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Abstract. The purpose of this work is to construct a multidimensional analogue of the Blaschke
factors. The relevance of the construction of this analogue was prompted by a recent joint article by
Alpay and Yger devoted to the multidimensional interpolation theory for functional spaces in special
Weyl polyhedra. By such a factor we understand a set of special inner rational functions in a unit
polydisk. We construct inner rational functions for the case of three complex variables, in particular,
using the Lee-Yang polynomial from the theory of phase transitions in statistical mechanics.
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Introduction

In 1915 Wilhelm Blaschke introduced a very important class of functions of one complex
variable, which allowed solving important problems of interpolation theory in a unit disk.

Definition 0.1 ([1]). The one-dimensional Blaschke product is a function of the form:

B(z) =[] =2~ (1)

1—2zp2’
E>1 k

where {z1,22, ..., 2n, ... } 18 a sequence of points in the unit disk D C C.

In the case of a finite number of points {zx} from the disk, no restrictions are imposed on
them, however, when moving to a countable set of points, the so-called Blaschke condition is
added for the correctness of the definition:

Z(l — |zk]) < 0. (2)

k=1

This concept made it possible to solve important problems of interpolation theory in a single
disk. For example, Blaschke’s theorem states that a sequence {z} in a disk is a zero set for a
holomorphic function bounded in D if and only if the series in (2) converges.

Except for the case of bounded functions, similar descriptions have been obtained for
functions from Hardy classes.
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Before proceeding to an analogue of the Blaschke factors in the multidimensional case, let

us take a closer look at the Blaschke factors in the one-dimensional case. Note that each factor

2k — X . . . .

by = . of the product (1) is a fractional rational function of the form:
z

_r(z) _ _4a(1/7)

T T T

In the case when ¢ has real coefficients, the functions by can be represented as:

_a2)
b= q(z)

The idea of our generalization of the Blaschke factors 1is to construct such

‘elementary’ factors for several complex variables. We would like to note that such a
construction was carried out under the influence of the results of Alpay and Yger [2].

1. Multidimensional analogue of the Blaschke factor in the
space C3

By the analogue of the Blaschke factor in C* we shall understand the triple of special inner
rational functions in the unit polydisk of C3. We will construct inner rational functions using the
Lee-Yang polynomials (see [3]). In order to do this, we fix an arbitrary symmetric n X n matrix
(ajr) with real coefficients satisfying the condition 0 < |a;jx| < 1. The corresponding Lee-Yang
polynomial is constructed according to the given matrix as follows:

f(zl,ZQ,...,Zn) = ZH (Zj H ajk> s

7 jeJ k¢J
where J runs over the set of all subsets of {1,2,...,n}.

Let us present some important properties of this polynomial. Recall that the amoeba Ay
of the polynomial f is defined as the image Log V' of the zero set V = {z € (C\0)" : f(z) =0}
under the map Log : (21,...,2,) — (In|z1],...,In|z,]) (see [4, 5, 6]). Taking into account the
following expression:

f(ZlaZZa"';Zn) = 2122...an(1/21,1/232,...,]./Zn)
the amoeba of the polynomial f is symmetric with respect to the origin. Moreover, the following

theorem is valid.

Theorem 1.1 (M. Passare, A. Tsikh [7]). Let A be the amoeba of the Lee-Yang polynomial, then
the closed positive and negative orthants =R} intersect the amoeba A only at the origin:

R NA=-R?NA={0}

Consider the Lee—Yang polynomial in three variables associated with the matrix

aiy a b
(ajg)=1| a a c |,
b C ass

where {a11,a22,ass, a,b,c} € (—1,1)\{0}. The corresponding Lee—Yang polynomial is
f = (212223 + bezy 20 + abzazs + acziz3) + (abzy + acza + bezs + 1).

We introduce the following
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Notation. Split the polynomial into two parts and denote
® f1 = 212023 + bcz1zo + abzozs + aczy 23,
o fo =abz; + acze + bezz + 1.

