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PE®EPAT

BoinyCkHas — kBanudukanuOHHas padbora mno Teme «METOIUMKA
N3YUEHUA TEMBI «TPUTTOHOMETPUYECKHWE YPABHEHUA» B KYPCE
MATEMATUKHAU CPE}IHEPI [IKOJIbl» conepxkutr 54 cTpa”HUIBl TEKCTOBOTO

TOKyMeHTa, 41 ucronb30BaHHIX UCTOYHUK, 3 TAOIUIIBI, 2 TPUITOKESHHUS.

TPUTOHOMETPUYECKME VYPABHEHWA, METOJbl PEIIEHMSA
YPABHEHMUIA.

AKTYyaJqbHOCTh HCCIICIOBAHUS COCTOMT B TOM, 4YTO TPUTOHOMETPHYCCKHUE
ypaBHEHUS U3 T'0Jia B TOJ] BCTpeUaroTcs B 3gnanusix EI'D (e1MHOro rocy1apcTBEHHOTO
9K3aMEHAa) BTOPOM YaCTH, TJI€ UM YAEISIOT 0CO00€ BHUMAHUE, YTOObI HAOpaTh
HanOOoJIbIlIee KOJIUYSCTBO OAJIOB.

Ienb paboTHI: paccMoTpeTh METOJIUKY U3Yy4YCHUS TEMBI
«TpuroHOMETpUYECKHUE YPAaBHEHUS» B KypCce MaTEMaTHKHU CPEIHEH IIKOJBI.

OOBEKT Huccaea0oBaHus: MPoIecc 0O0yUYSHHUs] MaTEMaTHUKE B CPETHEH IIIKOJIE.

[Ipeamer wucciaenoBaHUsA. METOAWKA  HM3YYCHHUS  TPUTOHOMETPHUUYECKUX

YpaBHEHHUM.

OCHOBHBIC 3a1a49H UCCJICIOBAHUS

1. U3y4nuTth TEOpETUUIECKHE OCHOBBI TeMBI « T pUTOHOMETPHUUYECKUE YPaBHEHUS
U PACCMOTPETHh METOJIBI PEIICHUS TPUTOHOMETPUUECCKUX YpaBHEHUIH;

2. Opranu3oBaTh M TIPOBECTH KOHCTATUPYIOMIUM DSKCIIEPUMEHT II0 TEeMe
«TpuroHomeTpuieckue ypaBHCHHUS». ;

3. PazpaboTaTh MeTOAMYECKHE PEKOMEHJIAIMH 10 TPEAYIPEKICHUIO OIMTHOOK
mo Teme «TpUTOHOMETpHUYECKHE YPaBHEHHUS», COCTaBUTHh KOHCIIEKTHI YPOKOB M
MoAOOPKY YIPaXKHESHUH JIJIS YYAIIUXCS CTANIIMX KJIACCOB MO MOATOTOBKE K EI'D.

B pesynbraTe uiccnenoBanus ObIIN pa3pad0TaHBI METOMYCCKUE PEKOMEH IAIIHI

0  TPEAYNPEKACHUIO  OmMHMOOK, KOHCIIEKTHI ypPOKOB MW IOAOOpKa

TPEHUPOBOUYHBIX YIPAXKHEHUN MO TeME « TpPUTOHOMETPUUECKHUE YPABHEHUS.
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BBEJIEHUE

B mHacTtosmiee BpeMsi HM3YYCHHIO TPUTOHOMETPHUYECKUX (PYHKIHH U
TPUTOHOMETPUUYECKUX YpPaBHEHUHN yIeIse€rcs OOnplIoe BHUMHHE B IIKOIbHOM
Kypce anreOphl U Hayajla aHajdu3a, TaK Kak JIaHHas TeMa CJIOKHAsl U OYeHb BaXKHas.
TpuroHomeTpuuecKue ypaBHEHUs BO3HUKAIOT IIPU PELICHHUM 33]1a4 B IJIAHUMETPUH,
CTEPEOMETPHUH, ACTPOHOMUH, (PU3UKE U APYyrux obmactsx. TpuroHomerpuyeckue
ypaBHEHUSI M3 Tola B ToOJ BeTpewatorcs B 3anadusx EI'D  (exuHoro
rOCyJapCTBEHHOTO 3K3aMEHA) BTOPOM YacT, IJ€ UM YIEISI0T 0c000€ BHUMAHUE,

yTOOBI HAOpaTh HAauOOJbIIEe KOJIMUYECTBO OAJIIOB.

B EI'D 3aanus ¢ TPUTOHOMETPHYECKUMHU YPaBHEHUSIMH COJIEpXKAT JIBE YaCTH:
pellieHne ypaBHEHUs, TJ€ B OTBETE TOTydaeTcsl OECKOHEUHOE YHCII0 KOPHEH u 0TOOP
KOPHEH M3 OINPEJICIICHHOTO MMPOMEXKYTKA.

Lenpb paboTHI: paccMoTpeTh METOANKY  HM3Y4YCHHUS  TEMBI
«TpUTOHOMETPHUYECKUE YPABHEHU B KypCEe MAaTeMaTUKH CPEIHEH IITKOJBI.

OOBbeKT uccneaoBaHus: Mporecc o0yuyeHHUsl MaTeMaTUKE B CPETHEH IIKOJIE.

[IpemMeTr wWcchaemoBaHWS. METOAMKA  W3YYCHHS  TPUTOHOMETPHYCCKUX

YPaBHEHU.

3aga4y ucclIeTIOBaHUs .

1. U3yunTth TEOpPETUUECKUE OCHOBBI TEMBI « TpUTOHOMETPUYECKUE YPABHEHUS»
U PacCMOTPETh METO/IbI PELICHHS] TPUTOHOMETPUUECKUX YPABHEHUM;

2. Opranu3oBaTh W TMPOBECTH KOHCTATHUPYIOIMIUNA OSKCIEPUMEHT IO TeMe
«TpuroHomerpuyeckue ypaBHEHUS»;

3. PazpabotaTts MeToAMYECKHE PEKOMEHAAIMU 10 MPEAYNPEKICHUIO
omunboK 1Mo TeMe «TpUroHOMeTpuYecKrne YpaBHEHHUS» W COCTABUTh KOHCIIEKTHI
YPOKOB M MOAOOPKY YIPOKHEHHUH TSl YIAIIUXCS CTAPIINX KIACCOB IO MOJITOTOBKE
kK EI'D.

MeTobl uCCIIeIOBaHUA: U3YUEHHE JINTEPATYPHI IO TEME UCCIICIOBAHNUS; AHAIU3
y4eOHOM U y4eOHO-METOAMYECKOMN JIUTEPATYPhl; KOHCTATUPYIOIINI SKCIIEPUMEHT.

Tarel UCCIIENOBAHUS



| aTam (cenTsiOpp 2021 — HOsIOps 2021)— aHanM3 HayYHOU, MMEJArOTUIECKON U
METOIMYECKON JIUTEPATYPHI IO TEME UCCIET0BAHUS, TOCTAHOBKA 1IEJIH, ONPEACIICHUE
peaMeTa, 00bEeKTa U 3a7a4 UCCIEAOBAHMS.

Il stan (mexabpp 2022 — sHBaph 2022) — mpoBeeHUE KOHCTATHPYIOMIETO
HKCIIEPUMEHTA U aHAJIU3 Pe3yJIbTaTOB UCCIIEIOBAHUS.

Il sranm (deBpanr 2022 — wmait 2022) — pa3paboTka METOIUYECKUX
pEKOMEHJAUi MO0 NPEeIyNpeKICHUI0 OMIMOOK, TPEHUPOBOUHBIX YIMPAXKHEHUH s
y4auxcsl.

[IpakTdeckass 3HaYUMOCTh PAOOTHI COCTOUT B BO3MOYKHOCTH HCIIOIH30BAHUS
METOIMYECKUX PEKOMEHIAMN MO MPEAyNPEKIACHUIO0 OMMNOOK MPU W3YyYEHUU TEMBbI
«Tpuronomerpuyeckue  ypaBHEHUS» U HUCIOJIb30BAHUM  TPEHUPOBOUYHBIX
yOpaXHEHUM Mpu nmoArotoBke k EI'D yuanmuMucs ctapimmx KiaccoB.

CrpykTypa paboThl: paboTa COCTOUT W3 BBEACHUS, JIBYX IVIaB, 3aKIIIOUCHUS U
CIMCKa JHTeparypbl, BkiItodaromero 41 wnHauMmeHoBaHue. Pe3ynbrarel pabOThI

npencraeieHsl B 3 Tabnmmmnax, 9 pucynkax. O0mmit 00beM paboTel — 54 meyaTHBIX

JIUCTA.

IIo pe3yiibTaTtaM HCCIICOAOBAaHUA IIOATOTOBJICHA H OHY6J'II/IKOBaHa CTaTbCA Ha

TeMy: «MeTonuka HM3y4deHHs] TeMbl « TpUrOHOMETPUUYECKHE YPaBHEHUS» B Kypce

MaTeMaTHKH CpeIHeN MIKOJb» Ha caiite Hpoypok.



1 Teopernueckne OCHOBBI u3y4eHHss TeMbl «Tpuronomerpuyeckue

YPABHEHHS»

1.1 OcHoBHBIE TeOpeTHYECKHUE CBEIEHUS N0 TeMe UCCIeT0BAHUSA

CuHycOM OCTpOro ymia B HPSMOYTOJIbHOM TPEYTOJIBHUKE HAa3bIBACTCS
OTHOILIEHUE KaTeTa ATOr0 TPEYTOJIbHUKA, JIEKAIIErO MPOTUB yITia, K TUIIOTEHY3€

TPEYTOJIbHUKA.

Pemienne mpocTeMmmMX ~ TPUTOHOMETPUYECKHX YpPAaBHEHUHM B CXEMax

NpeJICTaBIEHO HAa pUCYHKaxX 1-4.

[ YpaBHeHue sinx = a ]
K Sa

Y

[ x = (—1%arcsina + nn,n € Z] [ Her pemennii ]

YacTHble ciiydau ] )
[ sinx=0]‘/\ l \[ sinx = —1 ]
>/ ( . T
sinx =1 x:—5+2nk,kEZ

T
x=5+2nk,kEZ

N—

[xznk,kEZ] L

Pucynok 1 — Pemienue TpuroHOMETpUYECKOTO YPABHEHUS SINX = A

Kocunycom octporo yrma o B IPSMOYTOJbHOM TPEYTOJIBHUKE HA3bIBAETCS

OTHOILICHUE KaTeTa, MPUJICKAIIETO K YIIIy O, K TUIIOTEHY3€ TPEYTrOJIbHUKA.



[ YpaBHeHue cos x = a J

X N

' Y

[ x =+tarccosa+mnn €Z J [ Her perrenmuit ]
[ YacTtHble cay4an ]\A
/

x=n+2nk,k€%

[sznk,keZ ]

Pucynok 2 — Penienue TpuroHOMETpUYECKOr0 YpaBHEHUS COSX = A

TanreHcoM oOCTporo yma B MPSAMOYTOJbHOM TPEYTrOJbHUKE HAa3bIBACTCS
OTHOUIEHHWE KaTeTa JTOr0 TPEYrOJIbHUKA, JEXKAIIero NIPOTUB YIA, K KareTy

TPEYroJIbHHUKA, TPUIIEKAILEMY K YIILY.

[ YpaBHeHUE tg X = a ]

[ x =arctgx +mn,n € Z ]

v

[ YacTHbll cnyyait ]

tgx =20

v

x =nkk€Z

Pucynox 3 — Pemenue TpuroHOMETpUYECKOTo YpaBHEHUS tgx = a



KoranreHc siBisieTcst 00paTHO NPONMOPLHUOHATIBHON BEJIMYMHOM K TaHTEHCY, TO

CCTb, 3TO OTHOIICHHUC MTPUJICIKAICTO KATCTAa K IIPOTUBOJICIKAIIICMY .

[ YpaBHeHue ctg x = a ]

[ x = arcctgx + mn,n € Z]

v

[ YacTHbIN ciyyait ]

v

ctgx =0
( T 3\
x=E+nk,k€Z

Pucynok 4 — Penienue TpUroHOMETPUYECKOTO YPABHEHUS CtgX = a

[Ipu penieHnu TPUTOHOMETPHUYECKUX YPaBHEHHUM HCIIONB3YIOTCS M OOpaTHbIE
TpuroHomeTpudeckue Gpyukipu [36].

