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Abstract. Several examples of transcendental systems of equations are considered. Since the number
of roots of such systems, as a rule, is infinite, it is necessary to study power sums of the roots of negative
degree. Formulas for finding residue integrals, their relation to power sums of a negative degree of roots
and their relation to residue integrals (multidimensional analogs of Waring’s formulas) are obtained.
Calculations of multidimensional numerical series are given.
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Introduction

Based on the multidimensional logarithmic residue, for systems of non-linear algebraic equa-
tions in C" formulas for finding power sums of the roots of a system without calculating the
roots themselves were earlier obtained (see [1-3]). For different types of systems such formulas
have different forms. Based on this, a new method for the study of systems of algebraic equa-
tions in C™ have been constructed. It arose in the work of L. A. Aizenberg [1], its development
was continued in monographs [2—4]. The main idea is to find power sums of roots of systems
(for positive powers) and then, to use one-dimensional or multidimensional recurrent Newton
formulas (see [5]). Unlike the classical method of elimination, it is less labor-intensive and does
not increase the multiplicity of roots. It is based on the formula (see [1]) for a sum of the values
of an arbitrary polynomial in the roots of a given systems of algebraic equations without finding
the roots themselves.

For systems of transcendental equations, formulas for the sum of the values of the roots of the
system, as a rule, cannot be obtained, since the number of roots of a system can be infinite and
a series of coordinates of such roots can be diverging. Nevertheless, such transcendental systems
of equations may very well arise, for example, in the problems of chemical kinetics [6,7]. Thus,
this is an important task to consider such systems.

In the works [8-21] power sums of roots in a negative power are considered for various systems
of non-algebraic (transcendental) equations. To compute these power sums, a residue integral
is used, the integration is carried out over skeletons of polycircles centered at the origin. Note
that this residue integral is not, generally speaking, a multidimensional logarithmic residue or a
Grothendieck residue. For various types of lower homogeneous systems of functions included in
the system, formulas are given for finding residue integrals, their relationship with power sums
of the roots of the system to a negative degree are established.
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The paper [12] investigated more complex systems in which the lower homogeneous parts are
decomposed into linear factors and integration cycles in residue integrals are constructed from
these factors. In [11], a system is studied that arises in the Zel’dovich-Semenov model (see [6,7])
in chemical kinetics.

The object of this study is some systems of transcendental equations in which the lower
homogeneous parts of the functions included in the system form a non-degenerate system of
algebraic equations: formulas are found for calculating the residue integrals, power sums of roots
for a negative power, their relationship with the residue integrals are established. See [21].

1. General systems of transcendental equations

In this section we follow the paper [22].

Let f1(2),..., fu(2) be a system of functions holomorphic in a neighborhood of the origin in
the multidimensional complex space C", z = (z1,...,2,) .

We expand the functions f1(z),..., fn(z) in Taylor series in a neighborhood of the origin and
consider a system of equations of the form

fi(z) =Pj(2)+Q;(2) =0, i=1,...,n, (1)

where P; is the lowest homogeneous part of the Taylor expansion of the function f;(z). The
degree of all monomials (with respect to the totality of variables) included in P;, is equal to m;,
j=1,...,n. In the functions Q;l, the degrees of all monomials are strictly greater than m,;.

The expansion of the functions @;, Pj, j = 1,...,n in a neighborhood of zero in Taylor series
that converges absolutely and uniformly in this neighborhood has the form

Qi(z)= Y alz", (2)

llexl|>m;
Pi(z)= > b2 (3)

18ll=m;

j=1...)n,
where o = (as,...,ap), B = (b1,...,5,) are multi-indexes, i.e. «; and B; are non-negative
integers, j = 1,...,n, ||af| = a1 + ... + an, |8 = f1 + ... + Bn, and monomials z* = 27" -
232...22%7 Zﬂ :zlﬁl .zgz...z”ﬁln_

In what follows, we will assume that the system of polynomials P(z),..., P,(z) is nonde-

generate, that is, its common zero is only the point 0, the origin.
Consider an open set (a special analytic polyhedron) of the form

Dp(ri,...,mn) ={2z: |Pj(2)| <rj, i =J,...,n},
where 71, ...,r, are positive numbers. Its skeleton has the form
Tp(ri,...,mn) =Tp(r)={2: |Pj(2)|=rj, 5=1,...,n}.
Let us start with a statement.

Lemma 1. The next equality is true

1 / 1 dfy  dfs dfn
T Gmiy |
Tp

e AN—AN...\N—— =
T R R fa

= OO [ttt Gy A e

(2mi)" i " i o
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For what follows, we need a generalized formula for transforming the Grothendieck residue
(see [23]).

