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1. Introduction, preliminaries and problem statement

The theory of functions of several complex variables, or multidimensional complex analysis,
currently is rather rigorously developed (see [1-4]). At the same time, many questions of clas-
sical complex analysis still do not have unambiguous multidimensional analogues. The matrix
approach to the presentation of the theory of multidimensional complex analysis was widely used
(see [5-8]).

In 1935 E.Cartan proved that there are only six possible types of classical domains, including
irreducible, homogeneous, bounded, symmetric domains, four of them K;, K5, K3 and K4 have

the form
K1:{Ze(C[mxk;]:I(m)—ZZ*>O},

Kzz{Ze(C[mxm]:I(m)—Z7>07 vz':z},
Ky — {ZGC[mxm] 1M 4 77 >0, vz’:fz},
K, = {z eC": |27 +1-28 >0, |2¢| < 1} :
Here 1™ is the identity matrix of order m, Z* is the complex conjugate of transposed matrix

Z (H > 0 means that hermitian matrix H is positive definite).
The dimensions of these domains are equal to mk, m(m + 1)/2, m(m — 1)/2, n, respectively.
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All these domains are biholomorphically non-equivalent, therefore, complex analysis is con-
structed differently for each of them.

It should be noted* that domain K, is reducible for n = 2 (see [6]). In contrast, the other
domains of all four types are irreducible, but the same domains can be found. Switching the
places of m and k does not change domains in K;. Further, the unit circle of the complex plane
is obtained when m =k=1in K;, m=1in Ky, m =2 in K3 and n =1 in K. When m = 3,
k =1 in domain K; then K; coincides with domain K3 including m = 3. When m =k =2 in
domain K; then K; coincides with domain K, including n = 4. When m = 2 in domain K5 then
K coincides with domain K, including n = 3. Thus, we obtain different irreducible domains if
we demand m > kin K7, m > 2 in Ko, m > 4 in K3 and n > 5 in K4. So, the number v (n)
of classes of irreducible bounded symmetric domains of an n-dimensional complex space is equal
to the total number of representations of n in one of the following forms

Ki:n=mk (m > k),

1
Kg:nzim(m—i—l) (m>2),
1
Kgsnzim(mfl) (m > 4),
Ky:n=m (n>=5),

Ky, Kg :n =16, n =27.

All irreducible domains obtained in this way are topologically (but not analytically) equivalent
to the n-dimensional complex space.

Let us consider the space of m? complex variables denoted by C™’. Points Z of this space
can be represented conveniently as a square [m x m| matrices, i.e., in the form Z = (z;;)7"_;.
With this representation of points the space C™ is denoted by Clm x m|. The direct product
Clm x m] x - -+ x Clm x m] of n copies of [m x m] matrix spaces is denoted by C"[m x m].

n
Let Z = (Z1,%Zs,...,Zy,) be a vector composed of square matrices Z; of order m consid-

ered over the field of complex numbers C. We can assume that Z is an element of the set
C"[m x m] = Crm*,

The matrix «scalar product» is defined as (Z, W € C*[m x m])
(Z W) = ZYWT + ZoaWi + -+ Z, W

It is known that matrix balls B,(,;)n, B,(,%)n and BS,?)n of the first, second, and third types have
the following forms, respectively (see [9-11]):

B, = {(Z1,. ., Z2) = 2 € C fm xm] - T~ (2,2) > 0}

BR ={ZeC"lmxm]:1-(Z2,2)>0VZ,=2,, v=1,...,n}

and

Bﬁ,f}n:{(Ze@”[mxm]:f+<z,z>>o VZ, =2, u:1,...7n}.

#When n=2, a homogeneous bounded domain is equivalent to the domain K ={¢€C? : max (|(1] <1, |¢2| <D},

after the change of variables: z1 = CIJQFCZ i“l;@).