Next, we fix an arbitrary (2{, 29, 29) from the distinguished boundary

A={lz]=1,j=123}
of the polydisk D? C C? and consider the following sequence of functions:

p1:f1(2?7227z3)5 p2:f1(zlyzg7z3)a p3:f1(2’172'272§)7
a1 = f2(20,22,23), @2 = fa(z1,29,23), q3 = fa(z1,22,29).

Definition 1.1. We call the map (pl, b2 p?’) a three-dimensional analogue of the Blaschke

Qg g3
factor if the zeros of the polynomial fo = abzy + acze + beczs + 1 do not intersect the open unit

polydisk D> (in this case, q; will be called valid).
Recall an important definition.

Definition 1.2 (see [8]). A function g € H®(D") is called inner if its radial boundary values
g*(s) satisfy the condition |g*(w)| = 1 almost everywhere on T™.

In fact, the Blaschke product is an inner function. Our theorem below shows that the defini-
tion we introduced corresponds to this property.

Theorem 1.2. The functions p;/q; in Definition 1.1 of the Blaschke factors are inner functions
in the polydisk D3.

Proof. Since q1 = fa(2?, 22, 23), the zeros of the denominator ¢; on the unit distinguished bound-
ary are also zeros of the polynomial f5. It can be noted that for |ab|+|ac|+|bc| < 1, the polynomial
fo has no zeros in the closure of the unit polydisk D3, but then the denominators g; have no
zeros in the same closure. For |ab| + |ac| + |bc| = 1, the polynomial f, has a single zero on the
distinguished boundary (21, 22, 23) and has no zeros inside the polydisk. In this case, the denom-
inator ¢; has a single zero on the distinguished boundary if 2, = z?; otherwise, ¢; does not vanish
in the closure of a single polydisk. If the inequality |ab| + |ac| + |bc| > 1 is satisfied, then the
polynomial f> has zeros inside the polydisk, so the corresponding denominators ¢; are not valid.
Thus, the permissible denominators vanish at no more than one point from the distinguished
boundary. Therefore, almost everywhere on 7% we have:

0 0 0 0
p1 = f1(2], 22, 23) = 212223 + bcz{ zg + abzezs + aczizs =

0 bc ab ac 0 1 1 1
= 217273 — + 0+ +1 22122Z3f2 0. v |>
zZ3 21 V) Z1 %2 23

0 0 0 0
p2 = f1(21, 23, 23) = 212523 + bez1 29 + abzgzs + acz 23 =

0 bc ab ac 0 1 1 1
=anznzn|—+t—+tgtl]|=anzsf(— 5 —),
z3 2 Z5 %1 R Z3

p3 = f1(z1, 22, zg) = zlzgzg + bezzg + aszzg + aczlzg =
bc ab ac 1 1 1
:legzg <ZO+++1> :legzgfg < 0) .
3

21 29 21 29 28
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From these equalities we obtain the following chains of equalities for modules of functions
P1 P2 P3

—, ==, ==, which are valid almost everywhere on the distinguished boundary:
q1 g2 (J3
212223f2( 0; Zl ) zl ) fQ(%a Zivzi)
D1 27 23 |0 | P 3
—| = = |Z122%3 ==
7 f2(21722,23) ! f2(29, 22, 23)
1 - _
f2( ?722723) . f2(2Y, 2, 73) _ f2(2, 22, 23) 1
| fa(2), 22, 23) J2(2), 22, 23) f2(29, 22, 23) ’
P2 leZZ3f2( 21 Zlgv Zld) 0 f ( z1) 207 Zld)
= Fo(o1, 20 = || || =
7 2(21, 29, 23) fa(z1, 23, 23)
101 1 - _
R e s) _ | f2(71, 20, 5) | fa(z1, 29, 23) _q
fa(z1,29, 23) Ja(z1, 29, 23) fa(z1,29, 23) ’
n2028 f2(E, £, %) C )
b3 17 227 z3 17 227 z3
= = 5 = |z122723] ol =
q3 fa(21, 22, 29) fa(21, 22, 25)
1 - _
f2(71’5 EL f2(21, 22, 29) falz1,22,28) |
| falz1, 22, 28) fa(z1, 22, 25) fa(z1, 22, 25)