Theorem 1. Let h(w) be a holomorphic function, and the polynomials fi(w) and g;(w),
i, k=1,...,n, are related by

n
gjzzajk'flﬂ j:1a2a"'7n7
k=1

the matriz A = ||ajk\|?,k=1 consists of polynomials. Consider the cycles
I'y={w: |fj(w)|=r;, j=1,...,n},

Iy={w: lgj(z)|=r;, j=1,...,n},
where all 7; > 0. Then the equality

det A [] agdw

[rw = ¥ e [hw (1)
Ty

B
n ko) g
K’Sgl ksj=Bs 8311( SJ) Iy

holds. Here B! = B1!82!...6n, 8 = (b1,52,.-.,0n), the summation in the formula is over all
n
non-negative integer matrices K = ||kg;||3 ;—; with the conditions that the sum _ ksj = aj, then
s=1
n
Bj =Y kjs. Heref® = fit - fon, g7 =g - gfn.
j=1

Theorem 2. The next formulas are valid

zp: Y Y2 Y
“+1 +1 nt+1
1 -z ez

J=1 %41 2 in

dfy df. dfn
:(2m’)”)/w1“+1~w§2+1~~w7;‘+1~£/\ f2/\.../\ f =

. fl f2 fn
P
(—1)ntlel /
_ Z y1+1 Yy2+1 Yn+1
= R w = w. W X
llelI<lIvII+n (2mi)

P

XA-Q?I- 052 - Q2 dwy Adwy A ... A dwy,
]51041+1 . P2062+1 . ~P7(11"+1

n n B n .

(_1)I\K|\+n nml> ksj ]! w A det A- Q> ] a’:;y
s=1 \Jj=1 5,5=1

N ) o . BiNi+B+N; ’
K I<I+n IT (k) [T wym
s,j=1 j=1
n
where ||K| = Y ksj, and the functional M assigns its free term to the Laurent polynomial.

5,j=1

In fact, in Theorem 2, analogs of the classical Waring formulas for finding power sums of
roots of a system of algebraic equations are obtained.
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2. Examples

Example 1. Consider a system of equations in two complex variables

{fl(zlaZQ) = 2122 + b1z + baza =0,

Ja(z1,22) = 1+ a121 + azze = 0.

1
Let us replace the variables z; = —, z5 = —. Our system will take the form

1
wq w2

f~‘1 =1+ bywy + byws = 0,
']?2 = wWiwWsz + aswi + ajws = 0.

The Jacobian of the system (6) A is equal to

= bg’wl — b1w2 + (a1b2 — agbl).

~ b by
A= )
”wg +ay w1+ ay

Note that

@1 15
Q2 = a1wa + asw.

]31 = biwa + bowy,
P2 = Wi1ws.

Let us calculate det A :
Since _ N
w% =a11 P + a2 Py,

) - -
wy = a1 Py + axPa,

where 151 = ble + bg’wl, f’g = wWi1wsa.
Therefore, the elements of a;; are equal

o w1 o bl
aip = by 12 = by
_wr o b
az1 = by y Q22 = by
Therefore,
(%) w1 w2b1 — wlbg
detA=—~—-——=—>"—-—-"=
by by b1by
By Theorem 2
T — Z (=DIET (kyy + k1a)! - (K21 + kao)! y
o [|K||=k11+ki2+ko1+k22<2 kll! ) ]4112! ’ le! ' k22!
g | A et 4 QP Qi afy - alp ol - aly?
X w%(k’ll"t‘k/lQ) . w;(kzl-‘rk’n) ’
- Z (=DIEI (kyy + ki2)! - (ko1 + kao)! o
(0.0 k11! . klg! . k21! . k22!

[|K||=k11+ki2+ko1+ko2 <2
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<M (—1)k12+k22 (’LUle — wlbg) . (b2w1 — biws + arby — agbl) (a1w2 + agwl)k12+k22
bi+k321+k22_k12 . bé-‘rkn +ki2—ka2 w71€11+2k12 . w72€21+2k22 :

