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1. Introduction and preliminaries

The study of fixed point theory comes from wider area of non-linear function analysis. How-
ever, its study began almost a century ago in the field of algebraic topology. Fixed point theorems
find applications in proving the existence and uniqueness of the solutions of certain differential
and integral equations that arise in physical, engineering and other optimization problems. In
the study of fixed point theory, some of the generalizations of metric space are 2-metric space, D-
metric space, D*-metric space, G-metric space, S-metric space, Rectangular metric or metric-like
space, Partial metric space, Cone metric space. In 1989, I. A. Bakhtin [2] introduced the concept
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of b-metric space. Consequent upon the introduction of b-metric space, many generalizations
of metric spaces came into existence. In 2015, M. Abbas et al. [1] introduced the concept of
n-tuple metric space and studied its topological properties. M. Ughade et al. [15] introduced the
notion of A,-metric spaces as a generalized form of n-tuple metric space. Subsequently N. Mlaiki
et al. [11] obtained unique coupled common fixed point theorems in partially ordered A,-metric
spaces.

In this paper, we use the notion of a mixed weakly monotone pair of maps to state a coupled
common fixed point theorem on partially ordered A,-metric spaces. We prove some unique
coupled common fixed point theorems in partially ordered Ap-metric space and also provide
example to support our results.

First we recall some notions, lemmas and examples which will be useful to prove our results.

Definition 1.1 (M. Abbas et al. [1]). Let & be a non empty set and n(= 2) be a positive integer.
A function A : " — [0,00) is called an A-metric on S, if for any §, a € 3. i =1,2,...,n, the
following conditions hold.

() A(C1,C2s- -5 Gnm1,Cn) 2 0,
(1) A(C1,Coy vy Cna1,Cn) =0 if and only if (1 = (o = -+ = Cu1 = Cn,
(i) A(C1y Gy 15 Gn) < LA Gy i 1ys @)+ ACayCoy vy Gopy 1y @)+
+ o+ AG-1, G155 Ca1(1y» @) + AlCas Gy - -+ Gy @)]-
The pair (3, A) is called an A-metric space.

Definition 1.2 (T.G.Bhaskar et al. [6]). Let X be a non empty set. A b-metric on X is a
function d : X2 — [0,00) such that the following conditions hold for all x,y,z € X.

(i) d(z,y) =0 <= z =y,

(1) d(z,y) = d(y,z),

(ii7) there exists s > 1, such that d(x,z) < s[d(z,y) + d(y, 2)].
The pair (X,d) is called a b-metric space.

Definition 1.3 (M. Ughade et al. [14]). Let S be a non empty set and n > 2. Suppose b > 1 is
a real number. A function A, : S — [0,00) is called an Ay, -metric on S, if for any (;,a € S,
1=1,2,...,n, the following conditions hold.

(Z) Ab(CIa C2v ey Cn—lv Cn) 2 07
(i1) Ap(C1, G2y, Cn1,Cn) =0 if and only if (1 =C = - = (o1 = (n,
(”Z) Ab(<17<27 e 7Cn71a Cn) < b[Ab(Ch Clu ey Cl(n,lwa) + Ab($2a T2, ... 7x2(n,1)7a) + ...

+ Ab(Cn—h Cn—h DR Cn—l(n,l) ) Cl) + Ab(Cna Cnv R Cn(n,l) ) a)]
The pair (S, Ap) is called an Ap-metric space.

Note: In practice we write A for A, when there is no confusion.

Example 1.4 (M. Ughade et al. [14]). Let S = [1,00) and n > 2. Define Ap : ™ — [1,00) by

Ap(C1yCore ey G, Cn) = NG =G, forall G € S, i = 1,2,...,n. Then (3, Ap) is an
i=1i<j

Ap-metric space with b=2.

Lemma 1.5 (M. Ughade et al. [14]). Let (S, A) be A, metric space, so that A : ™ — [0, 00) for
somen > 2. Then A((,C,...,¢,y) < DAY, Y,...,u,(), forall {,y €.
—_—— —_—

(n—1)times (n—1)times
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Lemma 1.6 (M. Ughade et al. [14]). Let (3, A) be A, metric space, so that A : " — [0, 00)
for some n > 2. Then A(C,C,..,C,2) < (n—1)b AG,C, ., C,y) + B Ay,y,...,y,2), for all
SN—— —— SN———

(n—1)times (n—1)times (n—1)times

(y,z €3

Lemma 1.7 (M. Ughade et al. [14]). Let (X,A) be A, metric space. Then (X2, D 4) is Ap-metric
space on X x X with D4 defined by

DA(($17y1)7($27y2),---a(iUmil/n)) = A(xlum27"'7xn) +A(y17y27"'uyn) fO'f' all Tiy Yi S X7
ii=1,2,...n.

