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Introduction

Based on the multidimensional logarithmic residue, for systems of non-linear algebraic equa-
tions in C" formulas for finding power sums of the roots of a system without calculating the
roots themselves were earlier obtained (see [1-3]). For different types of systems such formulas
have different forms. Based on this, a new method for the study of systems of algebraic equa-
tions in C™ have been constructed. It arose in the work of L. A. Aizenberg [1], its development
was continued in monographs [2—4]. The main idea is to find power sums of roots of systems
(for positive powers) and then, to use one-dimensional or multidimensional recurrent Newton
formulas (see [5]). Unlike the classical method of elimination, it is less labor-intensive and does
not increase the multiplicity of roots. It is based on the formula (see [1]) for a sum of the values
of an arbitrary polynomial in the roots of a given systems of algebraic equations without finding
the roots themselves.

For systems of transcendental equations, formulas for the sum of the values of the roots of the
system, as a rule, cannot be obtained, since the number of roots of a system can be infinite and
a series of coordinates of such roots can be diverging. Nevertheless, such transcendental systems
of equations may very well arise, for example, in the problems of chemical kinetics [6,7]. Thus,
this is an important task to consider such systems.

In the works [8-21] power sums of roots are considered for a negative power for different
systems of non-algebraic (transcendental) equations. To compute these power sums, a residue
integral is used, the integration is carried out over skeletons of polycircles centered at the origin.
Note that this residue integral is not, generally speaking, a multidimensional logarithmic residue
or a Grothendieck residue. For various types of lower homogeneous systems of functions included
in the system, formulas are given for finding residue integrals, their relationship with power sums
of the roots of the system to a negative degree are established.
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The paper [12] investigated more complex systems in which the lower homogeneous parts are
decomposed into linear factors and integration cycles in residue integrals are constructed from
these factors. In [11], a system is studied that arises in the Zel’dovich-Semenov model (see [6,7])
in chemical kinetics.

The object of this study is transcendental systems of equations in which the lower homoge-
neous parts of the functions included in the system form a non-degenerate system of algebraic
equations: formulas are found for calculating the residue integrals, power sums of roots for a
negative power, their relationship with the residue integrals are established. See [21].

1. The simplest transcendental systems of equations

Consider a system of functions of the form

fl(z)a fZ(Z)w-'vfn(Z)a

holomorphic in a neighborhood of the point 0 € C*, z = (21, 22, ..., 2,) and having the following
form:

J )
fj(z):zﬁ +Qji(2), j=12,...,n, (1)
where 87 = (B],35,...,5)) is a multi-index with integer non-negative coordinates, 2%’ = Zfl .

zgé 2P and 187 = Bl +B5+...+B] =kj, =1,2,...,n. The functions Q; can be expanded
in absolutely and uniformly converging Taylor series in a neighborhood of the origin of the form

Qi(z)= ) ah=", (2)
fal>ks

where a = (a1, a2,...,ay), a; 20, o €Z, a 2% = 27" - 252 - 20,
Consider the cycles v(r) = v(r1,r2,...,7s), which are skeletons of polydisks:

v(r)={2€C":|z| =rs, s=1,2,...,0n}, 71 >0,...,7 >0.
For sufficiently small r;, the cycles v(r) lie in the domain of holomorphy of functions f;,

therefore the series
J |,.Q1 (o1 s
Z ‘aalrl '”rnn7 ]—1,...71,
llexl|>k;

converge. Then on the cycle y(tr) = y(try, tra, ..., tr,) for sufficiently small ¢ > 0 we have

|Z|ﬁj — rf{ ) ng .. .Tgvj? — ¢ki . rﬁj,
and
Qi) =] Y aha”| <
ol >k;
< Z tholl|g |ro < ¢hit? Z lad |r™, j=1,...,n.
llell>k; llex]| =0
Therefore, for such ¢ on the cycle v(¢r) the inequalities hold
Bj .
|| >1Q;(2)], ji=12,...,n. (3)

Thus
fi(z) #0 on ~(tr), j=1,2,...,n.
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In what follows, we will assume that t = 1. Consider a system of equations of the form

fi(z) =0,
fa(2) =0,
(4)
fu(z) =0
From (3) it follows that for sufficiently small r; the following integrals are defined
1 4 1 d n
A SN NN
2B+ f Zfl-i'l . zgz-i-l o Zﬁn-i-l fl f2 fn
y(r) Y(r1,7250057n)

where 51 > 0, B2 2 0,...,5, 20, 5; € Z, I = (1,1,...,1). We call them residue integrals
([22)).