Calculate the value of the sums

(0,0,0,0) :
o (waby — wibs) - (bawr — biwa + a1by — agbr) ~0,
b1bsy
(1,0,0,0) :
M —(’wgbl — wlbg) . (b2w1 — b1w2 + Cblbg — agbl) _ CL1b2 — a2b1
blb% W1 blbg ’
(0,1,0,0) :
m (wab1 — wiba) - (bowr — biwa + a1by — agbr) - (a1w2 + aswr) _
b3 - w?
— by — ash 2b
_ az(a1be — agby) a4 L
b2 b2
(O,O7 1,0) :
m |:—(’w2b1 — wlbg) . (b2w1 — b1w2 + a1b2 — agbl):| _ _a1b2 — a2b1
b%bg - Wo blbg ’
(0,0,0,1) :
m (wabi — wiba) - (bowr — biwa + a1by — agb1) - (a1we + asw) _
b? - w3
by — ash 2p
_ al(al 2 — a2 1) — —ajay + ay 27
bl bl
(2,0,0,0) :
m (U)le — ’wlbg) . (b2w1 — b1w2 + a1b2 — agbl) _ _L
blbg . 'LU% blbg ’
(0,2,0,0) :
m [(wgbl — ’wlbz) . (b2w1 — biwg + ar1by — agbl) . (alwg =+ a2w1)2 . b1:| _ _a%bl
b3 - wi by
(0,0,2,0) :
m (w2b1 - wlbz) : (b2w1 —biwy + arby — azbl) _ 7L
b3by - w3 biby’
(0,0,0,2) :
m (IUle — wlbg) . (b2w1 — blwg + a1b2 — agbl) . (a1w2 + a2w1)2 . bQ _ _a%bg
b3 - wj by’
(1, 170,0) :
o —2(waby — w1bg) - (bawy — bywa + a1bs — ashy) - (@ wse + agwy) _ 2az
b3 - w3 by’
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(1,0,1,0) :
m (wgbl — wlbg) . (b2w1 — biwsg + arby — a2b1) _ 2
b3b3 - wiws biby’
(1,0,0,1) :
m —(U)le — wlbg) . (b2w1 — b1w2 + (11[)2 — ngl) . (a1w2 + agwl) _ % _ 2&
b%bg . wlwg b2 b1 ’
(0,1,1,0) :
m _(w2b1 — wlbz) : (b2w1 —biws + arbs — Clzb1) : (alwz + a2w1) _ ar 22
blbg . w%wg b1 b2 ’
(07 ]‘7 07 1) :
m (w2b1 — ’wlbg) . (bgwl — b1w2 + 021b22 — (Lzbl) . (alwg + a2w1)2 _ _a%bg _ a%bl + 2(11(12,
b1b2 *WiwW;5 bl b2
(07 0’ 17 1) :
o —2(w2by — w1by) - (bawi — bywa + a1bg — azby) - (a1wa + aswy) _ 2a1
b3 - w3 b
Therefore

az | a%bg a%bl
by b1 by by
Example 2. Consider a system of equations in two complex variables

J(0,0) = 2a1a2 +

{fl =1+ biws + bow; =0,

f2 = wiwWa + a1ws + aw; = 0.

u . .
Let u = wyws, then w; = —, substitute in our system
w2

b
1+ bywy + 22—,

w

a22u (10)
u+ ajwy + — = 0.

wo

multiply each equation of the system by ws

{wz + b1w§ + bou =0, (1)

wWolh + alwg + asu = 0.

Now we multiply the first equation of the system by a1, and the second by b; and subtract one
from the other

wa(bru — a1) — u(arbe — asby) =0,

SO
u(a1 b2 — agbl)

Wy =
blu — a1

Let us substitute this into the first equation of the system and get rid of the denominator
and the second variable

bgu(blu - a1)2 + u(a1b2 — agbl)(blu — al) + b%u2<a1b2 — a2b1)2 =0.

— 140 —



Alexander M. Kytmanov, Olga V. Khodos Some Systems of Transcendental Equations

We get,
b%bzuz + (bl(albg — a2b1)2 + bl(albg — agbl) — 2a1b1b2)u + a%bg — al(albg — agbl) =0.
By the generalized Vieta theorem

J :zp:w' gy — (b2 mab) o o
(070) = jl 72 b]_b2 bl bg'

Example 3. Consider a system (13) of equations in two complex variables (example 1).
Recall the well-known expansions of the sine into an infinite product and a power series:

sinyz 2\ x= (—D)keR
vz _g(l_k%z’)_z(%ﬂ)v

k=0

which uniformly and absolutely converge on the complex plane and have the order of growth
1/2.
Consider the system of equations

fi(z1,22) = z129 + b121 + baze =0,
p 12)
siny/a121 + azzys 2 a1z1 + azzy (
= = (12t
f2(2:17 Z2) /70121 T ag2s 51;11 ( 272 )