ApKcuHYC

. T T
Eciou |a| < 1, To arcsin a — 310 Takoe 4YUCIIO, U3 OTPE3Ka [_E ; E]’ CHUHYC

KOTOpPOI'O paBCH d.

_ sint =a
Ecmu |al € 1,10 arcsina=t = { =« <t< &
2 2
arcsin (—a) = —arcsina,20e 0 < a < 1.

Eciu |a| < 1, 10 ypaBHEHHE Sint = @, MOKHO PEIIUTh W 3aMUCaTh IBYMs

CII0co0aMu:

t, = arcsina + 2nk, keZ,
t, = (r — arcsina) + 2nk, keZ,

t = (—1)"arcsin a + n,neZ



APKKOCUHYC

Ecau |a| < 1, To arccos a — 310 Takoe uncio u3 orpeska [0; ], Kocunyc

KOTOpOr'o paB€H A.

cost=a

< =t=
Ecmu |a| < 1,10 arccosa =t 0<i<n’

arccosa (—a) = — arccosa,tne 0 < a < 1,
1

VYpaBHeHHE BHIAa COSX =a, eCiH, a < , UMECT peIIeHHe a =

arccos a + 2nk, keZ.

ApKTaHreHC

mw T
arctg a - 3T0 TaKO€ YMCIIO, U3 OTpe3Ka (—;; ;), TaHI€HC KOTOPOTO

paBeH a.

tgt = a

arctga=t=y_m _ . _ T
2 2

arctg(—a) = —arctga

VYpaBHenue tgt = a umeert pemenue t = arctga + nk, keZ.

e[locne pemieHUS TPUTOHOMETPHUYCCKHX YpPaBHCHHWH HEOOXOAMMa IPOBEpKa
HaiiieHHbIX pemenuit: [30]

®-CCIIM B MPOIIECCE PEIICHHUS TMPOU30IIIO0 PACIIUPEHUE 00JIACTH ONPEICICHHS
yYpaBHEHUST B pe3ylbTare HEKOTOPHIX TpeoOpazoBaHuii (OCBOOOXKIACHHE OT
3HaMEHaTeJIeH, COKpaIleHue IpOoOH, TPUBEICHUE TIOTO0HBIX YICHOB);

e-cCIIM B MPOIIECCE PEHICHHS YpaBHEHHUS HCIOIh30BAJIOCHh BO3BEICHUE 00EHX
JacTell ypaBHCHUSI B OJHY U Ty K€ YCTHYIO CTEIICHb;

®-CCIT TIPU PEUICHUH TPUMEHSJIUCh TPUTOHOMETPUICCKUE TOXKICCTBA, JIeBas

U TIpaBas 4aCTU KOTOPBIX UMEIOT HEOJMHAKOBBIE 00JIACTH OINpEeIeHusl, HaIpUMep:

o a
Zti— sina - tgzi— cosa, t =

7 = , = = , tga ctga = 1 n fp.
1+tg27 1+tg27

9



JUist ipaBUIBHOTO U OBICTPOro 0TOOpa KOPHEN B TPUTOHOMETPUU MCTIOIB3YIOT

TPUTOHOMETPHUYECKHUH KPYT (OKPYKHOCTB) (PUCYHOK 5):

Pucynok 5— Tpuronomerpuyeckas OKpy>KHOCTh

TpuroHomMeTpuyeCKUii Kpyr Uil TAaHT€HCA M KOTAHI'€HCAa IIPEJACTABJIEH Ha
A

pUCyHKax 6wu 7:
A V3 tga

sina

| =
@[5

4

cosa

“"|élw

Pucynok 6 — TpuroHoMmeTpudeckuii Kpyr TaHTE€HCA
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Pucynok 7 — TpuroHoMeTpuyeckuil Kpyr KOTaHTeHca

[Ipu pemnieHue TPUTOHOMETPUUYECKUX YPABHEHUM UCIHOIL3YIOT (HOPMYJIIbI
npuBeaeHuUs (Taduuib 1, 2).
Tabmuma 1 — @opmynbel npuBeICHUS B paguaHax
T T . 3w 3T 2m— o
— —ta mT—a mT+a 2T T
3 3 5 o 5 +a
sina CoS o CoS o sina —sina | —cosa | —cosa | —sinha
cos a sina —sina | —cosa | —cosa | —sSina sina CoSs o
tg a ctga —ctga | —tga tg a ctga —ctga | —tga
ctg a tg —tga | —ctga | clga tg o —tga | —ctga
ITonp3oBaTbess AgaHHOM Tabmuiel Jsierko. JlocTaTO4HO BHIOPATh CTPOKY C

HY)XKHOW (yHKIIMEH U CTOJIOEI ¢ HYy)KHBIM aprymeHToM. Hampumep, 94To0bI yIpOCTUTH
cos(T — o), Hy)KHO B35Th OTBET Ha TMEPECEUCHUM CTOJIOIA, 03aINIaBJICHHOTO T — O H
cTpoku COS . [lomyuum cos(m — o) = — COS a.

Yoiel MOXKHO HM3MEPSATh KAk B pajJMaHax, Tak M B Ipajaycax. T paauaH

T
cocrasisgior 18(°, a ~» COOTBETCTBEHHO, 90°.

Tabnuna 2 — @opMyIibl IpUBEACHHS B Tpagycax

90°—a | 90°+a | 180°— @ | 180°+ a | 270° —a | 270°+ a | 360° —a
sina cos coS o sina —sina | —cosa | —cosa | —sina
cos sina —sina | —cosa | —cosa | —sina | sina cos

tga ctga | —ctga | —tga tg a ctga | —ctga | —tga
ctg o tg a —tga | —ctga | ciga g a —tga | —ctga

11




Tak >xe¢ TpH pEHICHUH TPUTOHOMETPUYSCKUX YPABHEHUH, WCIIONB3YIOTCS
CBOWCTBA TPUTOHOMETPUICCKUX (QyHKIUH [34].

YeTHOCTh  TPUTOHOMETPHYECKUX  (YHKIMH:  KOCHHYC  —  4YeTHas
¢Gynkums, cos(—t) = cos;

CHHYC, TAHT€HC M KOTAHI'CHC, HEYCTHbIC (DYHKIUH: sin(—t) =
—sint; tg(—t) = —tgt; ctg(—t) = —ctgt.

[lepuoanueckoii Ha3biBaeTCs (YHKIHUS, KOTOpas MOBTOPSET CBOM 3HAYCHUS
4yepe3 KaKOoW-TO PeryIspHBIA HHTEPBaJ, TO €CTh HE MEHSIOMIAsi CBOCTO 3HAUCHHUS TIPH
00aBICHUU K apryMeHTY (PMKCHUPOBAHHOTO HEHYJEBOIo 4Kcia (nmepuoga QGyHKIUN).
Tpuronomerpuveckre QyHKIUH (CUHYC, KOCUHYC, TAHTCHC, KOTAHICHC) SIBIISIFOTCS

NMCPUOAUICCKUMU.

OYHKIMU ~ Sinx,coSx — TepUoJUYecKne (PYHKIUU C HAUMEHBIINM

IMOJIOKUTCIIBHBIM IICPUOAOM 21:

sin(x + 2wk) = sinx, cosx(x + 2mk) = cosx, k € Z,

Oynkuun  tgx,ctgx — nepuoauyeckue (QYHKIMH ¢ HAUMEHBIIUM

IMOJIOKUTEIIbHBIM IICPHUOAOM TT:

tg(x + k) = tgx, ctgx(x + wk) = ctgx,k € Z.

BrimonHsist mpeoOpa3zoBaHue TPUTOHOMETPHUECKUX BBIPAKEHUH, UCHOJB3YIOT

TPUT'OHOMCTPHUYCCKHUC TOXKACCTBA:

1. sinza+cosza:1
T
2. 1+tg2a=—2; a#—+m, ne Z
cos” o 2
2 1
3. 1+ctga= ;. a#m, ne £
sin“ o
n
4. tga-ctga=1; ai?, ne Z

12



N3 OCHOBHOTO TPHIOHOMETPUYECKOTO TOXAeCTBAa sin’a + cos?a =1

MO>XHO BBIPa3UTh (POPMYJIBI JJIsI HAXOXKIEHUsI CHHYCa U KOCHHYCA.
sina = +y 1 — cos?a,
cosa = +V1 — sin?aq,

DopMyJIbl ABOWHOTO yIJIA:
sin2a = 2sinacosa;

2tga

sin2a = ———;
1+tg2a

cos2a = cos’a — sin‘a;

@opMyJbl CyMMBI, pa3HOCTH U IPOU3BE/ICHUSI CUHYCA U KOCHHYCA!

sin(a + B) = sinacosp + sinfcosa;

cos(a + B) = cosacosp F sinsina;

a+ a—

sina + sinfd = 2sin p coS '8;
2 2

. . . a—pB a+p

sina — sinfd = 2sin cos ;
2 2
a+ a—

cosa + cosf = 2cos p cos ﬁ;
2 2
a+ a—

cosa + cosf = 2sin > p sin > ﬁ;

2sinasinf = cos(a — B) — cos(a + B) ;
2cosacosf = cos(a — B) + cos(a + B);
2sinacosp = sin(a — B) + sin(a + B).

1.2 Metoabl peieHusI TPUTOHOMETPUYECKUX YPaBHEHMii

OCHOBHBIMH METOAAMH PEUICHUS TPUTOHOMETPUUYECKUX YPABHEHUN SIBJISFOTCS :

13



1.1. Anrebpandeckuii METO;

2.2. Pa3noxxenne Ha MHOXKHUTEIIH;

3.3. [IpuBenenue K OMHOPOJHOMY YPAaBHEHHUIO;
4 4. Ilepexonl K IOJJOBUHHOMY YTIIY;

5.5. BBeneHue BCIIOMOTaTeabHOTO yIvia;

6.6. [IpeoOpazoBaHue MPOU3BEAEHUS B CYMMY;

7.7. YauBepcayibHas MOJICTaHOBKA.

Pa36epeM Ka)KI[I::Iﬁ N3 JaHHBIX MCTOJOB HAa KOHKPCTHLIX IIpUMCpPaXx.

1. Aneebpauueckuii memoo (Memoo 3ameHbl nepeMeHHOU U NOOCMAHOBKU)
[pumep 1. 2cos? (x + %) — 3sin (g — x) +1=0,

Pemenue: Mcnons3yst GopMyIbl IPUBEICHHUS, TOJIYYHM yYpaBHEHHUE:
T T
2 —_—) — —_ =
2cos (x+6) 3cos(x+6)+1 0,

BeinonHum 3aMeHy: €OS (x + %) =y, torga 2y? — 3y + 1 =0,
Haxonum xopau: D = b? — 4ac; D = (—3)?—4%2x1=9—-8 =1,

1
vi=1 y, = > » OTCIONA CIIE/YIOT /IBa CITy4as:

cos(x +E) =1, coSs (x+£) =l,
6 6 2
T T 1
x+g=2nk, x+g=iarccosz+2nk,kEZ,
X, = —%+2nk,k €EZ,xy = i%—%+2nm,mEZ,

OtBer: X1 = —%+ 2nk; x, = i%—%+ 2rk.