Definition 1.8. Let (X,A) be Ap-metric space. A sequence {x,} in X is said to converge to a

point x € X, if A(Tp,Tn,y...,Tn,x) = 0 as n — co. That is, to each € > 0 there exist N € N
—_————
(n—1)times
such that for alln > N, we have A(Xp, Tp, ..., Tn,x) < € and we write lim x, = x.
—_——— n—00

(n—1)times
Note: z is called the limit of the sequence {x,}.

Lemma 1.9 (N.Mlaiki et al. [11]). Let (X,A) be Ay-metric space. If the sequence {z,} in X
converges to a point x, then the limit z is unique.

Definition 1.10. Let (X,A) be Ap-metric space. A sequence {x,} in X is called a Cauchy
sequence, if A(Xp,Tp, ..., Ty, Tm) — 0 as n,m — oco. That is, to each € > 0, there exists N € N
—— ——

(n—1)times

such that for all n,m = N, we have A(Tp, Tn,- .. T, Tm) < €.
—_———

(n—1)times

Lemma 1.11 (N. Mlaiki et al. [11]). Every convergent sequence in a Ay-metric space is a Cauchy
sequence.

Definition 1.12. A Ay-metric space (X,A) is said to be complete, if every Cauchy sequence in
X is convergent.

Definition 1.13 (M. E. Gordji et al. [7]). Let (X, <) be a partially ordered set and f,g: X x X —
X be mappings. We say that (f,g) has the mized weakly monotone property on X, if for any
z,y € X,

< flzy), y= fly,0) = floy) <g((f(z,y), f(y,2), fly,z) = 9((f(y,2), f(z,9))

and
r<g(r,y), y=9y,2) = g(z,y) < f((9(z,9),9(y,2)), 9(y,2) = f(9(y, ), 9(z,y)).

Definition 1.14. Let X be a non-empty set and f,g: X x X — X be maps on X x X.

(i) A point (z,y) € X x X is called a coupled fized pint of f, if v = f(z,y) and y = f(y,z)

(i1) A point (z,y) € X x X is said to be a common coupled fized pint of f and g, if
v = f(z,y) = g(z,y) and y = f(y,z) = g(y,z).

Note: (z,y) is said to be a Coupled coincidence point of f and g, if f(z,y) = g(z,y) and
fly.x) = g(y, ).

We observe that a common coupled fixed pint of f and g is necessarily a Coupled coincidence
point of f and g.
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2. Main results

Now we prove our first main result.

Theorem 2.1. Let (X,<,A) be a partially ordered, complete Ap-metric space and let f,g
X x X — X be the mappings such that

(i) the pair (f,g) has mized weakly monotone property on X and there exists xo,yo € X such
that Zo < f($0»y0)7 f(yOaxO) < Yo OT To < 9(55071/0)’ g(y()?xo) < Yo,

(ii) there is an o such that ab?((n —1)b+1) < 1 and
A(f(z,y), f(,y), - f(@,9), 9(u,0)) + A(f (g, ), f(y, ), fy, 2), 9(v,u)) S M,

where

M= max{{up W), (@ 9), - (2,9), (Fl,9), F,2))) %

(
(D((,0), (u,0), ..., (u,v), (g(u,v), g(v,u))))
LT DG o) (o ey D@ @),

(D((, ), (), - - (2, 9),(f (@, 9),f (y, 2)))+ D((u,0),(u,v), . . . (u,0),(g(u,v),9(v,u)))),
(D((u,v),(u,v),-~-(va%(f(r,y)vf(y’x)))JrD((%y),(%y),-~-(%y),(g(u,v),g(wU))))}

X

for all x,y,u,v € X withx <u andy > v
(ii3) if f or g is continuous.

Then f and g have a coupled common fized point in X.

