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Introduction

In the present article, we deduce explicit variational formulas for a solution vector and
for the elements of its monodromy group to a third-order ordinary differential equation on a com-
pact Riemann surface of genus g > 2 with respect to a variation in the spaces of quadratic
and cubic holomorphic differentials. These theorems are a continuation of results by D. Hejhal,
V. V. Chueshev, and M. I. Tulina.

In [1-3], D. Hejhal began to study the dependence of a solution vector and the generators
of the monodromy group of the equation on small variations in the space of holomorphic differ-
entials.

Variational formulas found applications in the theory of Teichmiiller spaces in connection
with the uniformization of compact Riemann surfaces (see [3—4]).

The coefficients of a third-order differential equation on a compact Riemann surface must be
the quadratic and cubic differentials at the corresponding derivatives (see [5]).

In the previous papers [4,6, 7|, a compact method was proposed for deducing the variational
formulas for the vector solution and the elements of its monodromy group with the use of matrix-
vector notation.

In the present article, we obtain formulas for the first variation with respect to a basis
in spaces of holomorphic cubic differentials for a solution vector and the monodromy group
on a compact Riemann surface for a third-order linear ordinary differential equation with any
holomorphic coefficients. Moreover, we find explicit variational formulas for a variation in spaces

*chueshev@ngs.ru  https://orcid.org/0000-0002-7185-7736
© Siberian Federal University. All rights reserved

- 308 —



Alexander V. Chueshev, Victor V. Chueshev Variational Formulas of the Monodromy Group. ..

of holomorphic quadratic differentials for a solution vector as well as the formula for the first
variation of the solution vector for a variation with respect to a basis of quadratic holomorphic
differentials on a compact Riemannian surface of genus g > 2.

1. Preliminaries

Let F' be a compact Riemann surface of genus g > 2, D be an open disk on the plane C.
Denote by I' a Fuchsian group of the first kind uniformizing F in the disk D, i.e., F'is conformally
equivalent to D/T.

Consider an linear ordinary differential equation

d™v d" 2%y d"3v

g et g t el Es

where ¢;(t) is a meromorphic function on D, j = 2,...,n. Equation (1) has Fuchsian type on F'
if it has only regular Fuchsian points and is preserved after the change of variables

+- -+ ¢ t)v=0,teD, (1)

n—1

w=uv(s)L'(t) =, (t,v) = (s,w), s=L(t), L eT. (2)

A solution vector is a column-vector consisting of a basis in the space of holomorphic solutions
to an equation with holomorphic coefficients. Holomorphic differentials of order ¢ have the form
®(z)dz? and are invariant under a change of coordinates on the surface, i.e.,

O(Lz)L'(2)7 = ®(2), z€ D, LeT.
Denote by Q4(F) the vector space of holomorphic ¢-differentials on D/T', where ¢ € N (see [5]).

Lemma 1 ([2,3]). Suppose that a column vector U(t) consists of n linearly independent solutions
to equation (1) on F = D/T. Then the equality

U(Lt) = x(D) UL (t)" ™", LeT, &u(t) = VL/(t), 3)

uniquely determines the monodromy homomorphism x : I' — GL(n,C) defined by the mapping
L— x(L), LeT.

The monodromy group of equation (1) is the image x(I") of the group I'. This is a matrix
group describing the multivaluedness of a solution vector.
Note that for n = 2 the variation is possible only with respect to one coefficient of the equation

ul?(2) + (Qo(2) — pr(2))u(z) = 0.
For n = 3, for the equation
u®(2) + (Qu(2) — Ag(2))uM (2) + (Ro(2) — pr(2))ulz) = 0 (4)

we have already three substantially different variations: (1) with respect to r, i.e., with respect
to u, in the space of cubic differentials; (2) with respect to g, i.e., with respect to A, in the space
of quadratic differentials; (3) with respect to r and ¢, i.e., with respect to A and p.

Let U(z) = (u(z),v(2),w(2))T be the solution vector to the Cauchy problem at a point
z0 €D,

u(2o) 1 u'(20) 0 u”(20) 0
v(zg) | =10 ], v(zg) | =11, v"(z) | =101, (5)
w(zp) 0 w’(z0) 0 w”(2p) 1
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for the unperturbed equation, i.e., for A =0 and p = 0.