2. Pasnooicenue na Muoxcumenu
[IpuBenem ypaBHenue K BHAYy f(x) =0 M OpeacTaBuM JIEBYKO YacTh
ypaBHeHUs B Buae npousBemeHus f;(x) * fo(x) * -+ * f,(x). Torma nanHOE
ypaBHEHUE TPHBOJUTCA K COBOKYNHOCTH ypaBHenwii: fi(x) =0, fo(x) =0,
fn(x) = 0. Cnenyer MOMHUTB, YTO Ta COBOKYIHOCTH HE BCEr[a PaBHOCHJIBHA

HCXOJIHOMY YPaBHCHHIO M 4YTO 34€Ch HAAO PYKOBOJACTBOBATHCS MPABUIIOM.
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IIpOM3BEIeHIE PABHO HYJIIO TOIJa M TOJNBKO TOINA, KOIJMAa OJMH M3 MHOXKHUTeEJEH
PaBeH HYIIO, 4 BCE OCTAIbHbIE HPU STOM MMEIOT CMBICII.
[Ipumep 2. Pemuts ypaBHeHME COS2x + sinx * cosx = 1,
Pemrenue: Mcnonb3ys 0CHOBHOE TPUIOHOMETPUUECKOE TOXKIAECTBO, MOMYYHM:

cos?x + sinx * cosx — sin*x — cos’x = 0,
. ) _
sinx * cosx — sin“x = 0,
sinx * (cosx — sinx) = 0,
Harinem xopuu: 1) sinx = 0; x; = nk,
. Vs
2)cosx —sinx =0; tgx=1; x, = " +mm,m € Z,
T
OrTBerT: nk,z + mm.

3. Ilpusedenue k 0OHOPOOHOMY YPABHEHUIO
YpaBHeHue BUJIA asinx + b cosx = 0 Ha3bIBaeTCSI OJHOPOTHBIM
OTHOCHUTENBHO SINX M COSX, €CJIH BCE €0 WIECHBI OJHOM U TO K€ CTENIEHU OTHOCUT
€JIBHO SINX M COSX OJAHOTO U TOTO e YTIJia.
YroObI peniuTh OIHOPOTHOE YpaBHEeHNE, HeoOXoaumo [18]:
1.1.IlepenecTtu Bce €ro YieHBI B JIEBYIO YacTh;
2.2.BpiHEcTH Bce 001e MHOKHUTEIHN 3a CKOOKH;,
3.3.IIpupaBHATH BCE MHOXKHUTEIH ¥ CKOOKH HYITIO,
4.4. CkoOKu, NMpUpPABHEHHBbIC HYNIO, JAIOT OJHOPOAHOE YpPAaBHEHUE MEHbIICH
CTETICHH, KOTOPOE CIICTyeT Pa3euTh Ha COSX B CTApPIICH CTEIICHHU;
5.5.PemuTh nonyyeHHoe anredOpanyeckoe ypaBHEHUE OTHOCUTEIBHO tgX.
[Tpumep 3. Pemuts ypaBHenue 3sin’x + 4sinx * cosx + 5cos?x = 2,
Pemenue: 3sin’x + 4sinx * cosx + 5cos?x = 2sin’x + 2cos?x,

sin®x + 4sinx * cosx + 3cos?x = 0,
tg®x + 4tgx + +3 = 0, cienaemM 3ameHy tgx = y, TOrja
y2+4y+3=0,
Haiinem xopuu: D = b%2 + 4ac;D = 4?2 —4x1x3 =16 —12 = 4 = 22,
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—b+VD  —4+2 T et S
g =5 ="Ly= = =3,

1) tgx = —1,

Y12 =

VA

2) tgx = =3,
X, = —arctg + mm,m € Z,

OrTBerT: —% + nk, —arctg + mm

4. [lepexoo K nonoGUHHOMY Yy

Jl71s1 petiienus ucrnoib3dyeM Gopmyiy:

sin2x = 2sinxcosx;
coS2x = cos®x — sin’x;
cos2x = 2co0s*x — 1;
cos2x = 1 — 2sin’x;
[Ipumep 4. Pemuts ypaBHeHue 3sinx — Scosx = 7,

Pemenue: [lpumenum ¢popmyny 1BOWHOTO yrya:

6Sin§ * COS (g) — 5cos? (g) + 5sin? (g) = 7sin? (g) + 7cos? (g),

2sin? (g) — 6sin (g) * COS (g) + 12cos? (g) =0,

tg? (;) — 3tg (g) +6=0,

ITycTs tg (g) =t,Ttornat’ —3t+6=0,

D=9—-4%1%x6=9—24 =—15 = HeT KOpHeH

OTBeT: HET KOpHEI

5. Beeoenue ecnomocamenvroco yena

PaccMmoTpum Teneprs 00muii ciay4yail — ypaBHEHHE a cOSX + b sinx = c.

Jlenum o6e yactu Ha Va? + b?;

a b i c
coSXx + sinx = ;
a2+b? va2+b? vaz+b2’

16
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Jnss 4yero Mbl BBIIOAHWUIM 3TO JAeieHue? Bc€ aeno B MOMyYMBHIMXCA
kod(ppunMeHTax npu KOCUHyce U cuHyce. JIerko BUIETh, UTO CyMMa MX KBaJI[paTOB

paBHa CIANHUIIC:
() +(2=) =1 @

D10 O3HauUaer, uyTto JaHHBIE KOA(PIUIIMEHTHI caMU SIBISIOTCS KOCUHYCOM U CHHYCOM
HEKOTOPOro yria ¢.
a b
VZ+02 U+ b2

= sing;

CootHomenue (1) Torma mpuoOpeTaeT BUI:

C

cos@cosx + sinpsinx =

c
cos(x — @) = ——;
Vva? + b?
HcxomHoe ypaBHEHME CBEIEHO K MpocTeimeMy. Tenepb MOHSITHO, MOYEMY
paccMarpuBaeMblil METOJ HA3bIBAETCA BBEACHUEM JOMOJIHUTEIBLHOIO yIva. JTHM

AOIIOJIHUTECIIBHBIM YITIOM KaK pa3 U ABJIACTCA YIOJl ¢@.

Hpumep 5. Pemnts ypasuenue vV3sin3x — cos3x = 1,
Pemmenne: a = V3; b = —1, 03TOMY pa3jieJiuM obe yacTu HaV3 + 1 = 2,
V3 (1) 1

— % sin3x — 3x = -,
z*smx * COSoOX 5

T T
c0S — * Sin3x — sin— * coS3x = —
6 6 2’

_ s 1
sin (3x — g) = E'
Otcrona cinexyet: x = (—1)% « 1—7; + 1—7; + %k,k € Z,

Otset: (—1)% * % + % + %k

6. [Ipeobpazosarnue npouzsedenus 8 Cymmy
Jl71s1 perieHust uCoib30BaIk (OPMYITyY:
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2sinasinf = cos(a — B) — cos(a + B) ;
2cosacosf = cos(a — B) + cos(a + B);
2sinacosf = cos(a — B) + cos(a + B);
[Ipumep 6. 2sinx * sin3x = cos4x,
Pemenue: [IpeoOpaszyem JieByr0 4acTb B CyMMY:
COAX-C0S8X = cosA4X,
cos8x = 0,

k

T
OtBeT. — + —.
16 8

1. Ynusepcanvnas noocmanosxa
Kax u3BecTHO, MeTON 3aMEHBbI NTEPEMEHHOM (METO/ MOACTAHOBKHU) ynoOeH B

TOM Ccllydae, eclli ypaBHeHHe MoxHO mpenctasuts B Buae F(j(x)) =0, rme

Fu j-- Hexotopbie GyHKIMUA. MeToJ 3aKI04acTCs B TOM, YTO BBOASAT HOBYIO

nepemennyo t = j(x) = 0.Torma wucxomHoe ypaBHeHwe npumeT Bui.F(t) = 0.

HaiieM KOpHHM MOCICTHETO YpPaBHEHUS W JUIS KaXIOr0 €ro KOPHS t, peImMm

ypaBHenuej(x) = t,. B pe3ynbrare monydaeM KOpHH HCXOIHOTO YPaBHEHHUS.
[Mpumep 7: Pemuts ypaBHenue 3 SIN X-4 COSX = 3,

Pemenne: Bosmoxusl 1Ba ciayuas: 1)x = (2m + 1),

L) )

1+ tg? (%) 1+ tg? (%)

6tg (;) — 4 + 4tg? (;) = 3 + 3tg*? (;)

18



Q)70
3ameHa: tg (g) =u; u’+6u—7=0,
U =-=7; u, =1,

Cnyuaii 1:a) tg (g) = —7, x4 = —2arctg7 + 2nk,

0)t (E)—lx—z+2nmmeZ
g 2 - LA = 2 ) )
Cnyuaii 2: x = (2m + 1)m; 3sin[(2m + 1)w] — 4 cos[(2m + 1)r] =4 # 3,

Otgert: : a) tg (g) = —7,x, = —2arctg7 + 2rk; 6)tg (g) =1,x, = %,

2 CopepxaresibHO-MeTOoAMYeCKOe oOecrieyeHue OO0y4YeHHs] pelIeHHI0
TPUTOHOMETPUYECKUX YPaBHEHHUIl

2.1 AHaan3 y4eOHMKOB IO TeMe HCCJIeI0BaAHMS

C uenpl0o CpaBHEHHUST W BBIIBIEHHUA  KakKM€  METOAbl  PEIICHUs
TPUTOHOMETPUYECKUX YpPAaBHEHHIl  paccMaTpUBAalOT aBTOPbl  YYEOHHKOB IO
maremaruke s 10-11 knaccoB cpeaneit mkombl. Jjis cpaBHEHUSI OBLIM B3STHI
cleayIole Y4eOHUKU:

Mopakosuu, A. I. Anre6pa n Hauana maremaruueckoro aHaiusza. 10 knacc. B
2 yactax: yueOHuK (mpodwibHblid ypoBeHb) / A. I. Mopakosuu, I1. B. CemenoB. —
Mockga : [Ipocsemenue, 202Q

Konmoropos, A. H. Anrebpa u Hauana maremarndeckoro anammsa. 10-11
KJIacChl: y4eOHHMK JUIsl 00ImeoOpa3oBaTebHbIX. yupexaeHuil: 0azomeii / A. H.
Konmoropos, A. M. Abpamos, 0. I1. Iyaaunsia. — Mocksa : [Ipocsemenue, 2010;

Mypasun, I. K. MypaBuna, O.B. AnreOpa u Hayana MareMaTH4eCKOTrO
ananu3a. 10 kmacc. Yrnyonennsiii yposens / I. K. Mypasun, O. B. MypaBuna. —

Mockaga : [Ipocsemnienue, 2019
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AHanmn3 MKOIBHBIX YUeOHUKOB OBLT MMPOBENICH 0 CICTYIOIINM KPUTCPUSIM

1. KonuyecTBO 4acoB, OTBOJUMBIX HA U3JIOKEHUE TEMBL.

2. MecTo u3ydeHus JaHHOTO MaTepualia B Kypce MaTeMaTHKH.

3. Meronuka wW3NOKEHHWS Marepuana 1o TemMe «puroHOMeTpudecKue

YPaBHEHU», BUJbl YPABHECHUN U METO/IbI NX PEIICHUMN.

Mopokosuu A. I, Ceménog II. B., «Ancebpa u nmavana mamemamuyeckozo
ananuzay, yueonux ons 10-11 kraccos [26).

B npuMepHOM TeMaTn4ecKoM IUIaHUPOBaHUU (3 4aCaB HEEIN0), U3JI0KEHHOM
B YUEOHUKE Ha U3y4yEHUE IMaBbl « TpUroHoMeTpuueckue ypaBHeHus» Boiaesercs 10
yamB. B mnaBe «lIpeoOpazoBaHue TPUTOHOMETPUUYECKUX BBIPAKEHUI» TaKkKe
paccMaTpuBaeTCsl PEIlIeHHEe TPUTOHOMETPUUECKUX ypaBHeHUU. Ha uzydeHue s1oi
r71aBbl OTBEIEHO 154acos.

[locne wu3yueHuss miepBod miaBbl «TpUTOHOMETPUYECKUE YPABHEHUS
HaunHaeTcs pasnen « TpuroHomerpudeckue GyHKIHUNY, 32 KOTOPBIM CIEIYET pasiel
«IIpeobpa3zoBaHNe TPUTOHOMETPUUECKUX BBIPAKECHHIN.

B masax «IIpousBognas», «llepBOOOpasHas M WHTErpa€», «YpaBHEHUS U
HepaBeHCTBa». CHucTeMbl YPABHEHUN U HEPABEHCTBY, OTBOJMMBIX Ha u3ydeHue B 11
KJIacce, TaK )K€ BCTPEUAIOTCS 3aJIaHKs TI0 TPUTOHOMETPHH.

