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Abstract. The model of the frictional interaction of a fiber composite material with a rigid non-
wearing body is proposed, which makes it possible to study the effect of the mechanical and strength
characteristics of the fiber and matrix materials and the composite structure on its stress state, in
particular, at the fiber-matrix interface. Analysis of the stress distribution in the subsurface layers of
the composite was carried out for different values of the ratio of matrix to fiber materials hardness, the
sliding friction coefficient and the distance between the fibers. For the known failure criteria of fiber
composites, the conclusions about the effect of the structure and relative strength properties of a fiber
(fiber bundle) and matrix on the pattern of subsurface fracture of the composite under sliding friction
conditions are made.
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Introduction

The inhomogeneity of the structure of composites does not allow the use of the failure models
of monolithic materials [1] for evaluation their strength, therefore, it is necessary to develop
new models to describe the processes of their deformation and fracture. A review of various
approaches for description of the mechanical behavior of composite materials is given in [2].

Fiber composites are a separate class of composite materials that consist of structural bundles
of fibers or individual fibers and a matrix, and they differ in length, location of bundles or fibers
and manufacturing method. The main mechanical characteristics of the fiber and matrix material
are elastic modulus, strength at room temperature, strength and creep resistance at elevated
temperatures [3].

To evaluate the strength of composite materials, criteria related to the limiting or reduced val-
ues of the stress tensor components and depending on the mechanism of fracture are applied [4],
which use data from standard tests of specimens for uniaxial compression, tension, shear, etc.
In computational practice, the most common are the Tsai–Hill, Tsai–Wu and Hoffman quadratic
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criteria [2], which are represented by polynomials containing stress or deformation tensor com-
ponents. An overviews of the failure criteria for fiber composite materials are given in [1,5,6]. It
is shown in [3] that the strength of the composite fiber material nonmonotonically depends on
the volumetric content of the reinforcing fibers due to the coordinated failure of the contacting
fibers. The strength of fiber composites is also influenced by the properties of the bonding layer
between the fiber and the matrix, as indicated by the results of tensile testing of composites [5,7].

Modeling of steady-state wear of fiber composites taking into account their structure (size
and arrangement density of fibers, relative hardness of fiber and matrix material) was carried
out in [8]. The results of the study show that the shape of the worn surface depends on the size
and concentration of the composite fibers and the ratio of matrix to fiber materials hardness.
The paper [9] is devoted to the experimental analysis of the influence of the direction of fibers
with respect to the friction surface on the formation and the thickness of surface films (the third
body) as a result of wear of the composite.

The purpose of this study is to model the frictional interaction of a fiber composite material
with a rigid, wear-free body and to investigate the effect of the structure of the composite’s
surface layers on its stress state and the mechanism of subsurface fracture.

1. Problem formulation

We consider the sliding of an infinite rigid stamp with a flat base on an elastic structurally
inhomogeneous half-space, which is a model of a fiber composite material consisting of a matrix
and fibers (or bundles of fibers) with a circular cross-section of a constant radius, which are
located perpendicular to the friction surface. We introduce the coordinate system Oxyz, the
origin of which coincides with the center of the cross-section of an individual arbitrary fiber (or
bundle of fibers) on the surface of the half-space, the direction of the axis Ox coincides with the
sliding direction of the infinite rigid stamp, and the axis Oz is directed into the depth of the
elastic half-space (Fig. 1). The surface region ωij , corresponding to the cross-sections of a fiber
(or a bundle of fibers) with index i(j) along the axis Ox(Oy) is a circle of radius a. The fiber
cross-sections are located at the centers of the nodes of a square grid with a period l in both
directions.
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Fig. 1. The scheme of fibers (or fiber bundles) arrangement in a composite

When the punch slides in the direction of the axis Ox the Coulomb-Amonton law acts within
the contact region, according to which the shear stresses τ⃗(x, y) and the contact pressure p(x, y)
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are related as follows:

τ⃗ (x, y) = −µp (x, y) V⃗∣∣∣V⃗ ∣∣∣ , (1)

where µ is the sliding friction coefficient, V⃗ is the vector of the sliding velocity. As follows
from (1), the shear stresses are directed opposite to the direction of the sliding velocity.