Put
v v w
W)= « v W |, W(x)=E,

1 " 1

0 v w vow vow
1(x) = vow | = f(— =[f=ru]l=ru ,
W 0 ! ! f 1 4 / / f ! A
P ” v w v w
Y v U w U w
o(z) = u w | = f(— =[f=rv]=rv ,
W ! O ! f 1 5 ! A f ! A
" u w u w
v ov 0 U v U v
W3(.’L‘) =] u 0= f(_1)6 o r | = [f = rw] =rw o /
12 1
f
Then
Wi(z) 0 0
Viz) = 0 Wa(2) 0 ,
0 0 Wg(Z)

is a solution to the Lagrange adjoint unperturbed third-order equation on D/I. It is known
from [3] that it satisfies the equality

V(Lz) = £0(2)°V(2)x(L)™!, LeT, &n(z)=+/L'(2), z€ D.
2. Expansion of the solution vector in a series under
variation in the space of quadratic differentials
Consider the perturbed vector equation
U (2) + (Qo(2) — Aq(2)) UM (2) + Ro(2)U(z) = 0, (6)

where A € C, || < ¢, ¢ is a sufficiently small number, and ¢(z)dz? is a nonzero holomorphic
differential on D/T.

Denote by
u(z; \;0) 0 0 u(z; A\;0)
U(z;X;0) = 0 v(z; A; 0) 0 = | wv(z;A;0)
0 0 w(z; A;0) w(z; A;0)

the solution vector to the Cauchy problem (5) at a point zo for the perturbed equation (6).
By Poincaré’s small parameter method and the Cauchy—Kovalevskaya theorem, expand the so-
lution vector in the Taylor series

U(z;X;0) = U(2) + AUro(2) + XUz (2) + . .- + X" Upno(2) + - - -,

convergent for |\| < €,z € D (see [2; 3]).
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Inserting this series in (6), we obtain the infinite system of differential equations in vector-
matrix form

U®(2) + Qo(2)UM (2) + RoU(2) =0,
U (2) + Qo<z>U]§é)<z> + RoUso(2) = q(z)UD(2),
Usy (2) + Qo(2)USy) (2) + RoUzo(2) = a(2)Usy (),

U (2) + Qo(2)ULY (2) + RoUno(2) = a(2)UY, (=),

Theorem 1. The solution vector
U(g)(z) + (Qo(z) — )\q(z))U(l)(z) + Ro(2)U(2) =0

with condition (5) on a compact Riemann surface F' of genus g > 2 satisfies the explicit varia-
tional formula

Uz \;0) = [E FAo(2) FA2A1(2) o A A (2) - .}U(z),

where z € D, || < e,

Az) = ¢(2)UD (2)V (2), D(x) = q(x)U (x)V (z), Ao(2) = / A(z)dz,

20

Anlz) = / z [A(@) D" (2) + Ag(2) Aw) D" (2) + A1 () A(2) D" ~*(z)

20
bt An_a(2)A(x)D() + An_l(:c)A@c)} dz,
and E is the identity matriz of order 3.

Proof. Find the solution to the second equation of the system by Lagrange’s method of variation
of constants:

V() = | (@)U @)V (2)daU(2).

z0
If n =1 then Ulo(Z) = AO(Z)U(Z)
For n > 1, denote by Uyno(z) = An—1(2)U(2), where

Ar(2) = [ a@U, @)V (@),
For n = 2, we have Usy(z) = A1(2)U(z). On the other hand,

Un(2) = AUG) = [ @U@V U ) = [ a@)ido)U @)LV @t ().

20 Z0
It follows that

A= [ @) Ao () @),V (x)dr =

20
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z

:/ZA(x)q(x)U(x)V(x)dH/ Ao(2)q(z) UMD (2)V (z)dx =

. / " A(@)D(w)dz + / " Ao (2) A(x)da.
Thus, . .
Ugo(z):< / A(z)D(z)da + / Ao(x)A(z)dx)U(z).

20
For n = 3, we have the equality Uso(z) = A2(2)U(z). On the other hand,

z I

Uso(z) = A2(2)U(z) = /Z q(x)Uz(é)(x)V(m)de(z) = / q(z) [Al(a:)U(sc)} V(z)dzU(z),

zZ0 T

where

1) = [ a@[a10)0@)] Vierts = [ o) [i@06) + @0 @]V s -

+ / " 4@ [Al (x)U“)(x)V(m)dx] - / ’ {A(x)m(x) + Ao(2)A(z)D () + Al(x)A(a;)}dx.
Therefore,
As(z) = / ’ [A(a:)DQ(x) + Ag(2)A(z)D(x) + Al(x)A(x)] dz

and

Usolz) = ( / [A@D(@) + + 4o @)A@)D () + A () AG)] dx) U(2).