B paznene «Tpuronomerpuueckue ypaBHEHUS» MOIPOOHO BBOIATCS TEPBBIE
MPEACTABICHUS O PEHICHUH TMPOCTEUININX TPUTOHOMETPUUECKUX YpPaBHECHUI.
PaccmarpuBaeTcs MOHSATHE apKKOCUHYC U PEIICHHE YPaBHEHHS COS X = &; apKCUHYC
U peUICHHE ypaBHEHHWs SIN X = @, apKTaHIeHC W peUICHHWE ypaBHEHHs tg X =
Q; AapKKOTAaHTeHC W pelieHue ypaBHeHus Ctg X = a. B oartom paszgene
paccMaTpUBAIOTCS TPU METO/A PEUICHUS] TPUTOHOMETPUYECKUX YPaBHEHUN:

1. Meton BBENEHUS HOBOI NEPEMEHHOI;

2. Metop pa3iOxeHrs Ha MHOKUTEH.

3. [IpuBenenne Kk OHOPOAHOMY YPaBHEHHUIO.
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PaccmarpuBaeTcss MeTOA pelIeHUS OJHOPOAHBIX TPUTOHOMETPHUUECKHUX
ypaBHeHUM. Jlpyru€ METOmbl  pElIeHuss  pacCMarpuBaAOTCS B [JI8BE
«IIpeoOpa3zoBaHrie TPUTOHOMETPUUYECKUX BbIpaxeHUi». B 3TOI maBe yxke
NPUBOASTCS CHENUAIBHBIE METO/bl PEUICHUS TPUTOHOMETPUUYECKUX YPaBHEHUM C
NOMOIIbI0 (DOPMYJI: CUHYC U KOCHHYC CYMMbI M Pa3HOCTU apryMEHTOB, TaHIEHC
CyMMBbl U Pa3HOCTH apryMeHTOB, (OpMYibl JABOMHOTO aprymenrta, (opmysbl
MOHUKECHUS CTENEHU. MPeoOpa3oBaHUE CYMM TPUTOHOMETPUUYECKUX (YHKIUH B
npousBenenus. [IpeodpazoBanue Mpou3BeAeHUN TPUTOHOMETPUUYECKUX (QYHKIIUNA B
CYMMY.

[Ipenyaraercst HoBasi cxema MpEACTaBICHUS: «QyHKIMS - YpaBHCHHUS -
npeoOpazoBanus». JlaHHas cxemMa NOCTPOCHUsI ydyeOHOro Marepuania, KoTopas
MO3BOJISIET  Y4YallUMCSl HE Teperpykarb CBOK TMaMSITh MHOTOYHMCICHHBIMU
dbopmynamu ¥ 00y4aTh YYCHHUKOB OCO3HAHHOMY PEIICHHUIO TPUTOHOMETPUUYECKUX
ypaBHeHuM. Hanuuwme oTmenbHOro 3aJayHUKa IO3BOJIIET aBTOpaM ydeOHHKa
BBLICTPOMTh B HEM TMOJTHOIICHHYIO Kak 10 OOBEMY, TaKk W 10 COJACP>KaHUIO
TPEXYPOBHEBYIO CUCTEMY YIPAXKHEHUU, TOCTAaTOYHYIO JIJIsi pabOThI B KJIacce U J0Ma,
IUTSl pELICHUS JOMAIIHUX 3aJaHu.

Konmoeopos A. H., Abpamos A. M., Hyonuyein FO. Il., Henes b. M.,
Llsaybypo C. U., «Aneebpa u navanra ananuzay, yueonuk oas 10-11 knaccos. [19]

B mpumepHoM TemarndeckoMm IiaHupoBaHHH (3 4acoB B Hemeno) maetcs 14
4acoB Ha M3y4eHHE pazlena «Pa3pelieHue TpUrOHOMETPUYECKHX YpPAaBHEHUN U
HEpaBEHCTBY» OTBOAUTCA 14 yacos.

[lepBas rmaBa yueOHUKa Ha3bIBaeTcsl « [puroHomerpudeckue GyHKIun». Bech
MaTepual 1o JaHHOW TeMe pa3out Ha 3 maparpada. B mepBom nmaparpade nzyqarorcs
TpUTrOHOMETpUYeCKre (YHKIIUU YUCIOBOTO apryMeHTa, 3aTeM clieflyeT maparpad, B
KOTOPOM OTHMCBIBAIOTCS OCHOBHBIE CBOWCTBA 3THX (PyHKIHil. B Tperbem maparpade
«PenieHne TPUTOHOMETPUUECKUX YPABHEHUNW M HEPABEHCTB)» PACCMATPHUBAIOTCS
TPUTOHOMETPUUYECKUE YPABHEHHS U UX PELICHHUSI, Marepuall o 3TOl TeMe pas3iesi€H

Ha 4 nyHKTAa.
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N3yyeHne TeMbl HAUMHAETCS C MIOBTOPEHUS PAIMAHHOW MEpHI yIJla, OCHOBHBIX
(bopMya TPUTOHOMETPUHU. ABTOPBI HATOMUHAIOT, YTO MOHATHUA SIN X, COS X, tg X, Ctg X
OBLIM paHee W3Y4YEeHBI BO BpeMs ainreOpbl U T€OMETPUHU U HE JTa€T UM ONPECIICHHUS.
3areM wuAET pPACCMOTPEHHE OCHOBHBIX TpUTOHOMETpuyeckux ¢opmyn. [anee
M3YYarOTCsl TPUTOHOMETpHUeCcKre GYHKIIUU U UX TpaUKU U OCHOBHBIE CBOMCTBA, H,
HaKOHell, Ha 0a3e M3y4yeHHOro Marepuaja, TepBas TiiaBa y4eOHHMKA 3aBepIIaceTCs
peuieHneM TPUTOHOMETPUUYECKUX YPaBHEHHUM M HEPABEHCTB. 311€Ch, MPU IMOMOIIH
rpa@uKkoB  TPUTOHOMETPUUECKUX  (PYHKIMH,  BBOAATCA  TaKue  IMOHSITHS
Kak arcsin, arcos, arctg umcna. 3areM C TIOMOIIBIO EIMHUYHOW OKPYKHOCTH
BBIBOIATCS (OPMYIbl KOPHEH JUIsl PEIICHUS MPOCTEHITUX TPUTOHOMETPHUUECKUX
ypaBHeHH#. B mocnegnem myHkre maBbl « Tpuronomerpudeckue ¢yHkumm» A. H.
Konmoropos orpaxaer OCHOBHBIE UAEU PELICHHUS] TPUTOHOMETPUYECKUX YPABHECHUM.
CroUT OTMETHTH, YTO aBTOPHl YUCOHHMKA HE YKa3bIBAIOT HA3BAHUS HCIIOIB3YyEeMBIX
METOJIOB (pa3JIOKEHHsI Ha MHOXXHTEIH, CIIOCO0 pEeIIeHUs OTHOPOIHBIX YpaBHEHUH
MEepBOM, BTOPOM M  BBICIIUX CTENEHEW, METOI TMOJCTAHOBKH) pEIICHUs
TPUTOHOMETPUYECKUX YPAaBHEHHWM W HE CUCTEMAaTH3UPYIOT HUX. Bmecre ¢ Tem, B
JTAHHOM YYeOHHMKE HE pacCMaTPUBAIOTCS CIIOCOOBI PEIICHUsT YPaBHCHHI BUa & SIN X
+ b COS X = C. YpaBHEHHS TAaKOTO BHUJIa BCTPEUYAIOTCS JIMIID B 3a/1a4aX IMOBBIMICHHON
TPYAHOCTH IIECTOU IVIaBBHL.

Takum o00pa3oM, C TOYKH 3pEHUS H3I0KEHHS TEOPETHUYECKOro MaTrepuasa
HENb3sl CKa3aTh, YTO JAaHHBIM Y4eOHHK HE MOXET OBITh PEKOMEHJIOBaH K
CaMOCTOSTEbHOMY M3yuyeHHio. [IpemnokeHHass aBTOpaMM CXeMma H3JIOKECHUS
MaTtepuaia «mpeoOpa3oBaHus — (YHKUUS — YpPaBHEHUS» CTAJIKHMBAET YYEHUKOB C
HEMOHUMAHUEM TPUTOHOMETPUUECKUE YPaBHEHHS 17§ npeoOpa3zoBaHUs
TPUTOHOMETPUUYECKUX BBIPAKEHUM TaK U OCTAIOTCS B OJIOBE YUallIMXCAd Ha ““pa3HBIX
Oeperax peku’.

CrouT OTMETUTh, 4YTO B JTOM Yy4YyeOHHUKE MpeIoKEeH OonblIod Habop
TPUTOHOMETPUYECKUX  (OpMYIT ISl  HUCHOJB30BaHUS UX TPU  PELICHUH

TPUTOHOMCTPUYICCKUX ypaBHeHHﬁ. Ananus COACPIKAaHUA 3aaa4 110 TCMC
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«Tpuronomerpuyueckue ypaBHEHHUs» IOKa3all, YTO MPEOOJIalatolIUMU SBIISIOTCS
NPOCTEHIIINE TPUTOHOMETPUYECKUE ypaBHEHUs, (HAKTHUYECKH OTCYTCTBYIOT
TPUTOHOMETPUYECKUE YpPaBHEHUS, CMOCOO pEIICHUS KOTOPhIX OCHOBaH Ha
CBOMCTBE OTPaHUYEHHOCTH CHHYCA U KOCHUHYCA.

Mypasun I'K. Mypasuna O.B. Aneebpa u nauana mamemamuyecko2o
ananuza. 10 knacc. Yenybneumwoui yposenv - Mypaeun ['K., Mypasuna O.B.
Mocksa, -20192. [28]

B npumepHom TemaTtrueckom raHupoBanue (0T 1 10 3 yacoB B HEJENI0) Ha
KXl maparpad, a Ha uzydeHue miaBbl « [puronomerpudeckue GyHKIIUU U UX
CBOICTBa» OTBOAUTCA 38 4acos.

Jlannast TeMa paccMmarpuBaetcs B 4il miaBe. B nanHo# maBe comepxkutca 15
naparpadoB: mnepBble 4 maparpada OTBOASTCA MaJisi HM3y4YEHUs TPaayCHON U
paauaHHOW Mephl YIJIOB, ONpPEAEIEHUsI CUHYCa, KOCUHYCA, TAHIT€HCA, KOTAaHreHCa
NPOM3BOJBHBIX  YIIOB.  3aTeM  wW3ywaioTcs  maparpadbsl  mpocTeuiue
TPUTOHOMETPUYECKHE YpaBHEHUsA, (HOPMYIbI MPUBEACHUS, CBONCTBA M Tpaduk
TPUTOHOMETPUYECKUX (DYHKIIMI, OCHOBHBIE TPUTOHOMETPUYECKHE (HOPMYIBI U UX
npeoOpa3oBaHHE.

N3yuyeHne TPUTOHOMETPUUECKUX YPAaBHEHUW HAUMHACTCS C NPOCTEHIINX
ypaBHeHUM. PaccMmarpuBaeTcs MOHATHE apPKKOCHUHYC U pPEIIEHUE YpaBHEHUSI COS X
= @, apKCUHYC W pCIICHUEC YypaBHEHHS SIN X = @, apKTaHICHC W pEIICHHE
ypaBHEHUs tg X = @; apKKOTaHI€HC U pelieHue ypaBHeHus Ctg X = a. B atoit mase
pacCMOTPEHBI TPU METOJA PEIICHUS TPUTOHOMETPUUECKUX YPaBHEHUMN:

1. MeTton BBeeHUS HOBOM MEPEMEHHOM;

2. MeTon pa3liokeHUss HA MHOKHUTEITH.

3. [IpuBenenne K OMHOPOTHOMY YPABHEHHIO.