3 22 =
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The skeletons (Shilov boundaries) of the matrix balls Bf,’f,)n are denoted by XT(,]Z)n, k=1,2,3,
ie.,

X\ ={ZeC"mxm]:(2,2Z)=1},
X2 ={zZeC'mxm|:(2,2)=1,2', =2, v=1.2,...,n},
Xﬁ,f?n:{ZeC"[mxm]:I+<Z7Z>:07 Z;:—ZV,V:1,2,...,n}.

Note that B&), B%l) and Bégl) are unit disks, and X:E)ll), Xl(,21)7 Xégl) are unit circles in the
complex plane C.

If n =1, m > 1 then domains quf,)p k = 1,2,3 are the classical domains of the first,
second and the third type (according to the classification of E. Cartan (see [5])). The skeletons
x®  x@ g x®

mlr KXm1s m 1 are unitary, symmetric unitary and skew-symmetric unitary matrices,

respectively.

The first type of matrix ball was considered by A. G. Sergeev (see [11,26]), G. Khudayberganov
(see [12,13]) and S. Kosbergenov (see [14,15]). The volume of a matrix ball of the first type and
its skeleton is studied in [16]. Holomorphic automorphisms for a matrix ball of the first type are
described in [17]. The integral formulas for the matrix ball of the second type were studied by
G. Khudayberganov and Z. Matyakubov [18,19] and the third type of the matrix ball was studied
by G.Khudayberganov, U. Rakhmonov, and the integral formulas were found [20,21]. We recall
that a bounded domain D C C" is called classical if the complete group of its holomorphic
automorphisms is a classical Lie group and transitive on it. The biholomorphic equivalence of
bounded domains in C™ to their indicatrices for the Carathéodory and Kobayashi metrics was
studied [32]. From this, in particular, a description of that domains can be obtained when
indicatrices are classical domains. It was proved that first, second and third type matrix balls in
space C"[m x m] are equivalent biholomorphically to Siegel domains of the second type [27-29].
However, the question of whether matrix balls Bﬁ,pn , Bg)n and Bf,f)n are the classical domains
still remains open.

The problem of the holomorphic extendability of a function to a matrix ball, given on a piece
of its skeleton was discussed [26]. For this purpose complete orthonormal systems in the matrix
ball were used. The total volumes of a matrix ball of the third type and a generalized Lie ball
were calculated [22|. The full volumes of these domains are necessary for finding the kernels of
the integral formulas for these domains (the Bergman, Cauchy—Szegs kernels, Poisson kernels,
etc. [14,19,23,30]). In addition, they are used for the integral representation of a holomorphic
function on these domains, in the mean value theorem and in other important concepts. Volumes
of classical supermanifolds such as supersphere, complex projective superspace, and the Stifel
and Grassmann supermanifolds were calculated with respect to natural metrics of symplectic
structures. It was shown that formulas for volumes of these supermanifolds can be obtained by
analytic continuation of the parameters from the formulas for the volumes of the corresponding
ordinary varieties (see [24]).

In this paper we describe automorphisms of the matrix ball associated with classical domains
of the second type, and also study the properties of the second type matrix ball. An automor-
phism of the second type matrix ball and the characteristic shape of this ball were studied [10].
Writing automorphism in this form causes inconvenience in applying it to practical issues. There-
fore, we consider automorphisms of a matrix ball of the second type which are convenient for
calculations. In addition, the total volume of the skeleton of this ball is calculated.
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2. Automorphisms for a matrix ball of the second type

Let B,(,%)n be a matrix ball of the second type and Xfi)n is its skeleton. The following lemma
describes some properties of a matrix ball of the second type [18§].

Lemma 1. A matriz ball Bg)n has the following properties:

1) B,(,i)n s a bounded domain;
2) B,(,i)n s a full circular domain;
3) B,(,i)n and its skeleton Xf,i)n are invariants under unitary transformations.

It is known that automorphism Bff,)l which maps the point P & B,(f,)l to the point 0 has the
form [§]
W =R(Z—-P)(I-PZ) 'R,
where R is [m x m| matrix
R(I - PPR' =1.