By the induction assumption, for n = m we have the equality
An(z) = / [A(x)Dm(x) + Ag(2)A(z)D™ () + Ay () A(z) D™ 2 (x) + ...+ A1 (2) A(z) | da.
z0
Prove this assertion for the case n = m + 1. We have

Uni1.0(2) = A (2)U(2) = / ’ q(2) U (2)V (2)dalU(z),

20

where
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z

= /z q(z)A(z) D™ Y (2)U (2)V (z)dx —|—/ q(z)Ag(2)A(z) D™ 2(2)U (2)V (z)dx+

20 20

+ / () Ar(2) Al) D (@)U (2)V () da+

20

z

+...+/Z q(x)Am_g(z)A(x)U(:ﬂ)V(:c)d:c+/ Ap—1(2)Az)dz =

20 20

_ / ’ [A@@)D™ (@) + Ao () Aw) D™ (2)+

FAL@)A@) D™ (@) 4+ Ao (@) A@)D() + A () A)] e

Consequently, by induction, we have proved the formula for the matrix A, for any n.
Let us now introduce the explicit variational formula with respect to A for the solution vector:

U(z;0;0) = U(2) + AU (2) + AN2Us(2) + ... + XN'Upo(2) +
= BU(2) + Mo (2)U(2) + N2 A1(2)U(2) + ... + X" A, 1 (2)U(2) + ...
=B+ Mo(2) + N2A1(2) + .+ A" A (2) + .. .]U(z).

Thus, the theorem is proved.

Remark 1. This theorem gives an explicit vatiational formula for the solution vector, i.e., all
the variational terms of any order or the whole Taylor series in A under variation with respect
to one holomorphic differential in Q2(F).

Proposition 1. Let qi(2)dz?,...,q35—3(2)dz? be a basis of quadratic holomorphic differentials
on F = D/T of genus g = 2. Then the perturbed equation

3g—3
U®(z) Z 2ig;(2) U (2) + Ro(2)U(2) = 0

with condition (5) satisfies the formula for the first variation of the solution vector

39g—3

U(2; A1, -5 A3g-3;0) = [E + Z )\jAo;ej(Z)} U(2) +o(A1, ..., Azg—3),
j=1
where |\j| — 0,7 =1,...,39g =3,z € D, Ay, ( qu 1)V (z)dz

Proof. Since the coefficient at the first derivative depends holomorphically on A = (A1,...,A34—3),
the solution vector to this equation is representable as

39g—3
U(Z;)\l,.. )\3,] 3, Z /\ UlOeJ ()\),
|A;] = 0,4 =1,...,3g — 3. Here e; is the vector whose jth coordinate is equal to 1 and all

the remaining coordinates are zero. Now, put d = 3g — 3.
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Inserting this expression in the equation, we obtain the vector equality

39—3

U(3) Z by UlO e ()\) + (Qo(Z) — )\1(]1(2) — ... = )\dqd(z)) X

<U<1> 3g23A Uw(, (A)) + Ro(z ( 3923A Uloge, ( ()\)) =0.

Note that here the followmg conditions are fulfilled:
Usore, (20) = Ulgl, (20) = Usle, (20) =0, j = 1.....d.
Hence we obtain a system of vector linear differential equations of the form
UP(2) + Qo(:)UM (2) + Ro(2)U(2) = 0,
Ultre, (2) + Qu(2)Uol, (2) + Ro(2)Unose, (2) = ;)0 (2), = 1.....d.
For each j, j = 1,...,d, solve the equation by Lagrange’s method of variation of constants:
G, = | [ @U@ (@] vte).
20
Put A4;(z) = ¢;(2)UN(2)V(2) and

Agse; (2 /A Ydx, j=1,...,d.

This gives the equality Uio,e,;(2) = Ao, (2)U(2), j = 1,...,d. Therefore, we have the formula
of the first variation of the solution vector:

U(Z, )\1, ey )‘35]—3; O) = U(Z) —+ >\1A0;e1 (Z)U(Z) + 4 )\dAO;ed (Z)U(Z) + 0()\1, ey )\39_3) =

= [E + )\IAO;el (Z) + -4 )\dAO;ed (Z)] U(Z) =+ 0()\17 ey )\3973),

A1 —0,...,A39—3 — 0 under variation with respect to a basis of quadratic holomorphic differ-
entials on a compact Riemann surface of genus g > 1.