Takum 00pa3oM, ¢ TOUKU 3PEHUS HBJIOKEHUS TECOPETHUUYECKOrO0 Marepuala
MOXXHO CKa3aTh, YTO YUEOHHMK MOAXOAUT JJIsl CAMOCTOSATENbHOrO n3yueHus. CTout
OTMETUTh, 4YTO B  OTOM  Yy4YeOHUKE  TMpeIoXKEeH  OoNbIIod  Habop
TPUTOHOMETPUYECKUX  (OpMYIT IS HUCMHOJIB30BAHUS WX TPU  PEIICHUU

TPUTOHOMETPUYECKUX YPABHEHUM.
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VYueHnukam OyaeT Jierko pa3oOparhCsi B JaHHOW TeMe, TaK KaK OYeHb MOAPOOHOE U
MPOCTOE OOBSICHEHHE TEOPHH. Tak e MPUBEICHO MOIPOOHOE pelieHrne TPUMEPOB.
Y4eHnukaMm, TPOIYCTHUBIINM YpPOK, AoMa OyJIeT JOCTAaTOYHO JIETKO Pa3o0parhes C
TaHHOUW TEMOM.

[Ipoananu3upoBaB y4eOHHKH, MOXKHO CKa3aTh, YTO BCE OHM IMOIXOMST Kak
I U3y4eHUs] TeMbl « TpUTOHOMETPUYECKHE YpPaBHEHHUS» B IIKOJE, TaK WU A
CaMOCTOSITEILHOTO H3YUYCHHUS. ABTOPBI YUCOHHKOB HCITONB3YIOT OOJBIION CIEKTP
dbopmyI, KOTOpbIE HEOOXOIUMBI JIUISI PEIICHUS TPUTOHOMETPUUICCKUX YPaBHECHHH, a
TaK XK€ OHM MpEJIaralT MNpU U3y4eHUU TeMbl « T[pUTOHOMETPUUECKUE YPABHEHUS
TOJILKO TPU OCHOBHBIX METOAA PEIICHUS] TPUTOHOMETPUYECKUX YpaBHEHUN — 3TO
METOJl 3aMCHBI IEPEMEHHOW (anreOpandecKuii METOM), METOH pa3JIoKEHHUS Ha
MHOKUTEIIM ¥ TIPUBEACHUE K OMHOPOJTHOMY YPaBHEHHIO. TAKMM 00pa3oM y4eOHUK
MopakoBrya oOTIMYaeTCs Oojiee AOCTYIMHBIM H3JI0KEHHUEM TEOPHUH YIeOHOTO
Marepuana Jjisl MKOJILHUKOB, ¢ MHOTOYMCIICHHBIMU MPUMEpPaMHU PELICHUs 3aj1a4 C
MOJIPOOHBIM PEIICHUEM.

Hcxons u3 BBIMIEU3IIOAKEHHOTO, HAC 3aMHTEPECOBAJ BOMPOC, KAKUE METOMIBI

WCTIOJB3YIOT MIKOJIBHUKYU MPH PEIIEHUH TPUTOHOMETPUUECKUX YPABHEHUM.

2.2 KoHcTaTMpYHOIIHH 3KCTIEPUMEHT

B xone uccnenoBanusi, ObIT MPOBEJCH KOHCTATUPYIOMIMH 3KcniepuMeHT B 11-om
KJIacCe CPEJHEH MIKOJIbI, /i€ YICHUKHU y4arcs no yueOHuky A. I'. Mopakosuya. Llensb
JAHHOT'O AKCIIEPUMEHTA - MPOBEPUTH KAKMMHU METOAAMHU IOJIB3YIOTCS YYEHUKHU IMPU
pPELICHUN TPUTOHOMETPUUECKUN YPABHEHUN.

y‘-IaHlI/IMCH OBLIIH NpEeaI0XKEHBI CICAYIOINUE 3aJaHUA.

3ananue 1. Pemuts ypaBuenue: 2sin’x — 5sinx + 2 = 0,
3ananue 2. Pemars ypaBHeHue: sin7x + sin3x = 3cos2x,

3ananue 3. Pemuts ypaBHenue: sin’x + 2sinx cosx — 3cos?x = 0,
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3amanue 4. Pemnth ypaBHeHHE: Sinx — cosx = 1,

3amanue 5. Pemuts ypaBuenue 11sinx — 2cos x = 10.

beimu mosyueHsl cieayoomiue pe3yibTaThl: ¢ 3amanueM 1 copaBuiiocs 100%
YYE€HUKOB, ¢ 3a1anuem 2 — 94,4%,c 3ananuem 3 — 77, P, c 3aganuem 4 — 54% u ¢

3aganueM 5 — 33,3% y4eHHUKOB.

Pe3ynbTaTbl BbINONHEHHbIX 3a4aHWI

100%

80%

60%

40%

20% I
0%

3apgaHue 1 3apaHue 2 3apaHue 3 3apgaHue 4 3apgaHne 5

M BbIiNnONHEHHbIe 3a4aHunA
Pucynok — 8. Pe3ynbTarhl BBHITTOTHEHHBIX 3a/IaHHIM

[Ipu aHanmu3e BBIMOJHEHHBIX PAOOT, OBUIO BBIICHEHO KAaKUE€ METOJBI ObLIH
JydIlle BCETrO YCBOCHBI ydeHHMKamMu. Bcemu 5 Meromamu mnonb3oBamuch 33,3%
YYeHUKOB, JIOOBIMU 4 MeTtogamu — 50% ydeHukoB, mo0biMu 3 Mertogamu — 70%
Y4YeHUKOB, J0ObIMH 2 MeTomamu — 90% ydenunkoB U ro0biM 1 Merogom - 100%

YYEHUKOB.
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OueHKun

L

= 5 meTogoB =4 metoga = 3 meToda 2 meToda 1 meTop,

PI/ICYHOK 9- Pe3y.]'IBTaTBI IMMOJIYYCHHBIX OLICHOK

[Ipu pemieHnyr AaHHBIX YpaBHEHUW YydYalIUecs WCIOIb30BAIN CICAYIOIINE
METOJIbI PEIICHUSI TPUTOHOMETPUIECKUX YPABHCHUIA:

1. Anrebpandeckuii Meton (3ananue 1);

2. MeTon pa3yioskeHHs HA MHOXKHUTENH (3a1aHue 2);

3. [IpuBeneHMs K OMHOPOTHOMY YPaBHEHHUIO (3a1aHue 3);

4. BBeeHre BCIIOMOrareapHoro yria (3aganue 4);

5. Tlepexon k MOJOBHHHOMY YIITy (3amaHue 5).

Yame BCETO UCTIONB3YIOTCS CIIEeTyIONTHe METOIBI peIICHHS
TPUTOHOMETPUYECKUX YpPaBHCHUN: anreOpamdecKuii, MEeTOJ pa3joKEHUs Ha

MHOXHTCIIN U ITPUBCACHUC K OAHOPOAHOMY YPABHCHUIO.

2.3 MeToanueckne peKOMEHJAALMH MO NpeayNnpekIeHUI0 OMMOOK To

Teme «TpuUroHoMeTrpuvecKkue ypaBHeHH»

DKCNEPUMEHT U aHAJIU3 HAYYHO-METOJANYECKOM JINTEepaTyphl MOKa3all, 4TO MpHU
pPELICHUN TPUTOHOMETPUUYECKUX YPABHEHU W IIKOJIBHUKH YACTO JIOMYCKAIOT TUITHYHbBIE

omnOku. Paccmotpum ux noapoOHee.
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1. Ilpu ympolieHUU TPUTOHOMETPUUYECKUX BBIPAXKEHUNW HEOOXOOUMO HE
TOJBKO XOPOIIO 3HATh TPUTOHOMETpPUYECKHE (HOPMYIIBI, HO U BIIAJICTh HABBIKAMHU
npeoOpa3oBaHus anreOpandecKuX BBIPAKCHUHN, TAKIMH KaK: MPABUJIAMU PACKPBITHS
CKOOOK M 3aKJIIOUCHHsS] B CKOOKH, (DOpMyTaMH COKpAIIEHHOTO YMHOXEHHUS U T.I.
HEJ0CTaTOyHOE 3HaHue GOopMynd Kypca anreOpbl MNPOBOLUPYET HEMPABUIBHOE

pELICHUE YPABHCHUM.
[Ipumep 1. Pemuts ypaBHenue: (sinx + cosx)?= 1.
HenpaBunsHoe pemenue: sinx + cos?x = 1;
sin?x = 1 — cos?x;
sin?x = sin®x.
Kommenrapuii: B naHHOM mpuMepe OIIMOKA 3aKII0YaeTcs B TOM, 4YTO HpH

BO3BEJICHUN B KBaJpaT, ydalllhecs BO3BOASAT HEMPABUIIBHO, 3a0bIBas Mpo (OpMyIbl

COKpAIIEHHOTO YMHOKEHHUS.
. 1 3
Ipumep 2. Pemnts ypasuenue: 2sin®(m + x) = - cos (x — 7”)

HenpasunsHoe pemenue: 2sin’(m + x) = %(—sinx);
. 1 .
2(—sin3x) + 5 stinx = 0;

1
—2sin3x + Esinx = 0;

sinx(—4sin’x + 1) = 0;

sinx = 0; 4sin’x = 1;

. 1
xX=mnn€Z  sin’x =

sinx = —;

N | =
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T
x=g+2nk,kEZ

I[TpaBunbHOE pemenue: 2sin3(m + x) = %(—Sinx);
. 1
2(—sin3x) + > stinx = 0;

—2sin3x + Esinx =0;

sinx(—4sin’x + 1) = 0;

sinx = 0; 4sin’x = 1;

. 1
X =mnn,n € Z. Sln2x=z;

o1
sinx = +2;
T
X = ig+2nk,k €.
Omeem. x =nmn,n € Z,x = i%+2nk,k €.

2. Ommbxu pu 0TOOpE KOPHEH.

IIpumep 3. Pemuts ypasuenne 2sin(m + x) = %cos (x — 37”) . Haiigure

77'[_ 31T
2’ 2 I

BCE KOPHU, MMPUHAJICIKAITNE TTPOMEKYTKY [—

HenpasunsHoe pemmenue: 2sin3(m + x) = %(—sinx);

1
2(—sin3x) + Esinx =0 /x(=2);

sinx(—4sin’x + 1) = 0;

sinx =0 4sin’x = 1;
. 2 1

X=mnneE’zZ sin“x = -;
. 1

sinx = iE;

x=i5?n+2nk,keZ.
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Omeem: a) x = is?n+ 2ntk,k € Z,0) —11?”, -2, —7?”

IIpasunsHOE pemmenue: 2sin3(m + x) = %(—sinx);
1
2(—sin3x) + Esinx =0 /x(=2);

sinx(—4sin’x + 1) = 0;

sinx = 0; 4sin’x = 1;
. 2 1
X =mn,ne€E/”z. sin“x = —;
. 1
_Tmy_3m sinx = +-;
2 2
197 _I= -
—y 6 x=i?+2nk,kEZ.
_37T —27TL
17w 117
6 "6
5
2

11n_ 17n. 191

T .
6’ 6’ 6

Omeem a) x = is?n + 2nk,k € Z, 6) —%n; —2m; —

3. B TpuroHoMeTpHueCKUX YpaBHEHHSIX, KaK ¥ B APYTUX BUAAX YpaBHEHHH,
NPUYMHONW OIMUOOK CTAaHOBHUTCS HEBHHMATEIBHOE OTHOIIEHHWE K OOJacTH
nonyctuMbix 3HaueHuu (O/13).

[Ipumep 4. Pemmuts ypaBuenue 3tg?x + 4tgx + 4ctgx + 3ctg?x+2 =0
(pelieHue CMOTPU B MPUIIOKEHUHU B).

4. Tak >ke ydammecs 3a0BIBalOT, YTO COKpalleHHE YpaBHCHHS Ha
BBIpOKEHUE, COJEpIKAIllee HEW3BECTHYIO, YacTO MPHUBOAUT K IMOTEpe KOPHEH
ypaBHeHus. Kpome Toro, yHuBepcanbHas TOJCTAaHOBKA TaK jK€ MOXKET MPUBECTH K

IIOTEPE KOPHEU.
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[pumep 5. Pemuts ypaBHeHue cosx (2sin2x — x) = cosxsin2x.
HenpaBunbHoe pemienue. 2sin2x — 1 = sin2x;

sin2x = 1;

2x=%+2nk,k€Z; x:%+nk,k€Z.

Omeem: x = %-l—ﬂ'k,k €.