The logarithmic residue theorem does not apply to these integrals, and they are not standard
Grothendieck residues.

Since condition (3) is satisfied on the cycles v(r), by the Cauchy-Poincaré theorem, these
integrals are independent of (rq,...,7,). Let us denote

1 1 df
Jp = (2mi)" / B+ 7

y(r)

Theorem 1. Under the assumptions made, for a function f; of the form (1), (2) the next
formulas are valid

_ (_1)Ila\|
Jo = 2 (64‘(061+1)/81+--~+(04n+1)ﬁn)!x

llell<lIBll4+min(n,k1+...+kn)

I (A-Q%)
X G @it DB A (an T 1B

z=0
A-Q”
_ _1)lel
o Z (=1)*am {z5+(a1+1)ﬂ1+.--+(an+1)ﬂ" ’
el <lIBll+min(n,k1+...+kn)
where k = ||+ (a1 + 1)BY + ...+ (an + 1)B7|, B! = 1! Bo!- B!, Q% = QT - Q5% --- Qon,
olsll olsll
= , A is the Jacobian of the system of functions (1) and, finally, I is

029 821618252 < Ozp" 1)
a linear functional assigning to the Laurent series (under the sign of the functional IM) its free
term.

Corollary 1. If all 7 = (0,0,...,0), j = 1,...,n, then the integral

. O~ —)llall glial
Js = Z (_1)|a|m[AZ§2:|: Z (lﬂ)lzzﬁ(A.QQ)

lell<lIBl el <lIBI ' =0

Our further goal is to relate the considered integrals to power sums of roots of the system (4).

To do this, we will narrow the function class f;. First, we take as functions Q; (j =1,2,...,n)
polynomials of the form '
Q)= Y e )
acM;
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where M; is a finite set of multi-indices such that for o € M; the coordinates aj < ﬁi,
k=1,2,...,n, k # j. (But it is still assumed that ||«| > k; for all o € M;).

Denote
M
1
OB+1 = 0(B1+1,B2+1,....,8n+1) = Z B1+l _Ba+1 Bn+17
k=1 ~1(k) “*2(k) " Pn(k)
where 8 = (f1,...,8n) is some multi-index. This expression is a power sum of roots that do

not lie on the coordinate planes of the system (4), but in negative power (or a power sum of the
reciprocal of the roots).

Theorem 2. For the system (4) with functions f; of the form (1) and polynomials Q; of the
form (5) the next formulas are valid

Jg = (=1)"op4r,

i.e.
A Q~
- _1)llell+n
B+ = Z (=1) m B+ D) BTt 4 (ant+1)B"
llall <l Bll+min(r,ki+...4+kn)

Consider a system of equations in three complex variables

J1(z1,22,23) = 1+ a121 = 0,
fa(z1,22,23) = 1+ b121 + baza = 0, (6)
fg(Zl,Zg,Zg) =1+4+c121 + coz9 + c32z3 = 0.

Here the functions do not satisfy the conditions of Theorem 2, but they satisfy the conditions of
Theorem 1. We find the integral

J _ 1 / 1 dfi Ndfs Ndfs
300 = (2mi)3 M zy fiofor fs
y(r)
B 1 / 1 arbacsdzy A dzo N dzs .
~ (2mi)? 2z (L arz) (L4 bz +baze)(1+ cizn + cozp + c323) B
v(r)
. a1b203 i’@ |: 1 ]
B! azf (1—|—a12’1)(1—|—b121)(1+61Z1) 2120
To calculate the last derivative, we transform the expression
1 A B C

= + + :
(1—|—a121)(1+b121)(1+0121) 1—|—a121 1+b121 1+612’1

A= (a1 —bi)(ag —c1)’

i
b= (a1 — b%)(bl —c) @
C= 4
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B+2 b6+2 B+2
ay _ 1 + =l
(a1 —=bi)(ar —c1) (a1 —=bi)(by —ec1) (a1 —c1)(by —c1)

The roots of the system (6)

X

1 b1 —ay bocy — bica + ai1ca — arbo
21 = —— 2= y R3 = .
ai aibs

a1b263

If the numerator in the formula for z3 is 0, then this root lies on a coordinate plane, and we
should not take it into consideration.
Therefore, the power sum

_ (=1 1ay " b3es
PO T (b = )

bocy — bica + area — arbs)’

ie.
(=1)7a3b3esbi ™
b1 - al)(bgcl — b162 “+ ajco — albg)

J(8,0,0) = —0(B1+1,1) — ( +

(—1)’B+1a1b20263

(bacy — brca + a2 — arbs)