Proof. Let (z0,y0) be a given point in X x X, satisfying (i). Write 1 = f(zo, o), y1 =
= f(yo, o), 2 = g(x1,y1), Y2 = g(y1,x1). Define the sequences {x,} and {y,} inductively

Ton+1 = f(x2n7y2n)v Yon+1 = f(y2n7172n)

Ton+2 = g($2n+17 y2n+1)a Yont2 = 9(y2n+1,$2n+1) (2~2)
for alln € N

Since xg < f(xo,y0) and yo = f(yo, o) and since (f,g) has mixed weakly monotone property,
we have

z1 = f(20,90) < 9(f(z0,90), f(¥0,70)) = g(z1,51) =22 = 21 < 7w
(9(21,91), 9(y1,21)) = f(22,92) =23 = 22 <
(f(Wo,w0), f(wo,90)) = 9(y1,71) = y2 = Y1 = Y2
(9(y1,21), 9(z1,91)) = f(y2,22) = ys = y2 >

[ V)

and o = g(x1,y1) < f
also y1 = f(yo,x0) = g
and ya = f(y1,71) = f
By induction,

16, Tp K1 L T2 K ... <Py < Tpg1 S -
forallne N

Now we show that these sequences are Cauchy.
Define D,, : X x X — X by

D,, = D((Ivuyn)a (znayn)7 ceey (Ina yn)v (xn+17yn+1))
= A(Tn, Tny- oy Ty Tog1) + AWny Yns - -« s Yns Ynt1) for all ;9 € X 6,5 =1,2,...,n.
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Now
Dani1 = A(Tant1, T2n+15 - -+ T2n115 Tant2) T A(Y2n+1, Y2nt1, - Y2n+1s Y2nt2) =
= A(f(@2n,y2n), f(@2n,Y2n), - f(@205Y20), 9(T2n+1, Y2n41))+
+ A(f(Y2ns 22n), [ (Y2n, T2n)s - - -, [(Y2n, T2n), 9(Y2nt1, Tant1)) <

< amax { |:(1 + D(($2n7 y2n>7 (x2n7 y2n); ey (ana y2n)7 (f(xQna an)7 f(y2na x2n))>) X

% (D(($2n+17 y2n+1), ($2n+1, y2n+1), ) ($2n+17 y2n+1), (9($2n+1, y2n+1)a 9(y2n+1, $2n+1))))
(1 + D((I2n7 y2n)7 (x2n, y2n)7 sy (z2n7 y2n)7 ($2n+1; y2n+1))) ’

D((xan y2n) (x2na y2n)» ey (:E2n7 y2n)7 (x2n+1a y2n+1))7

(D((z2n, Y2n)s (T2ns Yon)s - - -5 (Tan, Yon)s (F (T2ns Y2n ), f(Y2n, T2n)))+

+ (D((T2n41, Y2n+1)s (T2ng1, Y2nt1)s - - (T2nt1, Yont1), (9 ($2n+17y2n+1)7g(y2n+17z2n+l)))))a
(D((Z2n41, Y2n4+1)s (T2n4 15 Y2ns1)s - -5 (Zong 1, Yant1), (F (T2ns Yon), [ (Y2n, T2n))))+

+ (D((@2n, Y2n)s (P20, Y20)s - - -5 (T205 Y20), (9(T2n+15 Y20+1)5 9 (Y2011, x2n+1)))))} <

< @ maX{D((‘T2n+l7 y2n+1)7 (x2n+17 y2’n+1)7 ceey (:E2n+17 y2n+1)7 (x2n+2» y2’n+2)>7

-

((xQTH Yan)s (T2n,Y2n)s - - -5 (P20, Y2n)s (T2n11, y2n+1))7
(D( Ton, an) (x2na y2n), ey (1'2717 an)v (x2n+17 y2n+1))+
+ ( (($2n+17 y2’n+1)7 (x2n+1» y2’n+1)7 cvey ($2n+17 y2’n+1)7 x2n+2» y2’n+2))))

(
(D((z20,Y2n)s (T2ns Y2n), - - - (T2ns Y2n), (T2nt2, Y2nt2))) }-
By using Lemma 1.6, we have

Dani1 < af(n — D)b[A(22n, Ton, - - -, Tons Tant1) + AWY2n, Y2ns - - - Y2ns Yans1)] +