[NpaBunbHOE pemenune. cosx (2sin2x — 1) — cosxsin2x = 0
cosx (2sin2x — 1 — sin2x) = 0;

cosx (sin2x — 1) = 0;
1) cosx = O,x=x=§+nk,kEZ;

2) sin2x —1 =0, sin2x =1,
T T
2x=§+27m,nEZ, x=Z+7m,nEZ.

5. Eme ogHa mpuyMHa MOSIBICHHSI OIIMOOK — HEIOCTAaTOYHOE BHUMAaHHUE K
nposepke. He crnenyer 3a0biBaTh, 4TO MpU O0TOOpPE KOPHEW TPUTOHOMETPUUECKHUX
YPaBHEHHI 4acTO ynOOHO MCHONb30BaTh EAMHUYHYIO OKPYKHOCTb.

Takum  oOpazoMmM, HeoOXOOAUMO  TOMHHUTb, YTO MpPU  PELICHUU
TPUTOHOMETPUYECKUX YPABHEHUM:

1. Henb3st cokpamjaTh Ha MEPEMHHYIO BEJIMYMHY, 3TO MOXET NPUBECTH K
norepe KopHed ypaBHeHUs. HeoOXoauMo KaKIbli MHOMXKUTENIb HCCIENIOBaTh Ha
pelnieHue;

2. Heo0Oxomumo y4uThIBaTH 00J1aCTh JonmycTUMBIX 3HadeHui (O.J1.3.);

3. [Ipu Bo3BeneHUM 00eux yacTed ypaBHEHHS B YETHYIO CTENEHb MOTYT
MOSIBIIATHCST MMOCTOPOHHUE KOopHU. HeoOxoaum oTOOp MOTYyYEHHBIX pPELIEHUH, HO
3TO CII0KHO, TOATOMY MO BO3MOXXHOCTH HYKHO OOXOAUTHCS O€3 ATON Omnepaluu;

4. Tloreps kopHeW YypaBHEHHS MOXET TPOU3OUTH U OT 3aMEHBI
) X
TPUTOHOMETPUYECKUX (YHKIUNA 4Yepe3 TaHIeHC tg; =t - yHHBEpCaNbHas

TPUTOHOMCTPHUYICCKAA ITOACTAHOBKA.
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2.4 KoHcneKTbl YPOKOB I10 TeMe HCCJIeI0BAHNS

Ypox uzyuenua nosozo mamepuana
Tema ypoka: Pelienue TpUroHOMETpUYECKUX YPaBHEHUM.
Tun ypoka: M3ydyeHue HOBOro Marepuaa.
Lens ypoka:
-O0pa3oBareibpHasi: HAy4YUTbCS peniaTb TPUTOHOMETPHUYECKHE YpaBHEHUS

(O (SP1R 4 020005007041 CII0co0aMu: BBCJACHHUC BCIIOMOTATCIIBHOTO YIJId, BBCACHUC BBIpa)KeHI/Iﬁ

. a
JUIsL Sinx u cosx uepes tg - 1o dbopMynam, CBEJEHUE K OJTHOPOJHOMY YpPaBHEHUIO,

npeoOpa3oBaHue CYMMbl B TIPOM3BEIICHHE, BO3BEJCHHE B KBaJpaT 00EUX YacTel
YpaBHEHUN U 3aME€HA BBIPAKCHUA.

BocnurarenbHas: BOCOUTATh aKKypaTHOCTb, BHUMATEJIbHOCTh MPU PEIICHUU
ypaBHEHUH

PazBuBaromas: pa3BUTh HAaBBIKM yMEHHUS paboTaTh C y4eOHHUKOM, YMEHHE
CaMOCTOSATEJIbHO HAWTH HEOOXOAuMYI0 MH(OpMAIUIo, pa3BUTh YMEHUE MPUMEHSTh
MOJIy4YE€HHBIE 3HaHUSI Ha YPOKE B Mpolecce paboThlI.

Merton oOydeHus: 00BICHUTEIIBHO-WILTIOCTPATUBHBIN

YVY]: nuunoctHble: (HOpPMHPOBATH YYEOHYIO MOTHBAIIMIO, CAMOOIICHKY H
HEO0OXOAUMOCTb MPHUOOPETCHUS HOBBIX 3HAHMIA;

KoMMmyHHKAaTHBHBIE: yMEHUE BBIPAKATH CBOM MBICTIU MIPHU PELIEHUN YPABHEHUI;

[lo3HaBaTenbHbIE: YMEHUE BBIOPATh MOAXOIAIINN METO/| PEILICHHS] YPaBHEHUS,
B 3aBUCHUMOCTH OT THUIIa YPABHEHHUSI.

Perynsarusnbie: popMupoBaHue CO3HATEIBHOCTH MBIIILIICHUS

O6opynoBaHHe: WHTEPAKTHBHAs JOCKa, MejoBas Jgocka, Mopakosuu, A.l.
Anrebpa u Havasnia MatemaTuyeckoro aHaiauza. 10 kmacc. B 2 wactax. YueOHuK
(mpoduneHeli ypoBenb) / A. I'. Mopakosuu, [I. B. CemenoB — Mocksa
[Ipoceemenue, 2020r,
CrpykTypa ypoka:

1. Opranuzanuonssiii MomeHT. [TocTaHoBKa 11€71H.

2. AkTyanuzanmus 3HaHUU.
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3. Usyuenue HOBoro matepuaina. [leppuunoe 3akperuieHue.
4. TlocTaHOBKA TOMAIIHETO 3aJaHUS.
5. Tlonsenenue utoros. Pedexkcus.
Xoo ypoka:
1. OpranuzanonHbli MOMEHT. [locTaHOBKA LIEIH.
IIpuserctBue yyamuxcs. Ilepexnnuka. [loctaHOBKa TEMBI U LI€IN YPOKA.
2. AKTyanu3auus 3HaHUH.
Ckonpko TpuUroHomerpuyeckux ¢yHkuuid Bbl 3Haere? U kakue? (4, cunyc,
KOCHHYC, TAHT'€HC, KATAHT€HC)
YT0 Takoe CUHYC, KOCUHYC, TAHT'€HC, KATAHT€HC?
3. Usyuenue HoBoro matepuaina. [leppuunoe 3akperieHue.

PaCCMOTpI/IM Pa3JINYIHbIC CIIOCOOBI peUICHUS YPaBHCHUA.

sinx+cosx =1 *

| cnocob. Beeoenue ecnomoeamenvrozo yena:
Paszenum o6e 4acTH ypaBHeHHs Ha V2:

sinx +cosx =1 /:V2.

1 1 1
—sinx + —=cosx = —, Wiu
V2 V2 V2
LSO SR
cos4smx Sm4cosx— K
_ m V2
Sln(X+Z)—7,

T V2
x + i (=™ arcsin7 +mk,k € Z,T.e.

X = —%+ (—1)n%+nk,k €Z.

Omeem: x = —% + (—1)"% +nk,k € Z
~ . a
Il cnocob: eeedenue evipasicenuti 0 sinau cosa uepes tg 7o Gdopmynam:
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— 2
+tg2%,cosa = Trige Q)

O6pamienue K QyHKIUSIM tg%npeanonaraeT, 4yTO cosg 0, Te. x #m+

2nn, n € Z. Utak o ¢popmynam (1) u3 ucxogHoro ypaBHeHus (*) mosydaem:
[l cnoco6: Ceedenue k 00HOpOOHOMY YPABHEHUIO.

Bripaszum sin x, cos x u 1 yepe3 GpyHKIIMN MOJTOBUHHOTO apryMEHTaA:
. X X X . X . X X
2sin=cos=+ cos?= — sin?= = sin®=+ cos?=,
2 2 2 2 2 2
. X X . X X
2sin=cos=— 2sin®?= =0 /: 2cos?=,
2 2 2 2
X 2 X X X
tg——tg°==0,unut —(1—t —)=0
9 2 9 2 ! g 2 g 2 ’
T X
Ecrmtg—-—=0,T0=- =71n,n € Z,
2 2
T X T
Ecim t'gE: 1’TOE =Z+T[k,k € Z.

Omeem. x = 2nn,n € Z,x :§+ 2k, k € Z.

IV cnocob. [lpeobpazosanue cymmvi 6 npouszgeoenue.
. VA
Bripasum cos x depes sin (E — x) :
X _ g2 X
2tg 5 1—-tg 7

+ = 1.
1+tgzg 1+tgz%

Orcrona: 2tg§+ 1—t92§= 1_|_tgzg
b , X
2tg5—2tg°5=0/:2,
X

tgz(l—tgg) =0,

X X
tg5= 0 niun tg§= 1.
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Ecnn tg§= O,TO§= m,n € Z urtorna x = 2nn,n € Z.

Ecnmtg§= 1,TO§=%+T[k,kEZI/IJII/I x=§+2nk,kEZ.

Omeem. x = 2nmm,n € Z, x =§+2nk,k € Z.

sinx+sin(g—x) =1,

Xx+5-x  x+m+x
ZSinT*COST =1,
y[4 T T
ZSianos (x - Z) = 1,u1un V2 cos (x _Z) = 1.Torpga

( 7T)—\/E T4 2 omnnez
coS | X 4 = 2 Ux 4—_aTCCOS 2 mm,n )

T
x=E+27m,nEZ.

Omeem: x = 2mn, x :§+27m,n €EZx =§+27m,n € Z.

V cnocob: llpumenenue gpopmynvi

sinx + cosx =\/§Sin(x+%),
V2sin (x +%) =1/:2

sin(x +%) =%,

T 1
x+—=(—1D"arcsin—=+mn,n € Z.
7= (D >

Omeem: x = —%+ (—1)"%+nn,n € Z.

VI cnoco6:Bo3BeseHre B KBaZipaT 00erX YacTel ypaBHeHUs ().
(sinx + cosx)? =1,
2sinxcosx + 1 =1,
2sinxcosx =0 /: 2,

sinx = 0 unu cosx = 0,
Ecnu sinx = 0,to x = nk, k € Z.

Ecnu cosx = 0,10 x = i§+nn,n € Z.
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O10T criocod TpedyeT 0TOOpa perIeHUH.
N3 cepun uncen x = mk pemenueM Oynet cepusi x = 2k, (k € Z) — mocTopoHHEe
pelIeHue.
sinx ++1—sin?x =1,
+v 1 —sin?x = 1 — sinx,
1 —sin’x = (1 — sinx)?,
(1 —sinx)(1 + sinx — 1 + sinx) = 0,
2(1 — sinx)sinx = 0,
sinx = 1 uau sinx = 0.
Ecmu sinx =1, 0 x = % + 2nn,n € Z.

Ecmu sinx = 0, 0 x = wk, k € Z.

N3 cepun x = mk perieHrem sBiIsieTcs TONbKO x = 21k,

Omeem.: x = §+ 2nn,n € Z,x = 2nk, k € Z.

Ypox 3akpennenusn uzyuennozo mamepuana

Tema ypoka: TpUrOHOMETPUUYECKUE YPABHEHUS.

Tun ypoka: 3akperieHue n3y4eHHOro MaTepuana.

Llens ypoka:

-O0pa3oBareipHasi: HAYYUThCS peliaTh TPUTOHOMETPUYECKHE YpaBHEHUS
CIENYIONIMMHU  Ccroco0aMu:  anreOpandeckuii  MeTOA, METONl pa3JIoKeHHs Ha
MHOKHUTENH, OJTHOPOHBIE YPABHEHHUS IIEPBOU U BTOPOM CTEIEHHU.

BocnurarenbHas: BOCOUTAaTh aKKypaTHOCTb, BHUMATEIbHOCTh IIPU PELICHUU
YpPaBHEHUU.

PazBuBaromas: pa3BUTh HAaBBIKM yMEHHUS paboTaTh ¢ y4eOHHUKOM, YMEHHE
CaMOCTOSITETIbHO HAWTH HEOOXOAMMYIO0 MH(MOPMAINIO, Pa3BUTh YMEHUE NMPHUMEHSITH
MOJIYYCHHBIC 3HAHUS Ha YPOKE B TIpoiiecce padoThI.

Meton 00y4deHus: caMOCTOATENIbHAs padoTa.

