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Abstract—We has considered results of object model 
theoretical description of the cyber-physical system – the 
compaction process of the road surface with a vibration 
roller, based on the method of the state space. The 
working body of the roller includes a vibration drum with 
a built-in unbalance shaft. The mathematical model of the 
process of interaction of the object with the compacted 
road-building material takes into account the mass of the 
main structural elements of the vibration roller and the 
mass of the compacted road material. To describe the 
characteristics of the compacted material, a rheological 
model of the viscoelastic Kelvin-Voight body is used. The 
suitability of the obtained mathematical model based on 
the results of simulation of the system in the 
MATLAB/Simulink program is experimentally 
confirmed 
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I. INTRODUCTION 

Due to information technology cyber-physical system 
advances predetermines extension to the most fields, which 
are based on conventional Internet border of people, things 
and services [1]. CPS technique is Internet of Things (IoT) 
[2]. Priority tasks of road sector digitizing are designing of 
cyber-physical system for road construction management, 
intelligent construction, intelligent compaction [3, 4], 
сontinuous сompaction сontrol, CCC [5, 6], intelligent neural 
network system of automatic control of vibration roller [7, 8], 
driverless vibration roller [9, 10], automated road building 
package “paver – vibration roller” [11]. Updating of physical 
objects such as pavers, vibration rollers as cyber-physical 
systems elements is the relevant scientific field [12-15].  

To implement the concept of a digital economy in the 
road-building industry, taking into account world 
achievements, it is necessary to solve the scientific problem 
of creating domestic systems for continuous quality 

monitoring of road pavement, which is of major socio-
economic importance. A significant disadvantage of overseas 
CCC systems is their high cost, comparable to the price of a 
new domestic vibration roller. The task of the Russian 
specialists is to propose a technical solution for the system of 
continuous non-destructive testing of compaction for asphalt 
pavers and vibratory rollers, which has a low cost and ease of 
operation. Cybernetic physics studies physical systems by 
cybernetic methods [16]. Designing a physical object as an 
element of CPS begins with the choice of an object model and 
a control goal. Efficiency of CPS designing relies upon level 
of adequacy of object's mathematical model.   

The work is devoted to the theoretical description of the 
object of the cyber-physical system - a model of interaction 
between the vibration roller and the medium to be sealed. 
Compacted asphalt pavement is the result of the 
implementation of the vibratory roller workflow. Theoretical 
studies of soil and asphalt mixes compaction are reviewed 
and carried out by many Russian [17, etc.] and foreign 
scientists [18-23, etc.]. The disadvantages of the previously 
developed mathematical models of the process under study 
are computational difficulties in the design of control 
systems, the study of dynamic systems to which the object in 
question belongs. To eliminate these drawbacks and improve 
the efficiency of theoretical studies of the CPS object using 
the modern MATLAB/Simulink program, it is recommended 
to use the state space method, which allows formalization and 
automation of computational procedures [24]. Matrix 
notation used in the state space method has an advantage in 
numerical solution, and the clarity of mathematical 
formulations and solutions themselves do not fade even for 
multidimensional MIMO systems (Multiple Inputs Multiple 
Outputs Systems) describing the behavior of complex 
production complexes [25]. 

The aim of the work is a mathematical model designing 
of the compaction process of a road surface by a vibration 
roller based on the state space method. 

The object of study is the process of compacting the road 
surfaces with a vibration roller. 



The subject of study is the dependence of the dynamic 
parameters of the workflow on the operating modes of the 
vibration roller and the material's characteristics. 

II. MATHEMATICAL FORMULATION OF THE TASK 

The traditional understanding of the process of 
compacting a material with a drum of a road roller comes 
down to the usual deformation by stamp, but a curvilinear 
shape, under the influence of static or dynamic forces with 
the accumulation of residual deformations for a certain 
number of repetitive sealing effects. 

When a vibrating roller interacts with a medium, 
depending on the density of the material, the motion can be 
periodic or chaotic. The normal condition of the compaction 
process is the periodic movement of the drum, which can be 
with constant contact, periodic separation, double “jump”, 
swaying [5]. Rational condition for the compaction process is 
the periodic movement of the drum with constant contact. 