That is, moduli of the radial boundary values are almost everywhere on the distinguished bound-

ary equal to 1, so functions
pL P2 P3
a1 g2 g3
are inner by definition. O

To describe the valid denominators of ¢;, we need the following

Definition 1.3 (see [9], Sec. 14, p.125). Let C' be a nonempty convex set. Then the closed

convex set .
C={z|Va" € C,(z,2") < 1},

is called the polar of the set C.

If the set C itself is closed and contains the origin, then it coincides with the polar of its polar

set .
Cc=cC
For more information about convex sets and other properties of the polar, see [9].
Let us find the polar of the cube K = [—1,1]3. For this we need to find all points that satisfy
the equation

za* +yyt + 22" <1 Var e [-1,1], y* € [-1,1], ¥ € [-1,1].

Since we compare everything with one in this equation, there is no point in checking the fulfillment
of this inequality for intermediate values. Because if the inequality holds for boundary values,
then it holds automatically for values inside the segment. Therefore, we have the system:

xr® +yy" + 22" <1 Vo' yt 2t e {-1,1},

which can be written as a single inequality |z| 4 |y| 4+ |z| < 1 in the conjugate space.
We need the constructed polar to describe the valid denominators, namely
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Theorem 1.3. The denominators g; are valid if and only if the pairwise products (ab, ac, bec) =
= (x,y, z) lie in the polar and satisfy the system of inequalities:

yz
T
1> 50
Y
Ty
z
Proof. If the denominators g; are valid, then the polynomial fo = abz; + acza + bezz + 1 has
no zeros inside the unit polydisk. And this is possible, as we have shown above, if and only if
|ab] + |ac| + |bc| < 1, that is, when the pairwise products of (ab,ac,bc) lie in the polar. The

system of inequalities arises from the following reasoning:

1> >0

1> >0

a € (—1,1)\{0} 0<a®<1 0< bggz <1
be (-1, 1)\{0} ~<C0<b®<1l ~ O<%<1 ~
€ (-1,1)\{0} 0<c?<1 0< e <
0 < abac <] 0<Z <1
~Q0<ekte < ~q0<E L
0<aepe <1 0<% <1

O

Let us visualize the resulting set. In Fig. 1, 2, we can see the points from the boundary of
the polar satisfying the resulting system of inequalities. In the first figure, the edges of the polar
set of the cube (of the regular octahedron) are highlighted in red, and the intersection is green.

Fig. 1. Visual representation of the intersection of solutions of the system of inequalities and the
boundary of the polar
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00
-0.5
-1.0

1005 00 g5 44 10

Fig. 2. Computer representation of the intersection of solutions of the system of inequalities and
the boundary of the polar
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2. The second approach to constructing an analogue of the
Blaschke factors

In this section, when constructing a generalization of the Blaschke factors, we start from the

L of the

form of this factor in the one-dimensional case. As we noted earlier, each factor —
— 2R
product (1) is a rational function of the form:

b = P2 _ L a(/7)

az) " Talz)

where ¢(z) = 1 — Z;z is a polynomial of the first degree that has no zeros inside the unit disk D.

In this case, when switching to the multidimensional case, we can take as such a polynomial the
following one
q(zlv"'azn) = 1+Clzl++CnZna

where (C1,...,Cn) € {(21,--+,2n) € D™ : |21| 4+ ... + |2n] < 1}. With such restrictions on the
coefficients of a given linear polynomial, it will not have zeros inside the unit polydisk D™. Note
that these constraints are consistent with the one-dimensional case. As a numerator p(z1, ..., z,)
we can take the following polynomial, which also agrees with the case of one complex variable:

(21, vzn) =21 2n - q(1)Z1, .0, 1) Z,).
Now fix an arbitrary point (29,...,29) from the distinguished boundary
A:{|Zj| =1,j= 17”'7”}

of the polydisk D™ and consider the following set of functions:

p1 =00, 2m)s ooy Dn=p(z1,...,29),
Q1:q(z?;"'azn)7 R q’VLZQ(Zth?z)
Definition 2.1. The map (]31, ey pn) is called the multidimensional analogue of the Blaschke
q1 dn

factor.