+ 07 [A(T2n+1, T2nt15 - - 5 Tant1, T2n+2) + AY2n415 Y2nt15 - -+ Y2nt1, y2n+2)]}' 4
Similarly, we get
A(Y2n+1,Y2n+15 - - -5 Y2n+1, Y2nt2) + A(T2nt1, T2n41, - -+ T2041, Tant2) <
< a{(n = D)b[A(Yan, Yon, - - - Y2n, Yan+1) + A(T2n, Tan, - - T2n, Tans1)] + (2.5)
+ D [A(Yon+1, Yzntts - - - Yonsts Yant2) + A(@2ns1: Tang1, - - Tans1s Tang2)] -
From (2.4) and (2.5) we have,
2D 41 = 2[A(T2n+1, T2n+1, - - - Tont 1 T2nt2) + A(Y2nt1, Yont1s - - Yont1, Yont2)] <
<20 (n — )b[A(z20, Tan, - - - Tan, Tant1) + AY2n, Y2n, - - - > Y2n, Yant1)] +
+ 0% [A(Z2nt1; Tant1, - Tont1s Tanta) + AYant1,Yont1s - > Yant1, Yant2)]}-
Therefore
Dany1 < a{(n — 1)b[A(@2n, T2ns - - - T2ns Tant1) + AY2n; Y2ns - - - Y2ns Yont1)]+ (2.6)
+ V2 [A(Z2n+1, T2n41s - - - s Tant1, Tant2) + AY2nt1, Y2nt1s - - - Yont1s Yont2)]}
It gives that
Dot < 0‘1(" _a;z)bpgn (2.7)
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a(n—1)b
Put 5= g

From (2.7),

then 0 < 8 < 1.

Doyt < BDoy,.

Similarly we can show that

D2n+2 < ﬁD2n+1 for n= O7 ]., 2, e

Hence
Dn+1 < BDn
Therefore
D1 < "Dy, (2.8)
Define

Dn,m = D((xnayn)’ ('Tnayn)a AR (Z‘n, yn)7 (xm,ym)) =

(n—1)—times

= A(xna LpyeeeyTns xm) + A(yna Yny -3 Yn, ym)-
——— —_—
(n—1)—times (n—1)—times

Now we have to show that D, ,,, is a Cauchy sequence.
By Lemma 1.6, for all n,m € N, n < m, we have

Drt1,m+1 = A(Tnt1, Tnsts o Tt 1, Tmg1) + AWnt1, Yntts -5 Yna 1, Yma1) <
< b(” - 1)[A(95n+1,$n+17 e 7In+1,$n+2) + A(yn+17yn+la cee ,yn+1,yn+2)]+
+ U [A(Tnt2, Tnt2s - Tng2, Tma1) + AWUnd2, Unt2, - Unt2, Ymr1)] =

= b(n = 1) D1 +00(n — V[A(Tpr2, Tni2s - s Tpp, Tnpz)+
+ A(Yn+2,Ynt2s - - - Ynt2s Ynt3)|+
+ D0 [A(Tng3, Tngss - o Tntss Tog1) + AYnts, Unass > Ynt3s Ymr1)] =
= b(n—1)Dpy1 +0*(n — 1) Dy +0°(n — 1)Dyyyz -+ - +
+ M=) =3 DIA@m—1, Tm—1y- s Tm—1Tm) FAYm—1, Ym—1, - - -y Ym—1, Ym )]+
+ b2~ DA @, Tons - -+ > Ty Zns1) + AWy Yms - -+ > Y Ymg 1))

From (2.8), we have that

Drjimr < b(n— 1B 45772 41573 4 92728 Dy <
< bn— 1B T L+ B+ (B78)* + -+ (B?B) " IIDy =
= b= 147+ + -+ YD, <
1
< b(n — 1) <1_’Y> Dy

— 0asn — oo.

Thus
lim  A(Zp, T, Ty @) = UM A(Yny Yny -+, Yy Ym) = 0.

n,m—0oo n,m— oo
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Therefore {x,} and {y,} are both Cauchy sequences in X.
By the completeness of X, there exists xz,y € X such that x,, — x and y, — y as n — oo.
Therefore D, ,,, is a Cauchy sequence.
Now we show that (z,y) is a coupled fixed point of f and g.
Without loss of generality, we may suppose that f is continuous, we have
z = lim Lon41 = hI’Il f(xQnaQQn) = f ( lim x5, lim yZn) = f(xvy)
(oo} n—oo n—oo

n—r
and
y= lim yoois = lm flyzn@a0) = f ((Hm gon, lim w2,) = f(y,2).
n—oo n—oo n—oo n—oo
Thus (z,y) is a coupled fixed point of f.
From (2.1), taking © = u and y = v, we have,

