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Abstract. We study the unique solvability of the mixed Dirichlet-Neumann problem for the biharmonic
equation in the exterior of a compact set under the assumption that solutions of this problem have
bounded Dirichlet integrals with the weight |z|*. Depending on the value of the parameter a, we obtained
uniqueness (non-uniqueness) theorems of the problem and present exact formulas for the dimension of
the space of solutions of the mixed Dirichlet-Neumann problem.

Keywords: biharmonic operator, Dirichlet-Neumann problem, weighted Dirichlet integral.

Citation: H.A.Matevossian, Mixed Biharmonic Dirichlet-Neumann Problem in Exterior Domains, J.
Sib. Fed. Univ. Math. Phys., 2020, 13(6), 755-762. DOI: 10.17516/1997-1397-2020-13-6-755-762.

1. Introduction and preliminaries

Let Q be an unbounded domain in R”, n > 2, Q = R"\ G with the boundary 992 € C?,
where G is a bounded simply connected domain (or a union of finitely many such domains) in
R™, 0 € G, Q= QU is the closure of Q, z = (z1,...,7,) € R® and |z| = /27 + - + 22.

In the domain 2 we consider the following mixed problems for the biharmonic equation

A%y =0 (1)

with the Dirichlet—Neumann boundary conditions

_ Ou

u’rl =% =0, Au|F2 =

—0, 2)

2

Ov Ir

'

where I'y UTy = 9Q, 'y NIy = 0, mes,, 1 I'y # 0, v = (v1,...,1,) is the outer unit normal
vector to 0.

As is well known, if  is an unbounded domain, one should additionally characterize the
behavior of the solution at infinity. As a rule, to this end, one usually poses either the condition
that the Dirichlet (energy) integral is finite or a condition on the character of vanishing of the
modulus of the solution as |z| — co. Such conditions at infinity are natural and were studied by
several authors (e.g., [6-8]).

Elliptic problems with parameters in the boundary conditions have been called Steklov or
Steklov-type problems, since their first appearance in [27]. For the biharmonic operator, these
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conditions were first considered in [1,9] and [25], where the isoperimetric properties of the first
eigenvalue were studied.

Note that standard elliptic regularity results are available in [3]. The monograph covers
higher order linear and nonlinear elliptic boundary value problems, mainly with the biharmonic
or polyharmonic operator as the leading principal part. The underlying models and, in particular,
the role of different boundary conditions are explained in detail. As for linear problems, after a
brief summary of the existence theory and L? and Schauder estimates, the focus is on positivity.
The required kernel estimates are also presented in detail.

In [2], the boundary value problems for the biharmonic equation and the Stokes system are
studied in a half space, and, using the Schwarz reflection principle in weighted L9-space, the
uniqueness of solutions of the Stokes system or the biharmonic equation is proved.

In the present note, this condition is the boundedness of the weighted Dirichlet integral:

Dq(u,Q) = / jz|” > [0%uPdw < 00, a€R.
¢ Jal=2
In various classes of unbounded domains with finite weighted Dirichlet (energy) integral, one
of the author [10-23] studied uniqueness (non—uniqueness) problem and found the dimensions of
the spaces of solutions of boundary value problems for the elasticity system and the biharmonic
(polyharmonic) equation.
By developing an approach based on the use of Hardy type inequalities [6-8], in the present
note, we obtain a uniqueness (non—uniqueness) criterion for a solution of the mixed Dirichlet—
Neumann problem for the biharmonic equation.

Notation: Cg§°(2) is the space of infinitely differentiable functions in € with compact support
in Q. We denote by H™(Q,T), I' C Q, the Sobolev space of functions in € obtained by the
completion of C>°(€2) vanishing in a neighborhood of I' with respect to the norm

1/2
[[u; H™(Q,1)]| = (/ > |3“u2dw> , m=12,
Q

lal<m

where 9% = 9l*l/ox( ... 028", a = (ai,...,a,) is a multi-index, o; > 0 are integers, and

n

la| = a1+ -+ ay; if T =0, we denote H™(Q,T') by H™ ().
om

H (©) is the space obtained by the completion of C§°(£2) with respect to the norm
B (@)

i 10c (§2) is the space obtained by the completion of C§°(2) with respect to the family of
semi-norms 1/2

|u; H™(Q N By(R))|| = > 0%l da
QNBo(R) lalsm

for all open balls By(R) := {z : |z| < R} in R" for which QN By(R) # 0.
Let (Z) be the (n, k)-binomial coefficient, (Z) =0 for k > n.

2. Definitions and auxiliary statements

Definition 2.1. A solution of the homogenous biharmonic equation (1) in Q is a function
u € HE (Q) such that for every function p € C§°(Q), the following integral identity holds:

AuApdr =0.
Q
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Lemma 2.2. Let u be a solution of equation (1) in Q such that D,(u,Q) < co. Then

u@)=Pl@)+ > 0T@)Co+u’(x), z€Q, (3)
Bo<|a|<B
where P(x) is a polynomial, ord P(x) < mg = max{2,2—n/2—a/2}, o =2—n/2+a/2, T'(z) is
the fundamental solution of equation (1), C, = const, 8 > 0 is an integer, and the function u”
satisfies the estimate:

P (z)] < CplalP P~ O 5 = const
Y8 ’ B »
for every multi-index .