Frequency, amplitude, speed and acceleration are the 
main parameters of oscillations of the drum and particles of 
the material being compacted. The amplitude of oscillations 
of any seal depends on the physical and mechanical 
properties of the material and changes in the process of its 
compaction. Therefore, the proposed values of the amplitudes 
of oscillations in the technical characteristics of compactors 
should be adjusted to the rheological properties of the 
material [21]. 

In compiling a mathematical model, the following 
assumptions are made: 

1. machine design elements have absolute rigidity; 

2. vibrating working body operates in the unstressed 
mode with harmonic oscillations; 

3. compacted layer has elastic-viscous properties; 

4. only the vertical component of vibration is considered; 

5. the inertial properties of the medium being sealed are 
taken into account. 

To simplify the study of the object, the design of a two-
drum asphalt vibration roller is presented as a combination of 
two parts - the front and rear. The computational diagram of 
a three-mass dynamic model of the interaction of the front 
part of a vibration roller with a material during compaction is 
shown in Fig. 1. The Kelvin-Voigt body is use for the 
theoretical description of the material being compacted.  

In the diagram of fig. 1 the following notation is used: dm  

– drum weight, kg; fm  – frame weight, kg; sm  – the mass of 

material to be compacted under the roller, participating in the 

vibration system, kg; dfk  – elastic coefficient of shock 

absorbers, newton meter, N/m; dfc  – shock absorber 

damping ratio, Ns/m; sk  – elastic coefficient of the material 

under the roller, N/m; sc  – material’s damping ratio under 

the roller, Ns/m; , ,s d fy y y  – movement  of elements of a 

dynamic system, m. 

 
Fig. 1. Dynamic model of the system "roller frame - vibratory 

drum - material" 

As a result of analyzing the mixture compaction process 
by a vibration roller (Fig. 1), its mathematical model was 
compiled, which simultaneously reflects both the vibration 
dynamics of the vibration rollers and the rheological 
properties of the material being compacted. We deduced 
differential equations of the oscillatory system "frame - 
vibrating drum - material" in the form of a system 

( )

( )

2

by

( )

( )

sin(ω ) ;

( ) ( ) ;

ω ; ; ;

 =0, 0; 0,

s d s d df d f

s d df d f

d s e

f f df d f df d f f

e e e s d s d

d s d s

dm m y c y c y y

k y k y y

m m g F t

m y c y y k y y m g

F m r y y y y

t y y y y

+ ⋅ + ⋅ + ⋅ −

+ ⋅ + ⋅ −

= + ⋅ + ⋅ ⋅
⋅ − ⋅ − − ⋅ − = ⋅

= ⋅ ⋅ = =
= = = =

   

  

 
 

 (1) 

where , ,d d dy y y   – displacement, speed, acceleration of the 

vibration roller, respectively; g  – gravitational acceleration, 

m/s2; eF  – disturbing force of the vibration exciter, N; t  – 

time, s; em  – unbalance mass of vibrator, kg; er  – vibrator 

unbalance eccentricity radius, m; ω  – angular frequency of 
revolution of vibration exciter shaft, rad/s.  

Taking into account the accepted notation, we define the 
contact force arising from the interaction of the vibration 
roller and the medium to be sealed 
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Based on the system of equations (1), you can determine 
the acceleration of the roller 
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III. MATHEMATICAL MODEL IN THE STATE SPACE 

The state space method allows us to represent the control 
system (1) in the following form [24, 26]: 

( ) ( ) ( ) ( ) ( ) ;x t A t x t B t u t= ⋅ + ⋅  (3) 

( ) ( ) ( ) ( ) ( ) ,y t C t x t D t u t= ⋅ + ⋅  (4) 

where ( )x t  – dimension state vector ( 1)n × , the components 

of which are state variables of the n-th order system, 

[ ]1 2( ) ( ), ( ), ..., ( )
T

nx t x t x t x t= ; ( )y t  – dimension output 

vector ( 1)p × , whose components are output variables of the 

system, 1 2( ) ( ), ( ), ..., ( )
T

py t y t y t y t=    ; ( )u t  – dimension 

input vector ( 1)r × , whose components are input variables of 

the system, [ ]1 2( ) ( ), ( ), ..., ( )
T

ru t u t u t u t= ; ( )A t  – system 

coefficient matrix ( )n n× ; ( )B t  – input matrix ( )n m× ; 