Our goal is to find automorphisms for a matrix ball of the second type. Let us consider the
desired automorphism in the form

n —1 n
Wy = (A00+ZZjAjO) (AOHZZjAjk), k=1,...,n. (1)
j=1 j=1

We need to find the coefficients A;; so that map (1) is an automorphism of the matrix ball
of the second type.
Let us introduce the following notation of block square matrices of order n + 1

Ay Aor ... Aon 10m) 0 . 0
Ao Ay A ... A, CH- 0 —Im 0 7
Ao Api ... Ann 0 0 R (D)

where A;; are square matrices of order m.
The following statement holds.

Theorem 1. Mapping (1) is an automorphism of the matriz ball Bg)n if and only if coefficients
Aij, 1,5 =0,1,2,...,n satisfy the following relations:

AHA* = H, Ag4Aly= AjoA)y, s=0,...,n; j,k=0,...,n. (2)

Proof. This theorem is proved in several stages, according to the properties of a matrix ball of
the second type.
1°. Let us consider a linear transformation

WOZZCjAj()y wk:ZCJAﬂw kzlv"'7na (3)
j=0 j=0
where matrix A satisfies relations (2). Then we have
Ao Aor ... Aon I(m) 0 0
AFA — Ay A ... A, 0o —Im . 0 y
Ao Am o A )\ 00—
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Asy AL Az om0 ... 0
Ay Ap A | 0o —I™m ... 0
Ay, AL, AxL 0 0 —Im
Aoy —Aor —Aon Aby AL, .. AX I0m) 0 0
Ap —An —Aq, Ay Ay o A | 0 —Im 0
Apo —Am —Apn, As, AL L AN 0 0 —JI(m)
Ao Aoy = -+ — AonAg,  AooAlg — - — AonAl, Ao Aso — -+ = Aon Ay,
A0 Agy — -+ — A Af,  AwAjp — - — A A, AwAno — - — A AL, | _
AnoAgo — -+ = AnnApn,  AnoAig — - — Ann A, AnoAso — - = AnnAqn
om0 ... 0
0o —Im 0
= =
0 0 —1m)
Ao Ago — ; Ags Ay = 1M,
= § Ajodro = 2 AjsAi, T 7 By (4)

n
Ajodo = 32 Ajs Ao = =1, j> 1.

20, Let matrix row ¢ = ((o, (1, - - -, Cn) covers all matrices consisting of m rows and (n + 1)m
columns such that (H¢* > 0. Then

Im) 0 0 G
_J(m) *
O | I B
0 0 —1m ¢
G
(6 ~a o )| T =G -ad -G >0=
¢

= CoCy > GG+ + Gl = 0.

Providing (H(* > 0, matrix (y is not degenerate since otherwise there would be a non-zero
m-~dimensional vector z such that x(y = 0.

We have a contradiction since

0 =aCooz" > z(Ci¢f + -+ + CuGp)z™ 2 0.

3%. Now we consider the following matrices
Z=Co s k=1,...,n.
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We obtain the following inequality from condition (H(* > 0

I0m) 0o ... 0 &
CHE = (¢ G oo Gr) 0 —Im .0 Pl

S 8
G

= (6 -6 —G)| T | =G -GGG =
¢

=G =G aGE) ™ = = GGG TG =
=G (1" = 225 =+ = 2,2) G = Go(I = (2,2))¢5 > 0

= 1™ _(7.7)>0, ie., Ze B?