2. The contact pressure distribution in steady-state wear

For many types of wear, the wear equation as the dependence of rate of change of a point on
the body’s surface position in the direction perpendicular to its boundary, i.e. the linear wear of
the surface w (x, y, t), on the contact pressure p(x, y) and sliding velocity V =

∣∣∣V⃗ ∣∣∣ can be written
in the following form [10,11]:

dw (x, y, t)

dt
= Kwp(x, y, t)

α
V β , (2)

where parameters α, β and the wear coefficient Kω depend on the properties of materials, tem-
perature and contact interaction conditions. Based on the results of experimental research [12],
we assume that the wear coefficient Kw for the considered structurally inhomogeneous material
is a piecewise constant function, and the ratio of the fiber Kf

w to matrix Km
w wear coefficients is

inversely proportional to the ratio of the fiber Hf to matrix Hm materials hardness [11].
Let us consider a steady-state wear, for which the wear rate, determined by relation (2), is

the same at all points of the surface (x, y). Since the velocity V of relative sliding for all points of
the surface is also the same, then, as follows from (2), during the steady-state wear, the contact
pressure distribution p(x, y) over the surface of the composite material has the following form:

p (x, y) =

 pm, (x, y) /∈ ω =
∪
i,j

ωij

pf , (x, y) ∈ ω
, (3)

where pm is the contact pressure value in the region of the matrix, pf is the value of the contact

pressure in the region of the fiber (or bundle of fibers) and
pm
pf

=

(
Hm

Hf

) 1
α

.

In the coordinate system Oxyz (Fig. 1) the composite’s surface region ωij , occupied by the
fiber is given by the following expression:

ωij :

(
x− il

a

)2

+

(
y − jl

a

)2

6 1, (4)

where l is the distance between the centers of the fibers or the fiber bundles in the direction of
the axis Ox (Oy) (grid period), and a is the fiber radius. Calculations of the contact pressure
were carried out for a constant nominal pressure p0, i.e. pressure per unit area of the composite.
In this case, the equilibrium condition was taken into account:

p0n
2l2 =

∫∫
(x,y)/∈ω

pmdxdy +

∫∫
(x,y)∈ω

pfdxdy, (5)

where n is the total sufficiently large number of the considered fibers, selected from consideration
of the negligible difference in the absolute values of the pressures on the fiber (or matrix) with
increasing value n.
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From (3) and equilibrium condition (5), we obtain a function that describes the dependence
of the dimensionless contact pressure in the fiber region on the ratio of matrix to fiber materials
hardness and the ratio of the fiber radius to the distance between the fibers:

pf
p0

=
1

π
(
a
l

)2
+

(
Hm

Hf

) 1
α
(
1− π

(
a
l

)2) (6)

Analysis of function (6) shows that for Hm/Hf < 1 it decreases monotonically with increasing
ratio a/l (a/l 6 0.5). Fig. 2 shows the graphs of this function (solid lines) plotted for different
values of the ratio Hm/Hf . The values Hm/Hf taken in the calculations correspond to the
ratios of matrix to fiber materials hardness in carbon-carbon fiber composites used in aircraft
brakes [13]. The dashed lines represent the dependences of the dimensionless pressure pm/p0,
acting on the matrix on the parameter a/l at the same values of the ratio of matrix to fiber
materials hardness. In calculations, the parameter α in (6) was taken equal to 1. The results
show that the pressures on the matrix, as well as on the fiber, increase with growing distance
between the fibers (for a given fiber radius), while the pressure difference between the fiber and
the composite matrix also increases. With a decrease of the ratio of matrix to fiber materials
hardness, the pressure drop across the fiber and the matrix also increases (while their arrangement
density is constant).
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Fig. 2. Dependence of the contact pressure in the region of the fiber (solid lines) and the matrix
(dashed lines) on the ratio of the radius of the fibers to the distance between them a/l for
different ratio of matrix to fiber materials hardness Hm/Hf

Note that during wear, the initially flat surface of the composite becomes wavy, which is
confirmed by the results of many experiments [14]. In this case, the steady-state shape of the
worn surface also depends on the composite’s structure and the strength characteristics of its
structural elements, and it can be calculated using the function (3) of the contact pressures
distribution over the composite surface by the method described in [10].
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3. Calculation and analysis of the internal stresses
in the composite’s subsurface layers

The stresses inside the composite material are determined by the mechanical characteristics
of its structural elements and the distribution of normal and shear stresses at its boundary. For
a number of fiber composites, in particular, carbon-carbon composites, the values of Young’s
moduli and Poisson’s ratios of fiber and matrix materials are close to each other [13]. Therefore,
in order to simplify the calculations of internal stresses in a composite material, we will consider
it as a homogeneous elastic half-space, on the boundary of which there is a pressure described
by a piecewise constant function (3) and shear stresses in accordance with formula (1).

To calculate the internal stresses at each point of the elastic half-space, we used the Boussinesq
and Cerruti solutions for concentrated normal and tangential forces acting on the boundary of
the half-space, and the superposition principle, which is valid within the framework of the linear
theory of elasticity.

As shown in [3,5,7] the failure of fiber composite materials primarily occurs along the interface
between the fiber and the matrix. Therefore, to analyze the distribution of the stress tensor
components inside an elastic half-space, we consider a cylindrical coordinate system, which axis
Oz coincides with the symmetry axis of an arbitrary fiber, and the origin is located at the
boundary of the half-space.