3. Elements of the monodromy group under a variation
with respect to a basis of cubic differentials

Consider the perturbed differential vector equation

m

V() + QuUD(E) + (Ro(2) = 3 wyr)U () = 0. (9)

on the surface F = D/T', where ry,...,7, is a basis of cubic holomorphic differentials
in the space Q3(F), m = 59 — 5, u = (u1,...,um). As above, denote by U(z;0;u) =
= (u(z; 05 ), v(z; 0; ), w(z;0; )T three linearly independent solutions to the Cauchy prob-
lem at a point zg defined by the conditions

U(20;0,1) = (1,0,0)7; UM (20;0, 1) = (0,1,0); UP (20;0, ) = (0,0,1)7, (10)
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for every p. By the Poincaré’s small parameter method and the Cauchy—Kovalevskaya theorem,
we have the solution to (9) in vector form

U(205 1, pom) = U(2) + Y mkUo1z, (2) + 0t - - i)
k=1

where pq, -, i, = 0.
Inserting the last expression in (9), we obtain the vector equalities

U (2) + iUk (2) + -+ U, (2) + o(p)+
g UD_ ()t D
+QO(Z)( (Z) + 016 (Z) + + tm 01;@,”,(2) + 0(:“))"’
+(Ro(2) = Y i (2))(U(2) + mUorz, (2) + -+ - + tmUonsz,,, (2) + o(p)) = 0.
j=1
Note that the following conditions are satisfied:
Uniiz, (20) = Usyl, (20) = Ul (20) = 0, k=1,...,m.
From this we obtain the system of vector linear differential equations
U (2) + Qo(2)U M (2) + Ro()U (2) = 0;

UsYs (2) + Qu(2) U8, s (2) + Ro(2)Uoiz, (2) = ri(2)U(2), k=1,...,m.

For each k,k = 1,...,m,, solve the second equation by Lagrange’s method of variation of con-
stants

Uoriz, (2) = / e (OUBV ()t (2).

20

Introduce the notations

Bi(2) = rp(2)U(2)V(2), Boss, () = / CBut)dt, k=1,....m.

Z0

Hence, we obtain the equalities

U()l;gk(z) = BO;A U(Z), ]{J = 1,. ..o, Mm.

€k
Thus,
U(z:0; 1, - i) = U(2) + > e Boz, (2)U(2) + 0(pa, . -, fim)
k=1
= [+ Y mBos, (9] U + ol ),
k=1
where p1, -,y — 0.

For deducing the variational formulas for the elements of the monodromy group, we must
express Upi.e, (Lz) through U(z) and the coefficients of the equation. We infer

Lz Lzg Lz
Bk(x)dx] U(Lz) = [ By (x)dx + Bk(x)daj} U(Lz) =

0 Lzo

Uneul2) = |

20
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= Boz, (L20)X(L)U (2)€L(2)? + €L(2)*X(L)Uoiz, (2)

Lz

; By(2)x(L)dz€r (2)°U(z) =< x = Lt >= /Z Bi(Lt)x(L)dLtEL (2)°U(z) =

-/ IOV (LX) ()t (2T (=) =
= [ nZ @ EOMDUOL VO ADL 0dign (20 () =

=x(L) / (U )V (8)dteL (2)°U(2) =

= X(L)Boe, (2)61(2)?U (2) = x(L)¢L(2)*Unize, (2).

Using the above-proven equality for Uy, (Lz), deduce the first-order variational formula
for the elements of the monodromy group:

€0(2)X(L; 0; U (203 p) = U(L2; 05 ) = U(L2) + > palonizy, (Lz) + o(p) =
k=1

m

= X(L)U(2)éL(2)* + ) 1l Bogai, (L20)X(L)U (2)1.(2)* + x(L) D mloney (2)6(2)* + o(p) =
k=1

k=1

= X(D) [U(z:0: e (2)? = 0w (2)%]+ D i Boz, (Lao) X(D)U ()61 ()* + o) =
k=1

= X(L)U (2 0; p)éL(2)? = x(L)o(m)ér(2)*+

+ > meBosz, (L20)x(L)[U (23 0; m)€L (2)* = 0(1)€L(2)°] + o) =
k=1

=x(L) [U(Z; 0,p) — 0(#)} €0(2)* + > mBog (L20)X(L)U (0, p)ér(2)°—
k=1

- Z 1k Bogz, (Lz0)x(L)o(1)EL(2)? + o(p) =
k=1

= X(L) + Y meBos, (L2o)x(D)]U (20, p)€x(2)° = x(L)o()U ™" (230, U (23 0, p)é (2)*—
k=1