VYV/: nuunocTHbie: (GOPMUPOBATH Y4YEOHYHO MOTHBAIMIO, CAMOOLIEHKY U
HEOOXOJUMOCTb MPUOOPETEHUSI HOBBIX 3HAHUIA;

KomMyHHKaTHBHBIE: YMEHUE BBIPA)KAaTh CBOM MBICIIY IIPU PEIICHUN YPABHEHU;
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[To3HaBaTenbHbBIC: YMEHNUE BHIOPATH MOAXOASIINNA METO PEIICHUS] ypaBHEHUS,
B 3aBHCHMOCTH OT THIIA yPaBHEHUSI.
PerynstuBHbIe: (hopMUpOBaHHE CO3HATETBHOCTH MBIIIJICHHS .
ObopynoBaHue: MHTEpaKTUBHAs JOCKa, MeyoBas Jocka, Mopnakosud, A.Tl.
Anrebpa u Hadana mMareMmatudeckoro ananuza. 10 kmacc. B 2 yactax. YueOHuk
(mpodunbHbd ypoBeHb) - Mopakosuu A.I'., CemenoB II.B. — Mocksa

[Tpocsemienune, 2020r,

1.Crpykrypa ypoka:

2.1. Opraau3anroHHbI MOMEHT. ITocTaHOBKA TIETIH.
3.2. AKTyanu3anusi 3HaHUU.

4.3.3akpemnieHue MaTepuaia.

5.4.1locTanoBKa JOMAIITHETO 3aJaHUS.

6.5.1lonBenenue uroros. Peduekcus.

Xoo ypoka:
1. Opranu3aimoHHbIA MOMEHT.
[IpuBercTBUe yuammuxcs. [lepexnuuka. [locTaHOBKa TeMBbI U LIEJIN ypOKa.
2. AxTyanu3amus 3HaHUH.

Kakue Tpuronomerpuueckue GyHkiuu Bel 3HaeTe? (SiN @, COS a, tg a, ctg a).

Kakue pemenne npocTelnx TPUrOHOMETPUYECKUX YPABHEHUI Bbl 3HAETE?

3. 3akperuieHne Matepuana.

Haunewm ¢ Bamu ¢ perieHust ypaBHEHHH, a mocyie OyeT caMoCToATeIbHas paboTa

Ha 25 MUHYT.
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3aganue 1. a) Pemmte ypasHenue 2 cos?x + 2sin2x = 3. 6) YkakuTe KOpHHU

3 T
JaHHOI'O YPaBHCHUA, IIPUHAAJICKAIINC IIPOMCIKYTKY [— 7; — E]

Pemenue: 2cos?x + 2(2sinxcosx) = 3, npeacTaBuM 3 Kak 3 * 1,
pik
2cos?x + 2(2sinxcosx) = 3(cos?x + sin?x),
2cos%x + 4sinxcosx — 3cos?x — sin’x,

—cos?x + 4sinxcosx — 3cos?x = 0, /:cos?x
—1 + 4tgx — 3tg?x =0,
tgx =t
—3t2+4t—-1=0,
3t2—4t+1=0,
D=16—4%3=4=22

1
tl—l tz—g
1,
tgx =1, tgx = —
3
x=%+nk,k€Z, x=arctg§+7m,neZ.
3n
3 ——A
-= 2

A
o

s
4 - —

Omeem: a x=£+7rk,kez,x=,5 _3_”’_5
4 4 4
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3aganue 2. a) pemmTe ypaBHeHue tg?x +5tgx+ 6 =0. 0) Ykaxure KOpHH
JTAHHOTO YPaBHECHMS, TPUHAIIICKAIITNE TIPOMEKYTKY [—Zn; — %]
tgx = t,
t2+5t+6=0,
D=25+4%6=49 =72

_5 _5_
t1: 2+7:1,t2: 7:_6,
tgx =1, tgx = —6,
x = %+ mm,m € Z.x = —arctgb + nn,n € Z.
Vs
—— A
2
—217‘
Omeem: x = % +mm,m € Z,x = —arctgb + ntn,n € Z
Tabmuma 3 - CamocTosiTenpHas paboTta
Bapuanr 1 Bapuanrt 2

3 3aoanue 1. a) Pemwurte ypaBHeHHE tgXx +
3aoanue 1. a) Pemute ypaBHeHue 4cos°x + (3n
cos|—— Zx) = 0.

3cosx + 4V3 = 4+/3sin?x.

6) VkaxuTe KOpDHH O3TOrO  ypaBHeHus,| O) Ykaxure KOpHH YpaBHEHUSI,
3 T

MPUHAIIIEKALIETO IIPOMEKYTKY [%T ; 371']. NPpUHAJICIKAITNE TTPOMEKYTKY [—ﬂ; Bk

3adanue 2. a) Peumte ypasnemme 4sin’x +| 3adanue 2. a) Pemmre  ypaBHeHHE
. (3m _ \/i . (T 2% = si -1
8sm(7+x)+1—0. Sln(4+x)+cosx sinx — 1.

6) Haiinute Bce KOpHM 3TOTO ypaBHeHus,| ©) YKaKHTE BCE KOPHH OTOTO YpaBHCHHS,

3 m,
IIPUHAIJICKALIUE TIPOMEKYTKY [—371’; - 7”] NPUHAUICIKAIINE IIPOMEKYTKY [7 ) 5”]-

3adanue 3. Haiimute uncio kopHeil ypaBHenus|y 3@0anue 3. Haiigure umcio  KOpHei

2cos®x + 5sinx + 1 = 0. [Ipunamnexamme ypaBHEHHUS sin?x + 2sinxcosx =
npomexytky (0; 27).

3 2 E3_71’
COS“X Ha UHTpeBaJie 22 )"
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SAKVIIOYEHUE

HecMoTrps Ha TO, 4TO TPUTOHOMETPUS SBIAECTCA OJHOW U3 BaXHEUIIUX
COCTaBHBIX YaCTEN IIKOJIBHOTO Kypca MareMmartuku. Tema «Tpuronomerpuueckue
YpaBHEHUs» 3aHMMAaEeT B IIKOJIBHOM KypC€ OJHO M3 BAXKHBIX MECT. be3 ymeHus
pemarb Takue YpPaBHEHHMS HEBO3MOXHO JANbHEHIIEE U3YYEHUE TPUTOHOMETPUU M
peuieHue 3aaad.

B BbimyckHOM KBanu(pUKAIIMOHHON paboTe HaMH OblIa pacCMOTpPEHA BasKHAs
TeMa «TpuroHoMeTpruyecKrue ypaBHEHHs», TaK Kak 3Ta Tema BcTpedaercs B EI'D
3amanusax 10 m 12. B 3amanusax 12 HeoOXoAMMO peHINTh TPUTOHOMETPHUYECKOE
ypaBHEHHE U OTOOpaTh KOPHU HA IPOMEXKYTKE.

B xome pabGorel ObuUIM  HM3yyeHBl TEOPETUYECKHE OCHOBBI  TEMBbI
«TpuroHoMerpuueckre ypaBHEHHUS», OBbUIO MPOAHAJIN3UPOBAHO  COAEP)KAHUE
IIKOJIBLHBIX YYeOHMKOB Takux aBTOpoB Kak A. I. Mep3zisik, A. H. Konmoropos u A. T.
MopnakoBud U Bce yUEOHHKM MOAXOASAT KakK A M3ydyeHUs B IIKOJIE, TaK W Jis
JOMAIIHEero u3ydeHus. Bce aBropbl y4eOHUKOB MCMONIB3YIOT OOJBIION CHEKTP
(Gopmyi1, KOTOpbIE HEOOXOUMBI JUIsl PEILIEHUSI TPUTOHOMETPUUYECKUX YPABHEHUH.

Kpome Ttoro ObuiM paccMOTpeHBI METOJbl PEHICHHS TPUTOHOMETPHUUECKHX
ypaBHEHUH, ObUT MPOBEJEH KOHCTATUPYIOLIUI SKCIIEPUMEHT 110 TEME UCCIIEIOBAHUS U
ObUIM COCTaBJIEHBl METOJUYECKUE PEKOMEHAAMU IO MPEeIyNpexaACHUI0 OLUINOOK,
pa3paboTaHbl KOHCIEKThl YPOKOB, COCTABJIEHbl TPEHUPOBOUHBIC YIPa)KHEHUS IS
YYalMXCsl CTapIIMX KJIACCOB IO MOATroToBKEe K EI'D B mpuioxeHnn A u perieHue
TPEHUPOBOUYHBIX YIPAKHEHUN MPECTABIECHBI B IPUIIOKEHUH b.

B meroandeckux peKkoMeHJauusX OBUIM PACCMOTPEHBI THUIOBBIE OLIMOKH,
MIPUBEICHBl IPUMEPHI HEMPABWIBHBIX U MPABWIBHBIX PEUICHUN C KOMMEHTapHUsMH,
IJ€ MOKHO HaIISIIHO IOKa3aTh TJ€ M Kakas omMOKa Obula JONYILIEHAa U Kak ee
UCITPaBUTh.

3aauyM M [eJd, I[OCTaBICHHBIE B XOAE BBINOJHEHUS  BBIMYCKHOU

KBaHH(i)HKaHHOHHOfI pa6OTbI JOCTUT'HYTHI. HOI[BOI[SI HUTOTH, MOXXHO OTMCTHUTB, YTO
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CO3/IaHHBIE METOANYECKUE MATEPUAIIBI MOXKHO MCIOIb30BaTh YUYUTEISAM U YHAIIUMCS
CpedHEld IIKOJIBI MPU M3YYEHHH TeMbl « [pUTOHOMETPUYECKHWE YPABHEHHUS» WU IS

noarotoBku K EI'D.
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INPUJIO’KEHUE A

TpeHnpoBoUYHbIC YIIPAKHEHHUS /ISl YYALIUXCH CTAPUIMX KJIACCOB

mo moaAroTtoBke k EI'D

Tabnuua 1 — TpeHMpPOBOYHbBIE YIIPAKHEHUS

AnreGpandeckuil METO/I.

1. Pemute ypaBHenue: 2sin’x + cos4x = 0.

2. Pemute ypasHenue: 3cos?x + sin?x — sin2x = 0.

3. Pemnre ypasaenue: sin(3arccosx) =

N |-

m(x+2) .

4. Pemure ypaBHEHUE Sin . B OTBETE 3alMIINTE HANMEHBIIUU

|G

IIOJIOKUTENIbHBIN KOPEHb.

5. Pemute ypaBaenue: sin(4arctgx) = 1.

X o
6. Pemmute ypaBHEHuHe ctg—4 = 1. B orBere 3anmmure HaUOOMBITUI
OTPUIATEILHBIN KOPEHb YPaBHCHHUS.

7. Pemutp ypasuenue (1 + 2cosx) /sin(x + %)=O.

8. Pemuth ypaBuenwue 4|sinx| + 2cos2x = 3.

MGTOI{ Pa3JI0KCHUA Ha MHOKHUTCIIN

9. Pemnte ypaBHeHue: cos4x + 5sin’x = 1 + 2sin?2x.

10. Pemnre ypaBrenue: sinx + sin2x + (1 + 2cosx)cosx = 0.
11 Pemmre ypaBHeHue: 2sin’x (g + x) = —cosx . Haungure Bce KOpHU
ypaBHEHHUS, IPUHAIICKAIINE TTPOMEKYTKY [— %n; —n].

12. Pemute ypaBHeHue: cos15x = sin5x.

13. Peuure ypasuenue: 5sin?x + v3sinxcosx + 6cos?x = 5.

[IpuBeneHne Kk OTHOPOTHOMY YPABHEHHUIO
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14. Pemute ypaBHenue: 3tg?x + 4tgx + 4ctgx + 3ctg?x + 2 = 0.