Remark 2.3. As is known [26], the fundamental solution T'(z) of the biharmonic equation has
the form
I'(z) = Clz|* ™ if 4—n <0 or nis odd,
= Clz[*"Inl|z| if 4—n >0 and n is even.
Proof of Lemma 2.2. Consider the function v(z) = Oy (x)u(z), where Oy(x) = 6(|z|/N),0 €
C>®(R"), 0<6<1, 60(s)=0fors<1, O(s)=1fors>2 while N>1and G C {z:|z|] < N}.
We extend v to R” by setting v =0 on G = R" \ Q.
Then the function v belongs to C°°(R™) and satisfies the equation
A%y = f,

where f € C§°(R™) and supp f C {z : |z| < 2N}. It is easy to see that D,(v,R") < co.

We can now use Theorem 1 of [5] since it is based on Lemma 2 of [5], which imposes no
constraint on the sign of 0. Hence, the expansion

v(z)=P@)+ Y  0T(2)Ca+0"(x),
Bo<|a|<B
holds for each a, where P(z) is a polynomial of order ord P(z) < mo = max{2,2 —n/2 —a/2},
Bo=2-n/2+a/2, C, = const and
10708 (2)] < CplzP P O 5 = const.

Therefore, by the definition of v, we obtain (3). The proof of Lemma 2.2 is complete. O

Definition 2.4. A function u is a solution of the mized Dirichlet—Neumann problem (1), (2),

0?2
if w€H,,, (Q,T1) such that for every function ¢ € C5°(R™), ¢ = 0 in the neighborhood of T'1,
the following integral identity holds:

/ AulApdr = 0. (4)
Q

3. Main Results

Theorem 3.1. The mized Dirichlet-Neumann problem (1), (2) with the condition D(u,) < oo
has n + 1 linearly independent solutions.

Proof. For any nonzero vector A in R™, we construct a generalized solution u 4 of the biharmonic
equation (1) with the boundary conditions

Oua(x) _ 0(Ax)

‘ B 8AuA
ov I, ov

uA =
F17 |F2 aV

wale)|, = ()] .
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and the condition

/Q(IuA(sc)2 L Vua@)P | |VWA($)|2> e

] e
for n > 4,
Xl = a@P | [Vua(@)? o
upA\T upA\T 2
+ + |VVua(z )d;v<oo
A@Wmm2nmmw [VVuale)l

for 2 < n < 4,

for A,x € R", where Az denotes the standard scalar product of A and =x.
Such a solution of problem (1), (5) can be constructed by the variational method [26], mini-
mizing the functional

d(v) = %/Q |Av|? dx

ov(x) O(Ax)
ov ‘Fl T o ‘Fl’
v is compactly supported in ﬁ} The validity of condition (6) as a consequence of the Hardy
inequality follows from the results in [6-8].
Now, for any arbitrary number e # 0, we construct a generalized solution u. of equation (1)
with the boundary conditions

in the class of admissible functions {v: v € H?*(), v(x)‘rl = (Ax)‘rl,

B Oue

| O0Au,
U =e =
€ITy v |p

T Ju

=0, Au,

I

and the condition

/Q(|ue(x)|2 N |V (z)]? N |Vv%(x)|2> e

||t ||
for n > 4,

X, 1) = ue(@)? | [Vuo ()l )
= + z +VVuex2>dm<oo
L@wmﬂv|mmm2 @)

for 2 < n < 4.

The solution of problem (1), (7) is also constructed by the variational method with the
minimization of the corresponding functional in the class of admissible functions {v : v €
1o} _
H%(Q), U|F1 = e, 8—U = 0, v is compactly supported in Q}. The condition (8) as a con-
Vip,
sequence of the Hardy inequality follows from the results in [6-8].
Consider the function v(z) = (ua(z) — Az) — (u. — €). Obviously, v is a solution of problem

(1), (2):

v 0Av
A2v=0, 2z€Q, v|. =—| =0, Av|. =—o | =
9 |1"1 81/ I, |1"2 61/ Iy
One can easily see that v 20 and D(v,Q) < oco.

To each nonzero vector A = (Ag, A1,...,A,) in R"T! there corresponds a nonzero solution
VA = (VAg,VAy,---,04, ) of problem (1), (2) with the condition D(va, ) < oo, and moreover,
va(z) =ua(x) —ue — Az +e.

Let Ag, A1,...,A, be a basis in R™"!. Let us prove that the corresponding solutions

VAgsVAys---,04, are linearly independent. Let
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Z Civa, =0, C; = const .