m,n*

49, Using (3) we consider the vector
w= (wo,w1,...,w,) =CA

and multiply the block matrix by the right of the above-mentioned formula

Ajp  —Alp - —A
A= —An AL . AL
-As, AL, .. AT,

Note that the product of block matrices is carried out according to the usual rules for the product
of matrices. Since (4) is equivalent to the condition AA = I(™("+1) then we have

wg:C,

i.e., map (3) is invertible (under condition (2)) and the matrix defines the inverse map.
Hence,

wHw* = CAHA*(* = CHC* > 0. (5)
5°. Now we prove that map W}, is an automorphism. Obviously,
m 0 ... 0 wg
wHw = (wy w1 ... wy ) 0 -1 .. 0 wio|
wo
= ( wy —wi —w, ) wi = WoWh — WiW] — -+ — Wpw, =
wy,
= wo (I — wy wiwi (wg) T =+ = wy wwn (Wh) T wp =
= wo (I<m> AW e WHW;;) Wi = wo (I — (W, W))wi > 0= T — (W, W) > 0.
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Then transformation (3) generates a linear-fractional transformation

n —1 n n —1 n
Wi = wy 'wi = <Z CjAj(J) (Z CjAjk> = (COAOO + Z CjAj()) (COAOk + Z CjAjk> =
=0 =1 =1

Jj=0

n —1 n
= (Aoo + ZC()_leAjt)) ¢ "o (Aok + ZC()_ICjAjk) =
Jj=1 j=1
n —1 n
= <AOO+ZZJ'AJ‘0> <A0k+ZZjAjk>7 k=1,....n
j=1 j=1

6°. Let us show that matrices Wy, k = 1,...,n are symmetric matrices. Let W = wy Lok
then W] = wj (w))~! and

= wy (wrwf — wow) ) (wh) ™1

wkwo—wOwk—ZCg JkZA ZCJ ]oZA kG =
= (CoAok + C1A1x + “+ G A nk)( 0060 + AloCl  AloGn)—
—(CoAoo + C1A10 + -+ - + (nAno) (Ago + A1kCi + - + A7,C) =
= Co(AorApo — Aoo Ay )0 + Co(Aor Aty — A10AY)C + -+
+Co(AorAng — AooAfy )G, + G (A1 Afy — AroAgy,) o+
+C (A1 Al — AwAY)G + -+ QAAly — A4y, )G+
+Cn(Ank Ay — AnoAfy)Ch + Cn(Ank Ay — Ano Al )C1 +

+Cn (AnkA;LO - ATLOA'Ink)C’:L =0.

Wi — Wi, = wy 'wi, — wj,(wp) ™

The last equality is valid by virtue of (2).
Theorem 1 is proved. O

Further, using relation AA = I(m™+1) we obtain A4 = I(™(+1) Tt means that

Ao Ay .. —A A Aor ... Aon
i | A An A Ao An o A | ),
CAx AL L AT Ao Ay .. A,
AfoAoo — - — Al gAno AfoAor — - — AlpAnm v AbgAon — - — Al Ann
A5 Ao+ -+ AL A A A+ AL AN . A Ao+ AN Ay
—A5 Ao+ -+ AL A —AL A+ F AL A . A Aon -+ AL A

AggAgo — 2 AsAjo = Im)
Jj=1

= ASkAOJ = 21 A:kAS]a ‘7# k7 (6)

Aj Aok — Yo A Ay = =10
j=1
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Now let the point P = (Py,..., B,) € Bf,%,)n. Let us consider the mapping

n

Wi =R —(Z,P))™" Y (Zs = P)Ga, k=0,1,...,n (7)

s=1
that transfers the point P to 0, where R, G are arbitrary matrices.

Theorem 2. For a mapping of form (7) to be an automorphism of a matrixz ball of the second
type it is necessary and sufficient that matrices R and G satisfy the following relations

R*(I'™ — (P, P))R =1 G*(I"™) — P*P)G = 1™, (8)
where G is a block matriz.