B+1 B+l B+1 B+l

a —c b —c

X [—0102 : % + (bica — boca) - % (8)
1—C1 1—C1

We recall the well-known expansions of the sine into an infinite product and the power series:

sinyz 2\ x= (—D)kF
vz _]}:[1(1_14:%2)_2(%4—1)!’

k=0

which converge uniformly and absolutely on the complex plane.
Consider the system of equations

A ) sinv/z; — a? 1‘>_°[ ) 21 — a? 0
21,29,23) = — e = — =
1\<1, <2, <3 /721_012 e’ k2772 ’
sinv/ze — 21 — a? 0 29 — 21 — a2
fa(z1, 22, 23) = — =1 (1-—5%5—) =0,
VZa — 21 —Q m=1
sinyvzg —zp —a? <1 23—zg—a2>
g A L

f3(21, 22, 23) = 5 I1
VZ3 —22—a s=1

Each of the functions of this system can be expanded into an infinite product of functions
from system (6).

The roots of the system (9) are the points (72k?+a?, 72 (k*+m?)+2a?, 72 (k*+m?+s%)+3a?),
k,m,s € N. Therefore, the power sum (s, 1,1) is equal to the sum of the series

o

1
o = D (72k2 + a2) B+ (12(k2 + m?) + 2a2)(72(k% + m? + 52) + 3a2)’

k,m,s=1

which converges as a # wki.
For the system (9)
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k(22 . — a2)k

(2k + 1)! ’

k(zS — 2y — a2)k

(2k + 1)! ’

I I
Iz I
T

therefore
oo

a’k sha
0,0,0) = £2(0,0,0) = f5(0,0,0) = —_— =
£1(0,0,0) = £2(0,0,0) = fs(0,0,0) ,;(2“1)! ;
Therefore, to apply the formula from Theorem 1, we need to divide the functions fi, fo, f3
by these constants (normalize).
Consider the integral J(; o,0) for the system (9). Using the form of the roots of the system (9),
we obtain that

1 1 1 1 1
al__ﬂ'QkQJraQ’ U rm2 i a2 7T memiia?’ 02_7r252+a2’ 03__77252+a2'
J(3.00) = —0(a11.11) + (=1)7Fx

1

1 i ! o (-1

L (7252 + a2)(r2(k2 + m2 + %) + 3a2) (m272 + a2)P1 " (k22 + a2)B+1 |’

Toom= Y. 1 x
(8,0.0) = L= (2R +m?) 4 20) (72 (k2 +m? + 52) + 3a?)
1 (_1)B+1
x + +
(]g27r2 + a2)ﬁ+1 (m27r2 + a2)5+1

i | T,

L (7252 + a2)(r2(k2 + m2 + s%) + 3a2) (m272 + a2)BT1 " (k272 + q2)P+1

X

For odd § the integral Jig 0,0y = 0, and for even 3 = 2n we obtain the following formula for
finding the sum of the series

A- Q
2n00) Z m[ } 20(2n+1,1,1)—

llell<2n A"

1
-9 .
. ; (@K% + a?) @D (w252 + a2) - (n2(k2 + m? + 5?) + 3a?)

Let us calculate, for example:
ofi Of Ofs 1 1 3
J =MA]=M|— -—-—| === — —cth .
(0.0.0) [A] [82’1 Ozg Oz 22 2
Applying the identity

1 1
(2K + &) (a2 (k2 + m2) + 2a%) | (nZm? + @) (n2 (k2 & m?) 1 2a?)
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1
©(72k2 + a?)(72m?2 + a2)’
We get that
> 1
2 = .
7,11 . ng::l (m2k2 4+ a?) - (7282 + a?) - (m2(k2 + m? + s2) + 3a?)
Thus, we get
> 1 )=
L= (7R 4 a?) - (w2 (K2 + m?) 4 2a2) - (w2 (k2 + m? + 52) + 3a?)
_ (actha —1)*
48aS

2. Special systems of equations

Consider a system of functions f1(z), f2(2),..., fo(z) of the form

fi(z) = (1 = a1120)™ - (1 = a1nzn)™" + Q1(2),
F2(2) = (1= 2™ (1= a020)™ + Qo) (10
Fu(2) = (L amz) ™ - (1~ )™ + Qu(2),

where m;; are natural numbers, a;; are complex numbers that are different for fixed j, Q;(z)

are entire functions, ¢ = 1,...,n. Let J = (j1,...,Jn) be a multi-index, where (j1...j,) is a
permutation of (1,...,n). Let us define ay = (a1, ..., an;,) for a multi-index J. We denote
qi(z1,- o y2n) = (1 —a;21)™ - (1 — @inzn)™™, i=1,...,n, (11)

then the system (10) can be rewritten as

filzay oo yzn) = qiz1, ooy 2n) + Qi(z1, .oy 2n), i=1,...,n. (12)