( )C t  – output matrix ( )p n× , p  – number of output values; 

( )D t  – detour matrix ( )p m× , which determines the direct 

dependence of the output on the input. 
For further transformations, the system of equations (1) is 

reduced to the following form: 
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Initial data:  

at 1 1=0 , 0; 0.sst y y y y= = = =   

System state variables are defined: 1z  – vertical 

movement of the drum, 1 dz y= ; 2z  – vertical speed of the 

drum, 2 dz y=  ; 3z  – vertical movement of frame, 3 fz y= ; 

4z  – speed of vertical frame’s movement, 3 fz y=  . 

The system of equations (5) after transformations in the 
Cauchy normal form: 
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Model of the control object in the state space, in vector-
matrix form 
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The model of the control object is obtained by the state 
space method. 

IV. STUDY OF THE MATHEMATICAL MODEL 

The state space method allows us to represent the control 
system (1) in the following form [24, 26]: 

To assess the adequacy of the mathematical model of the 
process, calculations were performed in the 
MATLAB/Simulink program environment. A simulation 



model of the process under investigation is presented in Fig. 
2. 

 

Fig. 2. Simulation model of the control object in the 
MATLAB/Simulink language 

To simulate the process, the source data from the work 
[27] was used. Source data: 

6 6
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,
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0.2 kg ; 2.32 kg m;

ω 2 π rad/s; 27 Hz .
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The source data is implemented in the m-file in the 
language of the program MATLAB. As a result of computer 
simulation, the time dependences of the parameters of the 
drum’s vibration process and the roller frame during 
compaction of the road building mixture were obtained: 
movement; speed; acceleration. 

Figure 3 shows the time dependences of the acceleration 
of the roller and the frame when modeling the workflow. 

 

Fig. 3. The dependencies of the acceleration of the drum and the 
frame of the vibration roller 

 

Fig. 4. The dependence of the contact drum of the roller on the 
material to be compacted 

The adequacy of the developed mathematical and 
simulation models of the study object is confirmed by 
simulation modeling. 

Graphic dependences of vertical acceleration are 
received, fig. 3, drums and frames, the values of which have 
a good agreement with the data of the experimental work 
[27]. Harmonic dependencies are linear. This corresponds to 
the initial and middle stages of compaction of the pavement 
by vibration rollers. 

Dependence of the contact force of the roller, fig. 4, 
during the compaction of the material is characterized as 
harmonic with signs of nonlinearity. It is linked with 
parameters of the compaction process, the vibration roller and 
the material. The values of the contact force adequately 
correspond to the data obtained by the authors in a scientific 
work [27]. 

V. THE DEFINITION OF THE TRANSFER FUNCTION OF THE 

CONTROL OBJECT 

The task of determining the transfer function (PF) was 
performed in order to conduct a study of a mathematical 
model using block modeling software. Using the functions of 
the MATLAB/Simulink program, the transfer functions of 
the control object for the output signals of the motion and 
velocity of the roller's vibrating roller are obtained: 

As a result of the implementation of the MATLAB 
functions, the input transfer functions with an adjustable 
variable — the angular frequency of vibration — were 
obtained: 
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Transfer functions are correct format. The simulation 
results showed good reproducibility of the compaction 
pavement workflow with a vibration roller. 

VI. CONCLUSIONS 

We obtained a mathematical model of the object of the 
cyber-physical system in the state space - the process of 
compaction of the road surface by a vibration roller. An 
experimental test of its adequacy has been performed. The 
models of transfer functions for the output signals of 
displacement and velocity of the vibration roller, the roller 
frame are determined. The transfer functions have the fourth 
order, which complicates the task of designing the parameters 
of the automatic control system’s controller. 

The results of the work are a stage of research work in the 
field of cyber-physical system design for road construction. 
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