Proof. Necessity. Let mapping of form (7) be an automorphism of the matrix ball By(,%)n that
maps the point P to 0. We have that

AOOZR, Aj():—P;R, j:l,...,n,
Aijij, 5 k=1,...,n,

n (9)
AOk:_ZPSija k::l,...,n,
s=1
n —1 n
(1) = Wk- = (AOO —+ Z ZjAj()) <A0k —+ Z ZjAjk'> =
J=1 j=1

n —1 n n
= <R—ZZJ»P;R) (_ZPSGSk+ZZjij> =
ji=1 s=1 j=1
—1 n
= R! <I —(Z, P)> > <Z5 — PS>G5k.

s=1

Taking into account (6) and (9), we obtain (8)

R*'R—Y R'PiPfR=1" = R*(I"™ —(P,P))R=1"),

j=1

zn:G:sz* zn:PsGsk - zn: G;ijk = —I(m),
s=1 s=1 j=1

S GuP Y PGy = GhGaj # k,
s=1 s=1

s=1

G* (I(nm) _ P*P)G — I(mn)’

G G ... Gin P;P, PiPy ... PP,
a_| Gn G . G pep_ | BP PP ... B3P,
Gui Gnz ... Gpn PP, PP, ... P'P,

Sufficiency. Sufficiency of the theorem follows from the existence of matrices R, G that
satisfy (8). Substituting (9) into (6), we obtain (7).
Theorem 2 is proved. O
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3. Volumes of a matrix ball of the second type and its
skeleton

The volume of a matrix ball of the second type is calculated with the use of the following
theorem [22].

Theorem 3. Let m > 2 and Z,[m x m| be a symmetric matriz. Let us consider the integral

W= [ ez 2Pz
1—(2,2)>0

where Z = [T II dzijdysj, xij + iyi; = zij. Then
i=1j=1

m(m+1)
s — n

['(2X + 3)[(2A +5) ... [(2A + 2mn — 1)

J(A) = A+1)...(A+mn) T2\ +mn+2)L(2A +mn +3)...T(2A + 2mn)”

In particular, when A = 0 the volume of a matriz ball of the second type is

m(m+1)
—a—n

2141, (2mn — 3)!
ml (mn+ D)(mn+2).. 2mn— 1)

V(B®,) =" (10)

In particular, when n = 1 we obtain from (10) the well-known formula for the volume of
classical domain of the second type (see [8]).

Now Let us calculate the volume of the skeleton Xy(,f)n of the matrix ball of the second type
BY,.

Theorem 4. The volume of the skeleton of a matriz ball of the second type is calculated as

follows

nm(mt1) D(lh,...,ln)
m.om=-0 I @+i,+2)]"°

v (x2,) = 2)

where
D(ly,la, .. lw) =[] (s=1) 1<k <m

1<s<j<m
1
and 1y 41+ + Ly = %
Proof. Let U = (Uy,...,U,) € Xr(r%)n and each matrix Uy, k = 1,...,n is a symmetric matrix.

It is known ([8, 25]) that for any symmetric matrix Z, € C[m x m] there exists a unitary matrix
U, € U (m) (U (m) are set classes of the unitary matrices group) and real numbers A"’ > Al >
ez )\%) > 0 such that

X0 ... 0
Zy:Uydiag(Ag”),...,Ag?)U’y:UUADU’D,AD: R
0 0 ... A\
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By differentiating (12), we obtain
dz, = dU,A\, U], + U,dAU’, + U,A,dU’,.
Introducing 6U, = U,;dU,,, we have
Urdz,U, = dU,A, +dA, + AU ,.

Next we have
Sp(dZ,-dzZ}) = Sp(U,dZz, - U, U} -dZ;, - U,) =
=Sp {(6Ul, -A, +dA, + AU ) (Al,éU: +dA, + 06U, - Al,)} =
= Sp(dA, -dA,) + Sp {(5Ul, “A, + AU (A,,(SUj +6U, - A,,)} .

Let us set
§U, - A, + AU, = (dg?,?) (dg](k) = dg(")) :
then
Sp(dZ, - dZ) Zd(A(”)> - Z ’dgj @I,
where

dg\y) = A\V5ul) + A<k,
dg(”) 2@)\ 5u(y)

Now to define the volume element {U,,} of the set U (m) we set (5u§.l) = 0u/ ji +10u” ji. Then

we have

U,:zMH(s "5 T 0w sn - 60 e

Jj=1 i<k
Thus

=2"[]

i<k

2 2 = v v
(A§ )) - (A,g )) ‘Ag LA DT, 0 £ = 1,2, n).