Az, z,,...,z,9(z,y) + Ay, y,...,9,9(y,2)) =
=A@ ) S @) F )90, 9) + A, 2), F ), (5,2, 900, 0)) <
< amax{[ (14 D((@0). (020)-. ). ) DTS L0 ) b SOOI
(( Y (@), (2,9), (2,9)), ( ((z,9), (z,9), . (95 y) (z,y)) +
D((z,y), (z,y), ... (z,9), (9(z,y),9(y,2)))), (D((z,9), (2,9),. ., (x,9), (z,y)) +
D(( ), (#:9), - (#9), (902 ), 9(3,2)))) } <
(

< Oéb((9(367:y),g(y,x)%(9(3j Y),9(y, )) s (9(z,y),9(y, 7)), (7, 9))-

Since ab < 1, we have (g(z,y),9(y,z)) = (z,y).
Therefore g(x,y) = z and g(y,z) = y.
Therefore (z,y) is a coupled fixed point of g.
Thus (z,y) is a coupled common fixed point of f and g. O

Theorem 2.2. Let (X, <, A) be a partially ordered, complete Ap-metric space and f,g: X x X —
X be the mappings such that

(i) the pair (f,g) has mized weakly monotone property on X and there exists xo,yo € X such

that zo < f(xo, o), f (Yo, o) < yo or zo < g(z0,Yo0); 9(Yo, To) < Yo,
(ii) there is an o such that ab?*((n — 1)b+1) <1 and

A(f(z,y), f(2,y), -5 F(,9), 9(u,0) + A(f(y, @), f(y,2), -, f(y, ), 9(v,u)) <aM

where

M= max{[(1+D((x,y>,<z,y>,...,<x,y>,<f<x,y>,f<y,z>>>>
(D((u,v), (u,v), ..., (u,v), (g(u,v) ]
(1+D((z,y), (), -, (z,9), (
D((z,y), (x,1), -, (x,1), (u,v)), (D(( y)7(w,y), ( y) (f(z.y), f(y,2))) +

CD((u,0). (,0), . (), (g D). (D((us ), (s 0), .. (), (F (s 9). Fl ) +
LD((@y), (@9, . (@, 9), (gl )}

for all z,y,u,v € X withx <u andy >v
(iii) X has the following properties
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(a) if {x,} is an increasing sequence with x, — x, then x, < x for alln € N,
(b) if {yn} is a decreasing sequence with yr, — y, then y < y, for alln € N.

Then f and g have coupled common fixed points in X.

Proof. Suppose X satisfies (a) and (b), by (2.3) we get z,, < = and y,, > y for all n € N.
Applying Lemmas 1.5 and 1.6, we have

D((z,9), (2,9), -+ (2,9), (f (2, 9), f(y,2))) <
< b(n=1)D((x,y), (2, 9), -, (2, Y), (T2nt2, Y2nt2)+

+ bZD(($2n+2,y2n+2)7 (x2n+27y2n+2)7 ceey ($2n+2,y2n+2)7 (f(xay)’f(yax))) =

(2.9)
= b(n - I)D((.’L‘, y)a ($7 y)’ sy (.Z’, y)7 (x27L+27 y2n+2))+
+ U D((9(T2n41, Y2n+1)s 9(Y2n+1 T2nt1))s (9(T20415 Y2nt1)s 9(Y2nt1s T2nt1))s - - -
o (9(T2n+1, Yan+1), 9(Y2n+1, Tant1)), (f(2,9), f(y,@)))-
By (2.1), we get
A((9(x2n41, Y2n41))s (9(@2n41, Y2n41))s - - -5 (9( @241, Y2ns1)), (F(2,9))) +
+  A((9W2nt1,22011))s (9W2nt1, T2ns1)); - - - (9(Want1, Tant1)), (f(y, 1)) <
< amax{ [(1 + D((Z2n+15Y2n+1)s (T2n41:Y2n+1)s - - - 55 (T2n41, Y2nt1)s (T2n2, y2n+2))) X
(D((z,9), (z,9), .- - (x,y), (f (@, ), f(y, 2)))) }
(1 + D((T2n41, Y2n+1), (T2n41,Y2n41)s - - - (T2n41, Yont1)s (2,9))) ’
D (#2041, Y2n+1), (T2n415 Yon41)s - - - (T2ng1, Yons1), (2,9)),

(D( Ton+15Y2n+1)s (T2n+15 Y2n+1)s - - -5 (T2n+1, Y2nt1)s (T2nt2, Yant2)) +

+D(($7y)v (‘Tvy)’ AR (I,y), (f(x,y), f(yvz))))’ (D((x’y)v (l‘,y), AR (zvy)v ('r2n+25 y2n+2)) +

+D((z2n+1,Y2n+1)s (T2n+15Y20+1)s - - -5 (T2n41, Y2nt1), (f (2, 9), f(y, 96))))}

Taking the limit as n — oo in (2.9), we obtain

D((z,y), (x,9), -, (@,9), (f(@,9), f(y,2))) <V’ D((@,y), (@,y), .-, (x,9), (f(2,9), [ (y,2))).