For each m we define the function

Gm(z) if am; #0 for all j;
= 1 1
i (2) m(z) - — ... if amy, = ... = as;, =0. (13)
21 Zji,
A system
hn(2) =0, i=1,...m, (14)

has n! isolated roots in @n, where C' =C x - e X C. Recall that C is a compactification of the
complex plane C (the Riemann sphere). Then C" is one of the well-known compactifications of
C™ (the function theory space). The roots of the system (14) are equal

. (1/ayj,,...,1/an;,) if agj, #0for k=1,...,n,
aj = .
(1/a1j1, .. .700[1'1]7. . .,OO[ik], ey 1/anjn) if ailjil =...= CLik]’ik = 0,
where k,j=1,...,n. If aj, ;, =0, then in @y we write oo, this is the point at infinity in C.
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By T'j, we denote the (global) cycle:
I'py={2€C": |hy|=7rm, : >0, m=1,...,n}.
In the case when all ag_j, # 0, we define the (local) cycle I'; 5, as follows

11 —aij,z1| =71,

11— agj, 22| = 12,

‘1 - anjnzn| =Tn.
If aj,j,, = ... = aij, =0 for some i1,..., 0, then I'y 5, is defined as
1 —ayj, 21| =1,
‘1/211| = Ty

‘1/Zik| = Tigs

|1 — anj, 2n| = Tn.

Lemma 1. For sufficiently small r,,, the global cycle T'), has connected components (local cycles)
in the neighborhood of the roots ay. Moreover, I'y, is homologous to the sum of local cycles I'y, 5, .

Consider the system of equations

Fm(zat):qm(z)—’_t'Qm(Z):O’ m:]-a"'vna

(18)

depending on the real parameter ¢t > 0. Let 1 > 0,...,r, > 0 be fixed real numbers. Then, for

sufficiently small ¢ > 0, the inequalities

’qm(z)| > |t'Qm(Z)’7 m=1,...,n

on cycles
Ip={2€C": |hp|=rm, m=1,...,n}

because I'j, is compact.
We denote by J,(t) the residue integral

= — AN——A...A
(2mi)™

1 / 1 dFy  dF; dFr,
- Z1n+1 . Zgz—&-l . zgn+1 i §2) E,’
h

where v = (y1,...,7s) is a multi-index, and I = (1,1,...,1).

We denote by A = A(t) the Jacobian of the system of functions F(z,t),..., F,(z,t) in the

variables z1,..., 2n.
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Theorem 3. Under the assumptions made on the functions F; defined by formulas (18), the
following expressions for J,(t) are absolutely convergent (for sufficiently smallt) series:

S(J) IIOzH+H,3(a Dl+n

DI s

QBN A(t) Q-
H28(a,J) Zflyl+1 . .Z%HH ’ an(J)

X

)

Z:&J

where (—1)*Y) is the parity of the permutation J, a = (au, ..., o) is a multi-indez of length n,
¢"H(T) = ¢ i) ann T ), and gl ds the product of all (1—ajizi)™* -+ (1=ajnz,)"™"
except (1 — agj,25)" s,

Bla, J) = (mljl(ajl +1)—1,...,my; (o, +1) — 1),

Bla, J)t =[] (myp, (e, + 1) = 1)1,

p

B+I __ m1.7'1(04.7'1+1) Moy, (0, +1)

a; = Ay nj,, g
BIECIeN oMy (@ 1) =1+ 4 mny, (o, +1)—1

928 ) azrljl(anﬂ)*l o 822%1'”(%'"“)*1‘

The dash at the summation sign means that the summation is performed over all multi-indices
J for which there are no zero coordinates in ay.

Suppose Qs(z) are polynomials:

Qs(z) =212y Z C:z* s=1,...,n, (20)
lee]| >0
where « is a multi-index, z* = 2" -+ z&", and degz Qs < mg;, 5,5 =1,...,n for all nonzero

ag;. If ags; = 0, then there are no restrictions on the degree degzj Qs.

1
Assuming that all w; # 0, we make the change z; = —, j = 1,...,n in the functions
Wi

Fy(z,t) = (¢s(2) + - Qs(2)), s=1,...,n.