The influence of the dimensionless parameter l/a, characterizing the structure of the compos-
ite, the ratio of matrix to fiber materials hardness Hm/Hf , and the sliding friction coefficient µ
on the distributions of the stress tensor components in the subsurface layers of the material was
studied. The ratio of matrix to fiber materials hardness Hm/Hf were selected on the basis of the
known hardness of the structural elements of fiber-reinforced carbon-carbon composite materials,
which were used in the analysis of contact stresses (Fig. 2), Poisson’s ratio was taken equal to 0.3.

Figs. 3 and 4 show the isolines of the normal stress component σr/p0 for different values
of the dimensionless grid period l/a, in the half-space cross-section by a plane y = 0 passing
through the fiber symmetry axis and parallel to the punch velocity vector (Fig. 3), пand near
the half-space surface for z/a = 0.01 (Fig. 4).
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Fig. 3. The isolines of the stress component σr/p0 in the half-space cross-section y = 0 for
µ = 0.3 and l/a = 3, l/a = 4, l/a = 5

Negative values σr/p0 сcorrespond to compressive stresses, and positive values – tensile
stresses. Analysis of the calculation results allows us to conclude that the maximum values
of tensile and compressive stresses are located on the surface of the half-space near the fiber-
matrix boundary; the compressive stresses appear on the front boundary of the fiber with respect
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Fig. 4. The isolines of the stress component σr/p0 near the surface of the half-space (z/a = 0.01)
for µ = 0.3 and l/a = 3, l/a = 4, l/a = 5

to the direction of motion, and the tensile stresses appear on the back. An increase of the dis-
tance between fibers leads to an increase of the absolute value of tensile and compressive stresses
on the surface of the elastic half-space within the fiber.

The stress component σr/p0 distributions near the surface of the half-space in the cross-
section y = 0 for different values of the dimensionless grid period l/a, sliding friction coefficient µ
and the ratio of matrix to fiber materials hardness Hm/Hf are presented in Fig. 5.

Fig. 5. The stress component σr/p0 distribution near the surface (z/a = 0.01) in the cross-
section y = 0 for different values Hm/Hf , µ and l/a

As follows from the calculation results, the more the hardness of the fiber material differs
from the hardness of the matrix, the greater the amplitude values between the highest tensile
and compressive stresses at the fiber boundary in the cross-section y = 0. For small value of the
friction coefficient and close values of the hardness of the matrix and fiber materials, the stress
component σr/p0 near the entire boundary of the fiber is compressive. An increase of the sliding
friction coefficient or a decrease of the ratio of matrix to fiber materials hardness lead to the
appearance of a zone of tensile stresses and increase of the absolute values of compressive and
tensile stresses σr/p0, which are located near the interface between the fiber and the matrix.

Fig. 6 shows the isolines of the shear stress component τrz/p0 in the half-space cross-section
by a plane y = 0, passing through the fiber symmetry axis and parallel to the punch velocity
vector, for different values of the dimensionless grid period l/a.
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Fig. 6. The isolines of the stress component τrz/p0 in the half-space cross-section y = 0 for
l/a = 3, l/a = 4, l/a = 5

The calculation results show that the highest absolute values of stresses τrz/p0 are located
under the surface near the fiber-matrix interface. Fig. 7 illustrates the dependences of the
shear stress component τrz/p0 in the cross-section y = 0 of the half-space at the fiber-matrix
interface (at x/a = 1) on the dimensionless depth z/a for different values of the sliding friction
coefficient µ, dimensionless distance between the fibers l/a и and the ratio of matrix to fiber
materials hardness Hm/Hf .
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Fig. 7. Dependence of the absolute values of the stress component |τrz/p0| on the distance to
the surface z/a in the half-space cross-section y = 0 for x/a = 1 and different values Hm/Hf ,
µ, l/a

The results show that the shear component τrz/p0 of the stress tensor directed along the
axis Oz varies nonmonotonically with depth, tending to zero at infinity. Its maximum values are
reached at a depth of approximately 0.2 of the fiber radius, while the absolute values of stresses
grow with an increase of the friction coefficient and with a decrease of the ratio of matrix to
fiber materials hardness. With an increase of the distance between the fibers (curves 2 and 4),
the absolute values of the shear stresses at a fixed depth increase.

The calculation of the stress tensor component τrθ/p0 inside the half-space in the vicinity of
the symmetry axis of an arbitrary fiber showed that the maximum values of the shear stresses
in the circumferential direction are achieved at the interface between the fiber and the matrix
on the composite surface. Fig. 8 illustrates the dependence of the stress component τrθ/p0 in
the cross-section x = 0 of a half-space near the surface for different values of the sliding friction
coefficient µ, a dimensionless distance between the fibers l/a, and the ratio of matrix to fiber
materials hardness Hm/Hf . Since the distribution τrθ/p0 in the cross-section x = 0 is symmetric
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with respect to the origin for the selected sliding direction, Fig. 8 shows the stress distribution
for y > 0.