Since b2a < 1, we have D((z,y), (,9), ..., (z,y), (f(z,y), f(y,x))) = 0.

That is, f(z,y) = = and f(y,z) = y. Therefore (z,y) is a coupled fixed point of f.

Similarly we can show that g(z,y) = z and g(y,z) = y. Hence f(z,y) = =z = g(z,y) and
fy.@) =y =g(y,x).

Thus (x,y) is a coupled common fixed point of f and g. O

Theorem 2.3. Suppose Theorem 2.1 or Theorem 2.2 satisfied, if further {x,} is an increasing
sequence with x, — = and x, < u for each n, then x < u. Then f and g have a unique coupled
common fized points. Further more, any fixed point of f is a fized point of g, and conversely.

Proof. Suppose the given condition holds. Let (z,y) and (u,v) € X x X, there exist (x*,y*) €
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X x X , that is, comparable to (z,y) and (u,v).

D((x,y),(z,y),...,(x,y),(u,v)) =
= Az, z,...,z,u) + Ay, y,...,y,u) =

AF(@g)s @) (s 9)s gl 0) + AW @)s ) F(5,2), 90 0)) <
amax{ L D((@ ), (@,9), s (), (Fl ), F(5s2)))) %
)

(D((u, v), (u,v), ..., (u, )(g( v),9(v, u))))
x (1 _|_D( x,y),( ) ( ) (u,v))) D((x,y),(m,y),...,(x,y),(u,v)),

(D((,y), (@,9), - (2,9), (f(2,9), [y, 2))) + D((u, 0), (w,0),. ., (u,0), (9(u, v), (v, w)))),
(D((w,v), (u,0), ., (u,0), (f(2,9), f(y, 2))) + D((= 79),(:vvy),-~-,(x,y>7(g(u,v>7g(v,U)>))} <
Sa (b+1)D((z,y), (2,9),. ., (2,y), (u,v)).

Since a(b+1) < 1, so that
D((z, )( Y)- (@,9), (u,0) =0
:>( = (u,v) = x:uandy:v
Suppose (:c y) and (a*,y*) are Coupled common fixed points such that x < z* and y > y*, then
r=2z" and y = y*.
Now
D((z,y), (x,9), ., (2,9),(2",y%) = Alw,z,...,0,07) + Ay, y, -9, 97) =
= Alf(z,y), f(x,y), -, [z, y), 9(z",y")) +
+A(f(y,2), f(y,2), -, fy, @), 9(y", 27)) <
< alb+1)D((z,y), (z,y),- .., (z,y), (2%, y7)).

Since a(b+ 1) < 1, so that

D((z,y), (z,y),....(z,y), (z",y7)) =0

= (z,y) = (=",y")

= z=x"and y =y*

we show that any fixed point of f is a fixed point of g, and conversely.

That is, to show that (x,y) is a fixed point of f <= (z,y) is a fixed point of g.
Suppose that (z,y) is a coupled fixed point of f

D((z,y), (z,9),-- -, (,9), (9(x,9),9(y,))) =
= A(f(z,y), f(z,9),..., f(z,9),9(z,y)) + A(f(y,2), f(y,2),..., f(y,2),9(y,2)) <
< ab D((g(x,y),9(y, ), (9(x,9),9(y,x)), ..., (g(z, ), 9(y, ), (2, ¥)).