Hence, for s =1,...,n we have
1 1 1 1 1 1
(t):q( >+t QS<,...7>:
w1 Wp, w1 wn w1 Wy,
1 ms1 1 Msn 1 1
:(1_a81) "'(1_asn) +tQé<aa =
wy wy, wy Wy,

1 ms1 1 Msn 1 1
= () - () .(wl _asl)msl ...(wn_a )msn +t QS < 7...7) .
w1 Wp, w1 Wy,

Then we arrive at the formula

E(dnmd)=(2) 7 (2) T @weeaw). e

where ¢ are functions

o

as = (wl - a/sl)mSl T (wn - asn)msna
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and @z are polynomials
~ 1 1
Qs :wTSI"'wZLS” 'Qs <a'--a)~
w1 W,
From the formula (20) we obtain
degwj @S <mg, S, j=1,...,n

We denote L _
Fy = Fy(w,t) = gs(w) + t- Qs(w), s=1,...,n. (22)
If 0 <t <1, then the system (22Lhas a finite number of roots in C™ that depend on t.
Moreover, (22) has no infinite roots in C .

Consider the cycle
1 1
hs (,,)‘ =g5, S= 1,...,n}7
w1y Wn,

for ¢ close enough to zero. The compactness of the cycle fh implies

fh:{wE(C”:

1 1 1 1
& <)‘ > g () L s=L...n.
wq W, w1 W,
Therefore, I is homologous to the sum of cycles fhvd St
1 1
—ay,—| =¢€1,
1]1 wl 1
1
1 25, = €2, (23)
1—- Anjy, Eny
n
obtained from the cycles I'y, 5, by replacing z; = —.
J
The equation
1
‘1 — ajsj — | =&
Wy

defines a circle. Indeed, we rewrite it as

wj — ajs, | =elw;| or |wj — ajs, |* = %y,

then ) ) )
ajs, e* - lays, |
1— 2 L )85 _ )85
(= |w =15 1-e2)
or s ,
Qjs,; e - |afjs,-| .
‘wjl—fs? ey I b

for sufficiently small € the point a;,, lies outside the circle and, therefore, fh,a , is homologous
to the cycle fh%, :

|wy — aljl\ = €1,

|we — a2j2\ = &2,

Here some a;; can be zero.
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Lemma 2. The residue integral (19) is

—1)" dFy  dF, dF,
I, (t) = (=1) /uﬂl“ wPt ot A2 AL A (24)

@2mi)r ) ! PR F,
'y

Theorem 4. The following equalities are valid

P 1
Z 2 (O -z (824, ()t -

j=1 71
J K,J SK
- iy e < Bt 8
fon B( K J)! Ow (K,J) q (J) s

Since zeros of (22) are polynomials in ¢, the equality (4) also holds for ¢ = 1. We denote

P
1
Oy+1 = Z ML el AntD)
j=1 ~j1 j2 j

n

where 20) = (2;1,...,zjn) = (z71(1), .., 2 (1), 5 =1,...,m

Theorem 5. For the system (10) with functions f; defined in (12) and Q; defined in (20), the
following formulas hold:

P
1
Ty+l = Z NAT el et -
= E E in
1 n S
- X Oy
IK(>0 J
% A y1+1 Ynt+1 ]1€1 ) Qk d
wy w T ke w =
fh,aJ
)57 (K,J) K
-y - ||K|\+nz WO R ittt 9
Pt B( K D) owh(K,.J) ! gt tI(d)
=ayj

Consider the following system of equations in two complex variables:

(25)

fi(21,22) = (1 — a222)? + agz123 =0,
f2(21, ZQ) = (1 — b121)2(1 — bQZQ) + b3Z%ZQ =0.

Then Q,,, m = 1,2 have the form (20). The system (25) has, as is easy to verify, 5 roots (z;1, 2;2),
7 =1,2,3,4,5. If as # by, then these roots do not lie on the coordinate planes.

1
Let us change the variables z; = —, z5 = —. Our system will take the form
wq w2

JE = wi(wp — az)?® + az =0,
fg = (w1 — b1)2(’LU2 — bQ) + b3 = 0.

Jacobian of the system (26)

A — (U)Q — a2)2 2w1(w2 — CLQ) o

‘Z(wl —by)(wa —b2)  (wy —by)?
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= (w1 — b1)*(wo — az)? — 4wy (wy — by)(wy — az)(ws — by).