15. Haiigute uyumcno  kopHeil  ypaBHeHus — 4sin’x —4cosx —1 =0
MPUHAICKAIINX TPOMEKYTKY (—TT; 2TT).

16. Haiigute umcino KopHel ypaBHeHHs sSin’x + 2sinxcosx = 3cos’x Ha
MHTEpBaje (% ; 37n).

17.Pemuts ypaBHenue: 4|cosx| + 3 = 4sin?x.
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INPUJIOKEHME b

Tabnuua 1 — Pemienne TpeHUPOBOUHBIX YIPAKHEHUM

1. Pemure ypasHenue: 2sin’x + cosdx = 0

Pewenue: 3amenuM 2sinx Ha 1 — cos2x, a cos4x pasnoxuM 1o Gopmyie
JBOMHOrO yria cos2x = 2cos?x — 1,cosdx = 2cos?2x — 1,
1 —cos2x + 2cos?2x —1 =0,

2c0s?2x — cos2x = 0,
cos2x(2cos2x —1) =0,

IIpupaBHsAeM K HYJIIO KaKJIbI U3 MHOKUTEJICH:
cos2x = 0, U 2cos2x —1 =0,
2x=§+nk,k€Z, 2cos2x—1=0,
x=%+%k,kEZ. 2cos2x =1,
coSs2x = l,
2
2x = i§+ 2mm,m € Z,
X = +%+nm,m€Z.

0meem:x=%+%k,kEZ,x= +—+mmme~”Z

o]

2. Pemure ypasHenue: cos4dx + 5sin’x = 1 + 2sin?2x

Pewenue: Ucnionw3yst popmMyity ABOMHOTO yIjia U OCHOBHOTO
TPUTOHOMETPHYECKOTO TOKIECTBA, TIOTYUHM:
2 —2sin® 2x — 1 + 5sin’x = 1 — 2sin?2x,
1+ 5sin’x = 1 + 2(sinxcosx)?,
4sin’x = 4sin’xcos’x,
4sin’x — 4sin’xcos?*x = 0,
4sin’x — (1 — cos?x) = 0,
4sin®xsin’x = 0,
4sin*x = 0,

sin*x = 0,
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sinx =0,
x=mk,k € Z.

Omeem: x =k, k € Z

3. Pemure ypasHenwue: sinx + sin2x + (1 + 2cosx)cosx = 0

Pewenue: IlpencraBum sin2x = 2sinxcosx, Torja

sinx + 2sinx cosx + 2cos?x = 0,

Brrnecem sin x 3a CKO6Ky, a BO BTOPOH CyMMe BHECEM COSX Y MOJIYYUM:

sinx(1+2cosx)+cosx(1+2cosx) =0,
(1+2cosx)*(sinx+cosx) =0,
1+2cosx=0, sinx+cosx=0,

2cosx =—1, sinx = —cosx,
1
cosx = —, tgx =—1,
2 3
x=§+2nk,kEZ. x=7n+7rm,mEZ.

4
x=?n+27m,nEZ.

3

Omeem:x=2?n+2nk,kEZ; x=4§+2nn,nEZ;x=T+nm,mEZ

4. Pemute ypaBHeHue: 3tg?x + 4tgx + 4ctgx + 3ctg’x +2 =10

Pewenue: O/13: sinx + 0,x # mk,k € Z

T
cosx # 0,x ¢§+ 2rm,n € Z

3(tg?x + ctg?x) + 4(tgx + ctgx) + 2 = 0,
3(tgx + ctgx)? + 4(tgx + ctgx) + 2 = 0,
3amennm (tgx + ctgx) = a,
3(a?2-2)+4a+2=0,
3a+4a—4=0,
D=b*—-4ac=16—-4*3%(—4) =16 + 48 = 64 = 82

g = T8 2 0= =8 o
17 6 737 27 e T

48



tgx + ctgx = 3’ tgx + ctgx = =2,
tgx + ctgx —§ = 0 3ameHumMm ctgx = tgix, tgx + ctgx +2 =0,
1 2 1
tgx+tg—x—§—0, tgx+tg—x+2—0,
3tg?x+3-2tgx 0 tg’x++2tgx 0
3tgx Y tgx B
3tgix — 2tgx + 3 =0, tg’x + 2tgx +1 =0,
3amennMm tgx Hat — 3t?2 — 2t +3 =0, 3amenum tgx Ha t > t2 + 2t + 1 =
0,
D = —24 = HeT KopHeli, HeT pemieHua D = b2 —4ac =4 —4 %11 =0,
tgx =0,
x =1k, k € Z.

Omeem. HET PELICHUS

5. Pemnte ypasHenue: 3cos?x + sin’x — sin2x = 0

Pewenue: 3cos?x + sin’x — 2sinxcosx = 0 l:cos?x,
3+ tg?x — 2tgx = 0,
—tg%x + 2tgx + 3 =0,/x (—1)
3amenum tgx Hat, t? — 2t —3 = 0,
D=0b%—4ac=4+4%3 =16 =42,

=223 ,=2=1,
-2
tgx = —3, tgx =1,
x =arctg(—3) +nk,k € Z, «x =%+nm,m € Z.
x = —arctg3 +nk,k € Z.

Omeem: x = —arctg3 + nk,k € Z,x = % +mm,m € Z.

: 1
6. Perure ypaBuenue: sin(3arccosx) = >

Pewenue: Vicionp3ysi eIMHUYHYIO OKPYKHOCTb, HAWIEM YTIIBL, JJI51 KOTOPBIX

, 1
sSinx = —-
2

T
3 arccosx = E + 2mm,m € Z,
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X = cos—,

1
Omeem: x = cosz

— — . B OTBETE 3aUIINTEC HAUMCHBIIINN

T(x+2) V3
2 2

7. Pemute ypaBHEHUE Sin

II0JI0KUTEIIBHBIN KOPEHb.

PeweHue: ) = 4—”, mer?) - S—R,
3 3 3 3
m(x + 2) = 4m, m(x + 2) = 5m,
x=2+4+6kkE€EZ, x=3+6mmEeE”Z,
Omeem. 2

8. Pemmre ypaBHenue: sin(4arctgx) = 1

Pewenue: Vicnonb3ysi EITMHUYHYIO OKPYXXHOCTb, HAWJIEM YIJIbL, JJI51 KOTOPBIX

sinx =1,

T
4arctgx = -+ 2nn,n € Z,

2
X = tg(z+ﬂ),n € Z,
8 2
Omeem. x = tg (§+?),n eEZ
9. Pemute ypaBHeHue 2sin’x (g + x) = —cosx. Halinure Bce KOpHU ypaBHEHUS,

5
IIPUHAJICKAIINE TIPOMEKYTKY [— 7” ; —n].

, T .
Pewenue: Tlo hopmyne nmpuBeeHUs MoaydaeM: Sin (E + x) = cos x;,

2c0s%x = —cosx,
2cos?x + cosx = 0,
cosx(2cosx +1) =0,

cosx = 0, 2cosx+1=0,

T 1
x =7 +mk, cosx = —=,

@) x =+ + 2k, k € Z.
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0% 7%

Omeem:. a) x = iz?n+27tk,k € Z, 6)—%”; —%ﬂ

OPOMEXYTKY (—T; 21).

10. Haiinure uncio kopHeil ypaBHenus 4sin’x — 4cosx — 1 = 0 npuHaaIekaImx

kak (1 — cos?x)

4(1 — cos?x) — 4cosx —1 =0,

4 — 4cos’x — 4cosx —1 =0,
—4c0s?x — 4cosx + 3 = 0 /*(-1),
4cos?’x + 4cosx —3 =0,
3aMeHuM cosx = t,
4t2 + 4t -3 =0,
D=b*—4ac=16+4+4x3 =64 = 82,

po_48_12_3 48 4 1

1= ¢ 78 22 27 8 g 2
3 y 1

cosx == > 1 HeTKOpHelt cosx = —=,

21
x=i?+2nk,kEZ, 2t A

R
Y

21T

Pewenue: TIpenctaBuM sin’x 1o OCHOBHOMY TPHIOHOMETPHYECKOMY TOXKIECTBY

Omeem: 3

v
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11 Haiimute uymcno KopHeH ypaBHeHms sin’x + 2sinxcosx = 3cos’x Ha

T 37
UHTEpBaje (E; 7).

Pewenue: sin®x + 2sinxcosx — 3cos?x = 0,
PasnenuM ypaBHeHue Ha cos?x: tg?x + 2tgx — 3 = 0,
3ameHuM tgx = t, Torna

t?+2t—3=0,
D=4+4%x3=16 = 42,
t, =—22+4= 1, t, =—22—4: _3,

tgx =1, tgx = -3,
x=%+nk,k €Z. x=-—arctg3+mnne€Z

v

)

2 4

Omeem: x =%+ k,k € Z,%n;

X o
12. Pemure ypaBHEHHE ctg4 = 1. B otBere 3anummmuTe HaWOOIBIIHI

OTPULATEIIbHBIN KOPEHb YPABHECHUS.

Pewenue: x # 8k, k € Z.

)

NE

x=2+8k, k€’

Omeem: x =2+ 8k, k € Z.

13. Pemuts ypasHenue 4|cosx| + 3 = 4sin®x.

Pewenue: 4|cosx| + 3 = 4(1 — cos?x),
4|cosx| + 3 = 4—4cos?x,

4|cosx| + 3 — 4+4cos?x =0,
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4|cosx| — 1 +4cos? x = 0,
4cos?x + 4|cosx| —1 =0,
cosx = t,
4t2 +4t—-1=0,
D=16+4%4%1=+32=4V2,

—4+4V2 1442
t12 = 3 = >

-14+/2

Omeem:

14. Peuuts ypaBuenue (1 + 2cosx) /sin(x + %)=O

Pewenue: (1 + 2cosx) =0wu /sin(x + %) =0,

2cosx = —1,
cosx=—l, x+E=O,
2 4
xziz?n+2nk,kEZ. x=—%+2nn,nEZ.

Omeem: x = iz?n+ 2nk, k € Z,x = —%+2nn,n €EZ

15. Peminth ypaBHenue 4|sinx| + 2cos2x = 3

Pewenue: 4|sinx| + 2 (2cos?x — 1) = 3,
4|sinx| + 2 (2(1 — sin®x) — 1) = 3,
4|sinx| + 2 — 4sin?x = 3,
4sinx — 1 — 4sin’x = 0,
—4sin?x + 4sinx —1 =0,
sinx = t,
—4t2 +4t—1=0,
D=16—-16 =0,
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x=%+2nk,keZ, x=7?n+27m,n€Z,
5 11w
x=?+2nk,keZ,x=T+2nm,m€Z,
Omeem:x=§+2nk,k62, x=7?n+27m,nEZ, x=%+2nk,k€Z,x=

11
?n+2nm,m €EZ

54




Munucmepcmeo nayku u gvicuieco obpasoeanus Poccuiickou @edepayuu
PedepanvHoe 20cydapcmeenHoe asmoHOMHOe 06pasoeamenvHoe yupedcoeHue
gvicuie20 0bpazoeanus

«CHBHPCKHH ®EJEPA/IbHbIH YHUBEPCHTET»

JIECOCHBEHPCKHH NEJATOTHYECKHHA HHCTHTYT -
¢unuan Cubupckozo (pedepansHozo ynusepcumema

Bricmiei MaTE€MaTHKH, PIH(t)OpMaTPIKH H €CTECTBO3HAHHUA
kadeapa

VTBEPXIAIO
3aBemyromuii kKaheapoi

.H. XpamoBa
(/lOlll’lHCb HHHIMANEL, GaMHAIHs

«{Y» 06 2022r.

BAKAJIABPCKAS PABOTA

44.03.05 Ilenarornyeckoe obpaszosanue (¢ ABYyMs MPODHIAMH NIOATOTOBKH)

KOJI-HaWMCHOBAHUC HaNpaBJ/ICHUA

METOIUKA U3YUYEHUSA TEMBI « TPUT OHOMETPUYECKHME YPABHEHW»
B KYPCE MATEMATHKHU CPETHEN LLIKOJIbI

PykoBoautens : «}7 /&/ /ool:u K. o —etr, It m—c\af- E. H. SxoBneBa

nommct» Aara IIOIDKHOCTL yqeuax CTCNCHb HHHLHATBI, (t)aMPUIPUI
CryneHnt - /0.0€22 J.A. Tlo3zneesa
Inoamnuce, Aata MHALHATBL, (aMuIus
Hh
HopMmoxkoHTpoiep Q X <] {v.0e.22 E.H. SlxoBneBa
NOANHCH, Aara HHHIIHATIEIL, q)amumm

Jlecocubupck 2022



	Рисунок 6 – Тригонометрический круг тангенса
	Рисунок 7 – Тригонометрический круг котангенса
	При решение тригонометрических уравнений используют формулы приведения (таблицы 1, 2).