Since ab < 1, we have

D((9(z,y), 9(y, 2)), (9(2,9), 9(y, ), ..., (9(z, ¥), 9(y, ¥)), (z,y)) = 0

= (g(mv y)’ g(y7 .’L‘)) = (ma y)

= = =g(z,y) and y = g(y,x)

Therefore (x,y) is a coupled fixed point of g, and conversely. O

Taking M = D((z,y), (z,v),-..,(z,y), (u,v)) and g = f in Theorem 2.1, we get the following

Corollary 2.4. Let (X,<,A) be a partially ordered, complete Ap-metric space and let f : X x
X — X be the mapping such that
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(i) f has mized weakly monotone property on X and there exists xg,yo € X such that xo <
f(@o,90), f(¥0,%0) < Yo,
(ii) there is an « such that a < 1 and

A(f(2,y), f(@,y), s (2, y), flu,0)+Af (Y 2), [y, ), [y, 2), fo,u) <

(2.10)
<a D((x,y), (z,y),. .., (2,y), (u,v)),

forall z,y,u,v e X withe <wuandy >wv
(1) if f is continuous.
Then f has a coupled fixed point in X.
We give an example to demonstrate the validity of the result 2.1.
Example 2.5. Let (R,<,A) be a partially ordered complete Ap-metric space with Ap-metric
defined as X = [—o00,+00] by Ap : X™ — [—o0, +00] by

Ap(T1, %2, X1, @) = D D |2 —ch|2, forallxz; € X, i=1,2,...,n. Then (X, Ap) is an
i=li<j
Ap-metric space with b=2.
4o —2y+ 48n—2

Let f,g: R—R be two maps defined by f(x,y)= I
n
Then the pair (f,g) has mized weakly monotone property on R

A(f(z,y), f(z,y), ., f(x,9), 9(u,v)) + A(f(y, ), f(y,2), ..., [(y,2),9(v,u)) =
= (n—=1(f(z,y) — g(u,v)]) + (n = D)(|f(y,z) — g(v,u)]) =

6z— 3y+72n—3

and g(z,y) = o

— (-1 4x—2y+48n—2 6u —3v+72n—3 n
B 48n 72n
dy — 20 +48n -2 61)—3u+72n—
-1
roon (| )-
(n—1)
= —u)— (y— - —w))) <
Do)~y o)+ 2y ) (&~ w)]) <
(n—1)
< _ _
<Vl w13y ) <
-1
<D (ol 4 fy o) =
(n—1)
= 8T D(({L‘7y), (mvy)v SERE) (1’,y)7 (u7v)).
1
Forn =2 and b=2, since ab?>((n—1)b+1) <1 = a< 13
1 1
Then the contractive condition (2.1) is satisfied with o = 6 <12 and also (1,1) is the unique

coupled common fized point of f and g.

3. Application

The following type system of integral equations:

b
u(®) = alt)+ [ Al ul) + fols.o(s)))ds
a (3.1)

wrwm+/xw®w@ww+ﬁ@MWMa
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where the space X = C([a,b],R) of continuous functions defined in [a,b]. Obviously, the space
with the metric is given by

Afu,v) = maxe [u(t) = v(t)| w.v € Cla.BLR)

is a complete metric space.
Let X = C([a, b],R) the natural partial order relation, that is,
u,v € C[a,b],R), u < v <= u(t) <wv(t), t €la,b].
Theorem 3.1. Consider the corollary 2.4 and assume that the following conditions are hold:
(i) fi,f2:[a,b] x R = R are continuous;
(i) q : [a,b] = R is continuous;
(iii) X :la,b] x R — [0,00) is continuous;
(iv) there exist ¢ > 0 and 0 < a < 1, such that for all u,v € R, v > u,
< fi(s,v) — fi(s,u) < ca(v —u)
0 < fa(s,0) = fa(s,u) < ca(v —u);

b
(v) assume that c m[a)g} JA(t, s)ds < 1;
t€la,b]

(vi) there exist xo,yo € X such that
b
zo(t) = q(t) +/ At 8)(f(s:20(5)) + 9(s,y0(s)))ds

b
() < alt)+ [ A 5)((5,30(5)) + (s, m0(5)ids.
Then the system of Volterra type integral equation (8.1) has a unique solution in X x X with
X =C([a,b],R).
Proof. Define the mapping F': X x X — X by

b
F(u,v)(t) =Q(t)+/ At, )(f1(s,u(s)) + fa(s,v(s)))ds (3-2)

for all u,v € X and t € [a, b].
Now we have to show that all the conditions of Corollary 2.4 are satisfied.
From (iv) of the Theorem 3.1, clearly F has mixed monotone property.
For x,y,u,v € X with > v and y < v, we have

A(F(xz,y), F(z,y),...,F(z,y), F(u,v)) + A(F(y,x), F(y,x),..., F(y,x), F(v,u)) =
= (n—-1) tfeﬂ[a%}(|F(1?,y)(t)—F(uav)(t)|+|F(yv~’C)(t)— F(v,u)(t)]) =