Then, by Theorem 5, we obtain

5 .
1 1 (—1)IIElI+s(7)
eyl Loy y by
j=1 2 i J KeR (2mi)?
" / w?ﬁl . wg”l . a§1 . b§2 A - dwy A dws .
w’f1+1(w2 _ a2)2(k1+1) . (U/1 _ b1)2(k2+1)(w2 _ b2)k2+1

Thiay

(27)

Here the multi-indices ® = {K = (k1,k2)| Im : v +2 > k1 + k2, m = 1,2}. The cycles
T'ya, are cycles of the form {|w1| = r11, |we — ba| = 722}, taken with positive orientation, and

{|wa — ag| = r12, |w1 — b1| = 721} are with negative orientation.
In particular, calculating J(g,0), after some transformations we obtain

asby

oy = dazb - (by — az)?

without finding the roots.
Consider a system of equations in three complex variables:

N
_
N
1Y)
N
w
~— — — ~— _ —
I
—_
|
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I
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I
=
no
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V)
I
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(=l
iy
=
no
I
—_
N
[ V)
+
S
iy
S
w
N
_
N
w
+
=
V)
S
w
I\
)
N
w
|

The roots of the system (29) are (21, zj2,2;3), 5 = 1,...,12.
1
Change the variables z; = —, 20 = — and z3 = —. Our system will take the form
w1 wao ws

J'Tl = W1W2W3 — A1 W2W3 — GW1W3 — G3W1W2 + G102W3 + G1a3W2 + A2G3W1 =
= (w1 — a1)(w2 — az)(ws — az) + arazaz = 0,
f2 = wiwaws — bywawsz — bywiwz — bswiwa + bybaws + byrbswy + babswy
= (w1 — b1) (w2 — ba) (w3 — bs) + bibabs = 0,
f3 = wiwows — crwaw3 — CoWIW3 — C3WI W2 + C1CoW3 + C1C3Wa + Cacawy =

= (w1 — Cl)(wg — Cg)(wg, — C3) + ci1eae3 = 0.

The Jacobian of the system (30)

(28)

A = (wg—ag)(wz—az)[(w1 —b1)(ws —b3) (w1 —c1)(we —ca) — (w1 —b1) (w2 —be) (w1 —c1 ) (w3 —c3)]—

— (w1 —a1) (w3 — a3)[(w2 — bz) (w3 — bs) (w1 — c1) (w2 — e2) — (w1 — b1) (w2 — b2 ) (w2 — c2) (w3 — c3)]+

+H(wr — a1) (w2 — az)[(w2 — b2)(ws — bz ) (w1 — c1) (w3 — c3) — (w1 — b1)(wz — b3) (w2 — c2) (w3 — c3)].

Then, by Theorem 5, we obtain J(g,0,0) = >_;(—1)*(J)

Z (—1)”k” / wiwaws - (alagag)kl (b1b2b3)k2 (610203)k3 . ﬁ
(2mi)? (w1 — ap)kr1+ (wy — ag)k1 1 (ws — az)k+l

2
Ikl < =

q,ay
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% dw1 A de A d’U.)g (31)
(wl — bl)k2+1(w2 — b2)k2+1(w3 _ bg)kz-‘rl . (wl _ cl)k3+1<w2 — C2)k3+1 (wS _ 03)k3+1 ’

where fq’a‘, are cycles of the form {|wy —a1| = 111, |wa — ba| = Taa, |wz — 3| = ras}; {Jws —as| =
ri3, w1 — bi| = 7o1, |we — co| = 132} {Jwa — az| = rig,|ws — b3| = res,|wy — 1| = rar},
taken with a positive orientation, and {|lwy — a1| = ri1,|ws — b3| = 723, |wa — ca| = raz};
{lwz —az| = ri2, w1 = b1| = ro1, Jwz —c3| = 733}; {|wz —as| = 113, |wa —ba| = rog, [w1 —c1| =131}
with negative orientation.

Calculating these integrals, we get

—o(1,1,1) = J0,0,0) = a1bacs + a1bsco + agbics + agbscy + asbica + asbaci+ (32)
asc1cac b b a1b1bab c c
+ 3¢102€3 1 2 + 1910293 3 + 2 +
as — C3 bl—Cl bz—Cg al—bl Cg—bg 02—b2
asb1b2b c c asb1bab c c
+ 2019203 3 + 1 + 3919293 2 + 1 +
G,Q—bg C3—b3 Cl—bl a3—b3 CQ—bQ Cl—bl
ai1cy bQCQC3 bgCQCg a2a3b2 a2a3b3
ay — C1 bQ—Cg b3—63 ag—bg a3—b3

asCa bicics bscics aiasbs aiasby
ag — Co b1—01 b3—63 a3—b3 al—bl ’

So, we found the sums of the roots o(1,1,1) without calculating the roots of the system them-
selves.