Fig. 8. Distribution of the stress component τrθ/p0 near the surface of the half-space (z/a = 0.01)
for different values Hm/Hf , µ and l/a

The calculation results allow us to conclude that the highest stress values τrθ/p0 occurring
at the interface between the fiber and the matrix grow with an increase of the friction coefficient
and the distance between the fibers. In this case, the more the hardness values of the matrix
material and the fiber differ, the greater the maximum absolute values of the function τrθ/p0.

4. Influence of the composite structure on its surface
fracture in friction interaction

To assess the pattern of fiber composite fracture under conditions of friction interaction, we
use the failure criterion of unidirectional composite materials proposed in [5]:

ψ (σn, τn) = 0, (7)

where σn and τn are normal and shear stresses in the plane of possible failure.
For fiber composites, as noted in [5], fracture for the most part starts from the interface

between the fiber and the matrix, which, as a rule, is less strong. The analysis of the normal and
shear stresses at this boundary performed in the previous part allows us to draw some conclusions
regarding the effect of the structural parameters of the composite (the ratio of matrix to fiber
materials hardness, the density of the fiber bundles or the fibers themselves in the matrix), as
well as the coefficient of friction and the kind of the relative displacements of bodies on the failure
of the composite surface in conditions of frictional interaction.

As shown in Section 3, the components τrθ/p0 and σr of the stress tensor (in a cylindrical
coordinate system) at the interface between the fiber and the matrix reach their maximum values
on the friction surface, and the component τrz/p0 – below the surface at a depth of the order
of 0.2a (a is the radius of a fiber bundle or an individual fiber). Taking into account (7), it can
be concluded that for composites containing bundles of fibers, the diameter of which is about
2–8 mm, fracture is possible both at a certain depth below the surface and on the surface. For
composites (or surface areas) containing individual thin fibers, fracture begins at the surface for
any coefficient of friction.
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Since, as follows from (7), the fracture rate is influenced by the absolute values of stresses, it
can be concluded that at given values of the nominal pressures, the fracture rate increases both
with a significant difference in the hardness of the matrix and the fiber, and with an increase of
the distance between the fibers.

A decrease of the friction coefficient reduces the value of stresses at the fiber-matrix interface,
which, in turn, reduces both the probability of the fracture initiation and its rate.

The fact of the presence of both tensile and compressive stresses in the composite near the
friction surface can cause the accumulation of fatigue damage in the composite’s surface layers
under conditions of cyclic reciprocating motion of the counterbody along it. The pattern of
damage accumulation process and failure of the composite surface by the fatigue mechanism,
as well as the thickness of the separated fragments, as follows from the studies carried out in
Section 4, is largely influenced by the composite structure.

Conclusions

The influence of the composite structure, mechanical and strength characteristics of fiber
and matrix materials on the distribution of contact pressures in the steady-state wear and the
internal stresses within the composite, in particular, the stress distribution at the fiber-matrix
interface, is analyzed. It is shown that the ratio of matrix to fiber materials hardness, the sliding
friction coefficient and the distance between the fibers have the greatest influence on the stress
distribution at the fiber-matrix interface. On the basis of the known strength criteria of fiber
composites, conclusions are drawn regarding the pattern of failure of the fiber composites surface
layers under conditions of friction interaction. The effect of the structure and relative strength
properties of the fiber (fiber bundle) and matrix on this process is also discussed.

The research was supported by RSF (project no. 19-19-00548).
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Моделирование разрушения поверхностных слоев
волокнистых композитов в условиях фрикционного
взаимодействия

Ирина Г. Горячева
Альмира Р.Мещерякова

Институт проблем механики им. Ишлинского Российской академии наук
Москва, Российская Федерация

Аннотация. Предложена модель фрикционного взаимодействия волокнистого композита с жест-
ким неизнашиваемым телом, позволяющая исследовать влияние механических и прочностных ха-
рактеристик материалов волокна и матрицы и структуры композита на его напряжённое состояние.
Проведен анализ распределения напряжений на границе волокна и матрицы для разных значений
отношения твердостей материалов матрицы и волокна, коэффициента трения скольжения и рас-
стояния между волокнами. На основе известных критериев прочности волокнистых композитов
сделаны выводы о влиянии структуры и относительных прочностных характеристик волокна (пуч-
ка волокон) и матрицы на характер подповерхностного разрушения композита в условиях трения
скольжения.

Ключевые слова: фрикционное взаимодействие, волокнистый композит, напряженное состояние,
разрушение.
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