’ b b
/ At ) (i (s, 2(5)) + Fols,5(s)))ds — / At 8)(fa(s,u(s)) + fals, 0(s)))ds| +

= -1
(n—1) max

b

b
/ At ) (fa(5,9()) + fals, 2(s)))ds — / A(t,8)(f1(5,0(5)) + fols, u(s)))ds

a

+(n —1) max
t€la,b)

N

tela,b

(n-1) max(/ F1(5,2(8)) — Fals, ()] A(E 8)] ds +
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b
+ / Fa(5, () — Fals, v(s)||A(E )| ds +

b b
+ / (s 9(s)) — f1(s, ()| [A(E )] ds + / (s, 2(s)) — fals, u(s))| |A<t,s>|ds) <

< (n=1) tren[gi ca(/ |z(s) — u(s)||A(L, s) |ds—|—/ ly(s) —v(s)||A(t, s)| ds +
b
+ [ 09— el A s)ds + / o(6) = 0(6)| X)) <
< 0=1) g o) — w0+ s [y(0) ~ o0)] +
+ o () = o(0)] + ma lo(0)~ ult) ) ca/ A s)|ds <
< 2(n-1) (tren[g);] |z(t) — u(t)] —l—tren[a)lc) ly(¢) ) ca/ IA(t,s)| ds <
< 2n—-1) a(Alz,z,...,z,u) + A(y,y,...,y,v)) =
= 2(n—1) a D((z,y), (z,y),...,(z,y), (u,v)).
Therefore

A(F(2,y), F(x,y), ., F2,y), Fu,0)) + A(F(y, 2), F(y, 2), ..., F(y, ), Fv, 1)) <
< 2(” - 1) OLD((Qj,y), (Ivy)v R (‘Tay)7 (u,v)).

1
For n=2, a < 3 < 1. Which is the contractive condition in Corollary 2.4.

Thus, F' has a coupled fixed point in X.
That is, the system of integral equations has a solution. O
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CBsi3aHHBIE TEOPEMbI O HEIIOABU>KHOII TOYKEe dYepe3 CBONCTBO

CMelIaHHOII MOHOTOHHOCTH B Ab-MeTpI/IquKI/IX IIPOCTPpaHCTBax
n IIpMJIO2KEHHU A K MHTEerpaJlbHbIM YPaBHECHUAM

K. PaBu6abdy

Kadenpa maremaruku, G.M.R.I.T.
Pamxam, lpukakynam, Naans

I''H.B. Kunrop

JlemapTaMeHT MH>KEHEPHOW MATEMATUKHA U I'yMAHUTAPHBIX HAYK
Wmxkenepusiit kosutemk Carn Pama Kpumnam Pamxy
Yunamupam, Bxumasapam, Argxpa-Ilpagem, Naons

Y. llIpuauBaca Pao

Kadenpa maremaruku, Yuusepcurer Angxpa
Bumakxanaruam, Vumus

Y. ParxaBenapa Haiixy
Kadempa maremaruku, ['ocymapcTBeHHBINH KOJLIEIK
ITanakonma, Mpukakyram, Uumgusa

Awnnoraiusi. B 3T0i1 cTarhe Mbl yCTaHABINBAEM HEKOTOPbIE PE3YJIBTATHI O CYIIECTBOBAHUY U €IMHCTBEH-
HOCTH CBSI3AHHBIX TeopeM 00 OOIIell HeMOABUKHON TOUKE B YACTUYHO YIOPIJ0UEHHBIX Ap-MeTpudecKkux
npocTpancTBax. IIpuBeseHbl puMepbl I OOOCHOBAHUS aKTYaJbHOCTH PE3yJIbTATOB, IOJYyYEHHBIX B
pe3yabTare aHaJINu3a CYIIEeCTBYIONIEH TeopeMbl. Kpome TOro, Mbl Tak>Ke HAXOJUM HPUJIOKEHUE K HHTe-
rpajbHBIM YPaBHEHUSIM Yepe3 TeOPEMBI O HEMOJBIKHOM TOUYKE B Ajp-METPUIECKUX MPOCTPAHCTBAX.

KiroueBsle ciioBa: CBsizaHHAs HENOJBUXKHAS TOYKA, CMEIIaHHAs! CJIAO0MOHOTOHHOCTD, Ap-MEeTPUIECKOe
IIPOCTPAHCTBO, UHTErPAJIbHOE YPaBHEHNUE.
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