3. General systems of transcendental equations

Let f1(2),..., fn(2) be a system of functions holomorphic in a neighborhood of the origin in
the multidimensional complex space C", z = (z1,...,2,) .

We expand the functions fi(2),..., fn(z) in Taylor series in the vicinity of the origin and
consider a system of equations of the form

fi(z) = Pj(2) + Qj(2) =0, i=1,....n, (33)

where P; is the lowest homogeneous part of the Taylor expansion of the function f;(z). The
degree of all monomials (with respect to the totality of variables) included in P;, is equal to m;,
Jj=1,...,n. In the functions @;!, the degrees of all monomials are strictly greater than m,;.

The expansion of the functions @;, P;, 7 = 1,...,n in a neighborhood of zero in Taylor series
converging absolutely and uniformly in this neighborhood has the form

Qj(z) = Z al z®, (34)

llal| >m;

Pi(z2)= ) ;2 (35)
l|8ll=m;
j=1...,n,
where o = (a1,...,05), B = (B1,...,Pn) are multi-indexes, i.e. «; and B; are non-negative
integers, j = 1,...,n, |laf| = a1 + ... + an, |8 = B1 + ... + Bn, and monomials z* = 27" -
Zgz .. 'Zg", ZB = 2161 . 252 .. '25".
In what follows, we will assume that the system of polynomials P;(z),..., P,(z) is nonde-
generate, that is, its common zero is only point 0, the origin.
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Consider an open set (a special analytic polyhedron) of the form
Dp(ri,...,mn) ={z: |Pj(2)| <rj, t =74,...,n},
where r1,...,r, are positive numbers. Its skeleton has the form
Tp(ri,...,mn) =Tp(r)={2: |Pj(2)|=7j, 7=1,...,n}.
Let us start with a statement.

Lemma 3. The next equality is true

1 1 d
/ ho e dh
Y1+1
21 .

J, = . A =
K (27Ti)nF Z;2+1 tee Zg"Jrl fl f2 fn
P

—-1)" df, df: dfn .
:( ) /w1’1+1~w;2+1~-~wg"+1-£/\ f2 A /\i:(—l)"JV.

(QWi)"F fi for

P
For what follows, we need a generalized formula for transforming the Grothendieck residue.

Theorem 6. Let h(w) be a holomorphic function, and the polynomials fi(w) and g;(w),
7,k =1,...,n, are related by the relations

n
gj:Zajkfk, j:172a"'7na
k=1

the matriz A = ||ajx||} =1 consists of polynomials. Consider the cycles
Ff:{w: |fj(w)|:'rj7 j=1....n}
Iy={w: |lgj(z)|=r;, j=1,...,n},

where all r; > 0. Then the equality

det A ] a];;j dw

Jrnfi= ¥ P [ (36)

B
n . g
Ly K, 3 ksj =P S’El(ksﬂ)'l“g

holds. Here 8! = B1!82!...Bn, B = (B1,B82,...,0n), the summation in the formula is over all

n
non-negative integer matrices K = ||ks; || ;_; with the conditions that the sum }_ ksj = aj, then
s=1
n

ﬁj — Zlkjs' Herefa — f]al ...fT‘LXn7 gﬂ :.91/81 .. .ggn'
j=

Theorem 7. The next formulas are valid

Z Y Y: Y:
1 1 n+1
1+1 o1 +

j=1 %41 52 in

= (2mi)™) /wTJrl cwg et dh ydfz A
fl f2 fn

s
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(=1t +1 +1 +1
= X gy et e
llell<lIvII+n _
P
JAQP Q5 Qurdwn Adwy A A duw,

pai+1  paz+1 Py +1
Py - P§ ... P2

<
Il
—_

s,j=1

(—1)IEl+n 1] (Z k5j>! wt - A-det A-Q~ ] alsc;'j
m

n )

1K< IIvI+n 11 wf]‘NjJrﬁ.ﬁNj
s,7=1 =1
n
where | K| = Y ksj, and the functional MM assigns its free term to the Laurent polynomial.
s,j=1

In fact, in Theorem 7, analogs of the classical Waring formulas for finding power sums of

roots of a system of algebraic equations are obtained.

Consider a system of equations in two complex variables

fi(z1,22) = a121 — agzs + 27 =0,
fa(21,22) = b121 + baza + 23 = 0.

(37)

It satisfies the conditions on Q;(z) We will assume that aiby + azb; # 0, i.e. the system of

lower homogeneous polynomials is nondegenerate.