Using the formula obtained above and the known expansion of the series, we obtain that the
integral Jy ¢ is equal to the sum of the series

oo oo oo oo

2 0o 2

a b2 a bl as ai 20,1(12

J = — E L - 2 : : Z Trist T
(0,0) 77454()1 Z 7T4S4b2 + Z 7T282b2 + p 7T282b]_ + — mist

s— s—1 s—

(a1bs — azb1)*  aibs + asby
90b1b2 6b1b2

Example 4. Consider a system of equations in two complex variables

f1(21,22) = a121 — agzs + 2325 = 0, (13)
f2(317 2’2) =b1z1 +bozo + 2123 =0.
. 1 1 .
Let us replace the variables z; = —, z5 = —. Our system will take the form
w1 Wo
fi= —aswi + aqwiwe + 1 =0, (14)
]?2 = b2w1w2 + blw% +1=0.
The Jacobian of the system (6) A is equal to
A= —20zw1 + 1wy @i = —2asbow? — dagbiwiwy + 2a1by w3
bows 1wy + botwy 202w7 201 W1wW2 101w;.
Note that _
=1
Ql ) (15)
Q2 =1.
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{Pl = —agw% + ajwiwe =0,

ﬁg = bywyiwsy + blwg =0.

Calculate det A :

—a9 aq
o O —a9
Res = 0 by
0 0
A= agbl(agbl + Cl1b2)/.
Let us determine the minors:
" —Q2 Qa3 0 _
Al = b2 b1 0= —agb% — alblbg, AQ =
0 by by
" aq 0 0 _
A?) = |—a2 ay O = a%bl, A4 =
0 by by
0 —a a1
A1=—1]0 by b |=0, Ay =
0 O b
—a9 al 0
A3 = — 0 —ag a1| = —a%bg, A4 =
0 0 by
Therefore, the elements of a;; are equal
1

a1l =

A

alg = % (33101 + 541112) =

1
a1 = A (Aqwi + Aswe) =

1
an = 1 (Azwy + Agws) =

— 142 —

0 O
ay O
bp 0|
by by
aq 0 0
— bg b1 0] = —alb%,
0 by by
a1 0 0
—|—az2 a1 0l =0.
bo b O
—az a1 0
0 b2 bl = —agb%,
0 0 by
—a9 ay 0
0 —ag ai| = a%bl + ajasbs.
0 by by

~ ~ 1
(A1w1 + AQ’LUQ) = Z ((—azb% — a1b1b2)wl — alb%wg) s

a%blwl
A )

—(lzb%’wg

A b

1
— (—a%bgwl + (a%bl + alagbg)’wg) .

A
Then - -
wi = a; Py + ajaPs,
wS’ = a21151 + a22ﬁ2,
were ﬁl = —agw% + aqwyiws, 162 = bowiwsy + blwg.
It is not difficult to make sure that
_ —ag aq o
A(l,g) = O b2 — 0,21)2,
A(1,4) = —02 M by — aiby,
by by
_ ay 0 _
A(2,4) = by byl = ayby,
_ja 0 _
A(2,3) = 0 bg‘ = albg.
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Let us calculate now det A :
1
det A =+ (A(L,3)w] + A2, 4)ws + (A(2,3) + A(L,4))wiws) =

1
= Z (CLQbQ'LU% — a2b1w1w2 — alblwg) .

By Theorem 2

(=D)IEN . (kyy 4 E12)! - (ko + kog)! %
kil kig!-kop!- koo!

J(0,0) =
| K||=k11+ki2+ko1+ko2 <2

m A-det A- a1t abiz . gz gk
3(k k 1 3(k k 1
wl( 11+k12)+ .w2( 21+ka2)+

We calculate the value of the sums by denoting A = asb; + a1bs,
(0,0,0,0) :

m A -det A ~o,
w1 - Wy
(1,0,0,0) :
o |91 A-det A|  —2a1a303b3 — 2a3b1ba(azb} + arbiby)  2a1b3  2by
wi - we N A2 A2 A’
(0,1,0,0) :
_om a2 E -det A _ a%b1(2agb1b2 — 4(1%[)1[72) _ 263%[)2
wi - we A2 A2
(0,0,1,0) :
_om asy E -det A _ a2b§(4a1a2b% — 2&1&21)?) _ 26311)%
wy - wh A? A2z
(0,0,0,1) :
oy | Q22 A -det A B _2a§a§b§b2 + 2a1a2b?(a3by + ajasbs) B _2a§b2  2a1
wy - w B A? A2 A’
(2,0,0,0) : ) )
- a?;, - A-det A _0
w] - we ’
(0,2,0,0) : ] ]
m a?y - A -det A —0
w] - we ’
(07 07 27 O) : _ _
m a3; - A-det A —0
wy - w ’
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(0,0,0,2) :
- agz'A-d;etA o,
W1 - Wy
(1,1,0,0) :
- lanam%A -det A _o,
wq - W2
(1,0,1,0) : ) )
o a11a124 A ~4detA o,
W - Wy
(07 ]" 17 0) : _ _
_on | G220 4; A -4det A _o,
Wy - Wh
(0,1,0,1) :
o [amazzz; A ~4det A o,
wy - Wy
(0,0,1,1) :
- lazmzz <A ~7detA o,
Wy - Wy
(1,0,0,1) :
om |fl116l224; A ~4detA -0
wi - W
Therefore
J _ _2a1b§ _ 2a2by ~2by 244 n 2a3by  2a1b3 _
CO= AT AT A AT A A
_ _2a1b2(a1 + bg) . 2(0,1 —+ bg) + 2a1b2(a1 + bz)
A2 A A2 ’
2((11 —+ bg)
J = -
(070) A

