMMbI KOPHEl, BbIYETHBIE WH-
TerpaJibl.
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