Theorem 2.1. The functions p;/q; in the definition of the analogue of the Blaschke factor are
inner rational functions in the polydisk D™.

Proof. Since 1 = q(2Y,...,2,), the zeros of the denominator ¢; on the unit distinguished bound-
ary are also zeros of the polynomial g. It can be noted that for |(;|+...+|¢,| < 1 the polynomial
¢ has no zeros in the closure of the unit polydisk D®, but then the denominators ¢; have no zeros
in the same closure. For |(1|+ ...+ |(,| = 1, the polynomial ¢ has a single zero on the distin-
guished boundary (21, 25, 23) and has no zeros inside the polydisk. In this case, the denominator
¢; has a single zero on the distinguished boundary if 2; = 2¥; otherwise, ¢; does not vanish in the
closure of a single polydisk. Thus, g; vanish at no more than one point from the distinguished
boundary. Therefore, almost everywhere on T™ we have

pr=p(2 2. )=z G G2 2 =
0 CTl é‘L 0 _ 1 1
=z 2|+ F=F+1)=2{ ... 2y — ., — .
' n<z? Zn ) ! " q(z?’ " Zn
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From this equality we obtain the following chain of equalities for the module of the function

&, which holds almost everywhere on the distinguished boundary:

q1
” z?znq(%,,%) 0 | 7%,...,%
== =|z7-... 2 =
Q q(29,...,2n) ! (29, 2)
1 1
_ Q(gw 757) _‘q(z?,. 2 Zn) 1
q(z?’ . b Zn) q(z?J M b Zn)

That is, the module of the radial boundary values are almost everywhere on the distinguished
boundary equal to 1, so the function b is inner by definition. Having carried out similar

q1
reasoning for the remaining rational functions

P2 o

q2 dn
we obtain the statement of the theorem. O
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O mHOX)UTENAX bBiidgiiike B mojmancke

Martseit E. /Ilypakos
Cubupckuit de1epalibHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas @eneparnys

Awnnoranusi. Iless Hacrosimeil paboTbl COCTOUT B IOCTPOEHUM MHOIOMEDHOI'O aHAJIOTa MHOYKHUTEJISI
Buramke. Ha akTyaJabHOCTD IOCTPOEHUS JAHHOTO aHAJIOTa HAC HATOJIKHYJIA HEJIAaBHSIS COBMECTHAS CTATh
Aumas u Uxkepa, KoTopasi OCBSAIIEHA MHOTOMEPHON WHTEPIIOJISAIIMOHHON Teopun jiyisi (PYHKIIMOHATBHBIX
IIDOCTPAHCTB B CIIENMAJIbHBIX Iojndapax Beitsna. Ilox TakuMm MHOXKHUTEeeM MBI Oy/neM IOHHMATh HAOOD
CIIENUAIbHBIX BHYTPEHHUX PAIMOHAJIBHBIX (DYHKIUI B €JMHUIHOM MOJHKpyTe. llocTpoenmne BHYTpeH-
HUX PAIMOHATIBHBIX MYHKIUN U1 CIydasi TPeX KOMIIJIEKCHBIX IIEPEMEHHBIX TPOU3BEEM, B YaCTHOCTH, C
IIOMOIIbI0 MHOrO'WIeHa JIu-AHra u3 Treopun pa30BbIX MIEPEXOJIOB CTATUCTUIECKON MEXaHUKH.

KuarouesBsbie cioBa: npoussenenne bisiiike, maorowren Jlu-Aura.

— 252 —