Example 5. Consider a system of equations in two complex variables

fl = fa2wf + aiwiws +1 =0,
f; = bywiwy + b1w§ +1=0.

U . .
Let u = wyws, then wy = —, substitute in our system
w1

—agw% +au+1=0,
2

bou+b1% +1=0.

w}
We get rid of the denominators
{—agw% +au+1=0,

bguw% + bu? + w% =0.

— 144 —



Alexander M. Kytmanov, Olga V. Khodos Some Systems of Transcendental Equations

Calculate det A :

—ao 0 aiu+1 0
. 0 —as 0 aju+1
- bgu +1 0 b1u2 0 ’
0 bQU +1 0 b1u2

A = ut(a2b2 + 2a1a9b1by + a2b3)+
+u3(2a1a2b1 + 2a2b1b2 + 2(1%()2 + 2(111)%) + UQ(QCLle + a% + 40,11)2 + bg) + u(2a1 + 2[)2) + 1.
By the generalized Vieta theorem

p 2 2
2a1a9b1 + 2a2b1by + 2a7by + 2a1b
J :E Wl ¥l 98 _ 201020 1 2 —
00T T e as a3b3 + 2arazbiby + aZb? (1)
_2a2b1(a1 + bz) + albg(al + bz) . _2(a1 + bg)(albg + agbl) . _2(@1 + bg)
N A2 N A2 B A

Example 6. Recall the well-known expansions of the sine into an infinite product and a power

series: v -
siny/z i Z o\ L (—1)kz
vz _kl:[l(l_ k27r2) =2 (2k + 1)1

k=0

which uniformly and absolutely converge on any compact from the complex plane and have the
order of growth 1/2.
Consider the system of equations

f1 Wy, wW2) =
( ) ) \/*a1w1w2+(12’w% Prale k272

sin \/biw2 + bowiwy X brw2 4 bowqwe
fa(wi,wy) = 22 = 1] 1—2# =0.

vV biws + bawiws s=1 s4m
Each of the functions of this system decomposes into an infinite product of functions from

the system (18).
Therefore, the integral Jy o is equal to the sum of the series

sin \/—a1w1w2 + agw% o IO_O[ <1 —a wiwe + CQ’LU%) —0
- - — Y%
1

(22)

2. 272%(ay8? — bok?)
J f— .
(0,0) kzl a1b2 +a261
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HeKOTOpre CUCTEeMbI TPaHCIHEHACHTHDBIX ypaBHeHI/Iﬁ

Anekcanap M. KeiTmMaHOB
Oasbra B. Xogoc

Cubupckuii dheepasbHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickaa Perepariust

Amnnoranus. PaccMorpensl pas3sindHbie IPUMeEpbI CUCTEM TPAaHCIEHIEHTHBIX ypaBHeHuii. Tak Kak 4ucsio
KOpHEN TaKWX CHCTEM, KaK MPaBUJIO, HECKOHEYHO, TO HEOOXOJIMMO U3YyUYUTh CTEIEHHBbIE CyMMbI KOPHEH
B oTpurnareabHoit creneru. [lomydensr dOpMysbl A1 HAXOXKJIEHWS BBIYETHBIX MHTETPAJIOB, X CBSI3b
CO CTEIeHHBIMU CyMMAaMHU KODHeEll B OTPHUIATEIbHOI CTElleHN, MHOIOMepHbIe aHajoru ¢dopmysa Bapunra.
Bbrunciaenbl cyMMBI MHOIOMEDHBIX YUCIOBBIX PsJIOB.

KuroueBrble ci10Ba: TPAHCIEHIEHTHBIE CHCTEMBI YPABHEHUI, CTEIIEHHBIE CYMMBbI KOPHEi, BbIY€THBIE WH-
TerpaJibl.
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