1
Let us change variables z; = —, 2o = —. Our system will take the form
w1

w3

f1 = —apw? + ajwiws + we = 0,
fo = bowiws + b1w§ +w; = 0.

This system has 4 roots, on the coordinate planes there is one root — (0,0).

The Jacobian of the system (38)

< —2aswy + ajws
A=
b2w2 +1

ajwy + 1 .
2b1w2 + b2w1 o

= —2@2[)211)% — 4asbiwiws + 2&1[)111)% —ajwy — bowy — 1.

Notice that

5 2
P = —awi + ajwiwa,

To find the matrix A we use Example 8.3 from [4].
We introduce the matrix

—ag ay 0

. 0 —as  ai
Res = 0 by by
0 0 b
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The determinant A of the matrix Res is A = agby(azb; + a1by). Let us calculate some minors
according to example 8.3 from [4]:

~ —as a1 O ~ az 0 0
Al = bg b1 0= —agb% — alblbz, AQ = — b2 b1 0= —alb%,
0 bg b1 0 b2 bl
_ a1 0 O ~ a1 0 0
Ag = |—az2 a1 0= a%bl, A4 = —|—a2 a1 0] =0.
O b2 bl b2 bl O
0 —Q2 Qi —a2 a1 0
Al =—10 b2 bl = 0, AQ = 0 b2 bl = —agbg,
0 0 bg 0 0 b2
—as a1 0 —as a1 0
As3=—1]0 —ay ay| = —ang, As=1|0 —ay a1| = a%bl + ajaqbs.
0 0 b 0 by b

Therefore, the elements a;; of the matrix A are

1 /- ~ 1
a1l = Z (Alwl + AQU}Q) = Z ((—agb% - alble)wl - a’lb%wQ) )
1, N a2biw 1 —asb3w
a2 = % (A3w1 + A4w2> - %’ oz = 7 (Arwr + Agwe) = %’
1 1
g2 =« (Azwy + Agwsy) = N (—a3bawy + (a3by + aasbs)ws) .

Then it is easy to check that
w:f =an P+ 61121527 w% = a1 Py + aga Ps.
We calculate det A :

1
det A = K (QQbQUJ% — a2b1w1w2 — alblwg) .

By Theorem 7

J(o,o) _ Z (—1)”1{” (k11 + ki2)! - (ko1 + kao)! %

., Finl - kgl kol ko)

A - det A - Qllc11+k21 . Q/2€12+k22 ,alﬁl ,a’féz . ag? . a;ﬂ;Q

th
w ( 11 12) W ( 21 22)

We denote A = agby + a1by. Cumbersome but simple calculations (using the definition of the
functional M) give that

1 _ 20,1()2 6@%[); bg a‘;’ 8a1b2 4

J(OVO) - Z agblﬁ a2b1A2 b1A2 + GQAQ AQ (12b1 B

CL? ay b2 3(12 b1 b%

o a252 A2 A2 B blA2'
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O TpaHCIIEHIEHTHBIX CUCTEMAaX ypaBHEHUI

Anekcanap M. KbeiTmaHnoB
Oabra B. Xomgoc

Cubupckuii deiepajbHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas @epeparims

Awnnorarusi. PaccMOTpeHBI pa3/indHble TUMBI CHCTEM TPAHCIEHIEHTHBIX YPaBHEHUIT: TpOoCTeIme, ce-
nurasbabie u obmrue. [TockobKy YncIo KOpHeit TaKuX CHCTEM, KaK MPABUI0, OECKOHETHO, TO HEOOXOAIMO
U3YYUTh CTEIEHHbIE CYMMbI KOPHEl B oTpuIaresbHoil crenenu. [Tomydennbr hopMysibl Jyist HAXOXKIEHUS
BBIYETHBIX MHTEIPAJIOB, UX CBSI3b CO CTENEHHBIMU CyMMAaMU KOPHEN B OTPUIIATEIHLHOM CTEeHN, MHOTOMEP-
uble aHasioru ¢popmyn Bapuura. [IpuBenensr pa3andHbie IpUMepbl TPAHCIIEHIEHTHBIX CIHCTEM YPABHEHUN
¥ BBIYUCJIEHBI CYMMbI MHOI'OMEPHBIX YUCJIOBBIX PSIJIOB.

KiroueBnle cioBa: TPpaHCHEHIACHTHBIEC CUCTEMbI ypaBHeHHﬁ, CTeneHHbIe CYyMMbI KOpHeﬁ, BbIYE€THBIE UH-

TerpaJibl.
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