(13)
For any Z = (Zy,...,2Zy) € ann we have det (I(™ — (Z,Z)) = 0. On the other hand, the
correspondence Z, and U (m) x A, is one-to-one correspondence for all matrices

= (hMU'r, ..., U AU ) € X2, (14)
Then it follows from (12) and (14) that
2 2 2
(M) + () ++ (M) =1 =12, (15)

Then, using Fubini’s theorem for calculation of the volume of the skeleton Xy(,i)n, we obtain

v(x2,) = / 7=

x3,

=gmn / 11

(U1} x{Ar} I<F

(Ag.”)z - (A,ﬁ”)z‘ AL AOaD oD, x
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o / 11
(U} x{A,} I<F
I B

e Y N O e S <k

(A§">)2 - (A;”))Ql A LA™ aam, =

(A§”)2 - (A,?))Q‘Ag” AWM gDy

A A g,

X oo X / Un / 2m H ()\;”))2 - ()\Ecn)f

{Un} (Agm)%r(Agn>)2+...+(xgﬁ/>)2<1 I<k

It is known (Theorem 3.1.1 in [8]) that volume of the manifold {U, (m)} of unitary matrices
is calculated by the following formula

m(m+1)
2

(2m)

VAU m) = o =11

Providing )\gy) > )\g') > > )\%’) > 0 for all v-th integral, we have

L=V U, / 2 I ’(/\§.”))2 - (A,ﬁ”)Q’Ag”) LA a0 =
j<k

() -+ (A0) <

A A ) =

(6) - ()

(Ag”))z - (W) 2’A§”> LB A =

— 2"V (U,) / 11

(08 e () e

=2mV (U,) // 11
v v v i<k
0<AY <o cxP a1’

— ()" V(W) // det

oA < <1
_VWU)D (.. lm)
I Us+1L+2)

1<s<gs<m

21, |™
(Agﬁ) ’ AW AORG W) =

s,j=1

where the following conditions are satisfied

D(ly,la, ..., Ly) = H (Is—=1), 1<l <m

1
and Iy L ly oo, = MDD

Here lemma from [8] (page 135) was used. Hence, we obtain relation from the statement of
the theorem:

nm(mt) D(ly,...,ln)
mo m-1 I (+1+2)

1I<s<gsm

v (x@,) = (n)
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Theorem 4 is proved. O

Note that when n = 1 we obtain the formula for calculating the volume of skeleton of classical

domain of the second type (see [8]).

The authors would like to thank professor G. Khudayberganov for his helpful advice in writing

this paper.
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L] 2
O cBoiicTBax MaTPpHU4YHOI'O IIIapa BTOPOI'O THUIIA B'](n’)n

u3 npocrpanctsa C"[m x m]

Ykram C. PaxmonoB

TalkeHTCKUil rOCYIapCTBEHHBI TEXHUYECKUII YHUBEPCUTET
Tamxkent, Y36ekucran

Jxanubek I1I. A6aynnaeB

Harmmonasnbmenit yausepcurer Y3bekucrana

TamkenT, Y36ekucran

. 2
AnHoTauus. B sToit pabore j1aH0 onucaHue aBTOMOP(MU3MOB MaATPUIHOIO IIapa Bfn?m aCCOIMUPOBAH-
HBIX C KJIACCHYECKUMHU 00JIACTSIMY BTOPOI'O THIIA, TAKXKE N3y IEeHbl HEKOTOPBIE CBOMCTBA MATPUYHOIO IIIapa
BTOPOTO THUIIA.

KuroyeBsbie citoBa: Kiaccuieckasi 00J1acTh, MATPAIHBIN AP, aBTOMOPMU3M MATPUIHOIO MIapa, 00beM,
rpanutipl [nmoBa.
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