— > ik Boz (L20)x(L)o()U (2.0, )U (250, )€ (2)* + o(p).
k=1

Hence we obtain a formula for the first variation of the elements of the monodromy group:

X(L; 05 1) = [E + Y urBog, (Lzo)} X(L) = o(p) = o(p), p— 0.
k=1

Thus, we have proved the following theorem:
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Theorem 2. The following variational formulas hold for the solution vector and the elements
of the monodromy group of equation (9) perturbed with respect to the basis of holomorphic cubic
differentials vj, 7 =1,...,m = bg — 5, with normalization (10):

U(Z§ 0; p1, - - - nufm) = [E + #1Bo;€1 (Z) + e+ /LmBO;@m (Z)} U(Z) + O(:ula cee 7Nm)

and
m

X(L; 05 p) = [E + Y 1k Bog, (LZO)} X(L) + o(p),
k=1

M1y s Um HO? where
Bk(z) = Tk(Z)U( )V( BO ek / Bk dt k= ].

Remark 2. These variational formulas show how the generators of the monodromy group
X(A1),...,x(Ag),x(B1),...,x(By) and the solution vector to the third-order equation depend
of the parameters (p1, ..., tm,) under a variation with respect to a basis of cubic holomorphic
differentials on F.

Now, consider the equation perturbed simultaneously with respect to A = (A1,...,Aq) and
to = (:U’la"'vum)a

3g—3 59—5
U0+ (Qul) = X a5 )00 e) + (Ra) - Xt )t =0
j=1
and the Cauchy problem at a point zy defined by the condition
U(z0; A ) = (1,0,0)75 UM (20 A ) = (0,1,0)7
U (203 A5 1) = (0,0,1)7, (12)
for any p and A.

Corollary 1. The solution vector to equation (11) with the Cauchy problem (12) satisfies the for-
mulas of the first variation

3g—3 59—5

U(Z,)\,,U) = |:E+ Z Aj AO E] Z :U’]BO e] :| ( )+O()‘17' "aA3g—3) +0(/'[/1a'- '7M5g—5)7
j=1
)\1,...,)\39_3%0, ILL1,...,,U,5g_5*>O, where

4
Agie, (2) = / qj(x)U:gl)V(m)dm, ji=1,...,3g—3,

20

Bow, (2) = / re(2)U(2)V (@)dz, k=1,....59— 5.
)

Remark 3. The equality U(Lz)(L'(z))"! = x(L)U(2), L € T, means that the solution vec-
tor U(z) for the Cauchy problem at zg is the form of vector third-order Prym 1-differentials
on F' = D/I' with respect to the matrix character x of the group I" with values in GL(3,C),
or, more exactly, U(z) is a holomorphic section of the vector bundle y ® K !, where K is
the canonical bundle on F = D/T [5].
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Bapwuarmmonabie dpopMysabl TPynnbl MOHOJIPOMUNI
JJis ypaBHEHUsI TPEThHEro MOopsIKa Ha KOMIIAKTHOM
PUMAHOBOI MOBEPXHOCTH

Anekcanap B. UyemnieB
Bukrop B. YUyemen

KemepoBckuit rocy1apcTBEHHBIM YHUBEPCUTET
Kewmepono, Poccuiickass ®eneparus

Awnnoranusi. B manHOI cTaThe BBIBOIASTCS sIBHBIE BapHUAIMOHHBIE (DOPMYJIBI JjIsi BEKTOD-PEIEHUs U
JIJIsl JIEMEHTOB €ro TPYIIbI MOHOAPOMHUH OOBIKHOBEHHOIO JudEPEeHIIUAIBHOIO yPABHEHUsI TPETHETO
MOPsIJIKa Ha KOMIIAKTHOM PUMAHOBOI TOBEPXHOCTH POJIA g > 2 OTHOCUTEJIBHO BAPUAIIUU B IIPOCTPAHCTBAX
KBaIPATHYHBIX U KyOMIECKUX TOJIOMOPMHBIX U DHEPEHITHATIOB.

KiroueBsblie cjioBa: puMaHOBBI IOBEPXHOCTH, YPABHEHUE TPETHErO IOPsJIKA Ha PUMAHOBON MOBEPXHO-
CTH, BapHaIllMOHHBIE (POPMYJIbI, rOJIOMOPdHBIE JindHepeHITuaIbL.
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