Set W(z) = > C;A;x — Coe. We have W(z) = 3 Ciuq, (z) — Cou,
o~ :

i= =1

/ || 2 VW |? do < 0o, n > 4; / ||| In|2|| 2| VW] do < 0o, 2< n <4
Q Q

Let us show that
W(x) =Y Cidiz — Coe = 0.
i=1

Let T = )" C;A; = (to,...,tn), where Ag = —e. Then
i=0

/|9:|72\VW|2 dz:/|x|72(t%+~~+ti) dr =00, n >4,

Q Q

[ e tn ol WP do = [ flolln]al[ (8 4o+ ) do =0, 2<n<d
Q Q

if T #0.
n
Consequently, T'= > C;A; = 0, and since the vectors Ag, 41, ..., A, are linearly indepen-
i=0

dent, we obtain C; =0, : =0,1,...,n.

Thus, the Dirichlet—Neumann problem (1), (2) with the condition D(u,€2) < co has at least
n + 1 linearly independent solutions.

Let us prove that each solution u of problem (1), (2) with the condition D(u,{2) < co can
be represented as a linear combination of the functions va,,v4,,...,v4,, i€

n
u = g Civa,, C; = const .
i=0

Since Ag, Ai,...,A, is a basis in R?T1, it follows that there exist constants Cy, C1,...,Cp
such that N
A=Y "CiA
i=0
We set

Uy = U — ZCiUAi~
=0
Obviously, the function ug is a solution of problem (1), (2), and D(ug,2) < oo, x(ug, ) < co.
Let us show that ug =0, = € Q. To this end, we substitute the function p(z) = ue(z)0n(x)

into the integral identity (4) for the function ug, where Oy (x) = 6(|z|/N), 8 € C*(R), 0 < 0 < 1,
0(s) =0 for s > 2 and 6(s) =1 for s < 1; then we obtain

/Q (D) 20w (2) dz = —J1 (o) — Ja(uo), )

where
Jl(UQ) 22/ AUQVUO V@N(l‘) dx, JQ(U()) Z/UO AUO AHN(I) dx.
Q Q

- 759 —



Hovik A. Matevossian Mixed Biharmonic Dirichlet-Neumann Problem in Exterior Domains

By applying the Cauchy—Schwarz inequality and by taking into account the conditions
D(up, ) < oo and x(ug,) < oo, one can easily show that Ji(ug) — 0 and Ja(ug) — 0 as
N — oo. Consequently, by passing to the limit as N — oo in (9), we obtain

/Q(AUO)Q dx = 0.

Therefore, we have
Aug=0, x€Q,

8u0 6AUO
=— =0, A = =0.
Uo’n o |p uO|F2 o |p,
Hence, it follows [4, Ch.2] that ug = 0 in . The proof of the theorem is complete. O

Theorem 3.2. The mized Dirichlet-Neumann problem (1), (2) with the condition D, (u, ) < oo
has:

(1) the trivial solution forn —2 < a < oo, n > 4;

(i) n linearly independent solutions forn —4 < a<mn—2,n > 4;

(iti) n + 1 linearly independent solutions for —n < a<n—4,n > 4;

(iv) k(r,n) linearly independent solutions for —2r+2 —n<a< -2r+4—n,r>1,n >4,

where
—4
k(r7n>:(r+n)_<r+n )
n n

The proof of Theorem 3.2 is based on Lemma 2.2 about the asymptotic expansion of the
solution of the biharmonic equation and the Hardy type inequalities for unbounded domains
[6-8]. In case (iv), we need to determine the number of linearly independent solutions of the
biharmonic equation (1), the degree of which do not exceed the fixed number.

It is well know that the dimension of the space of all polynomials in R™ of degree < r is equal
("*™) [24]. Then the dimension of the space of all biharmonic polynomials in R™ of degree < r

r+n r+n—4
n n ’
since the biharmonic equation is the vanishing of some polynomial of degree r — 4 in R™. If

we denote by k(r,n) the number of linearly independent polynomial solutions of equation (1)
whose degree do not exceed r and by I(r,n) the number of linearly independent homogeneous

is equal to

polynomials of degree r, that are solutions of equation (1), then

k(r,n):il(s,n), where z(s,n)(5+”1><s+"5), s> 0.

= n—1 n—1
Further, we prove that the mixed Dirichlet—Neumann problem (1), (2) with the condition

D,(u,Q) < oo for =2r+2 —n < a < —2r + 4 — n has equally k(r,n) linearly independent
solutions.
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CmemanHasg ourapmonnveckas 3aga4a Jupuxiae—Heiimana
BO BHEIITHUX 00JIaCTAX

OBuk A.MarteBocsH

DenepasbHbIi uccaenoBaTeabCkuii nenTp «Mudopmarnka n ynpasinenne» PAH

Mockga, Poccuiickast @enepariust

MoCKOBCKUIi aBUAMOHHBIA UHCTUTYT (HAIMOHAJILHBLH MCC/IeN0BATENbCKUN yHUBEPCUTET)
Mockga, Poccuiickass @enepariust

AnaHoTauus. 3yvaiorcs Bompochkl €MHCTBEHHOCTH pPeIeHns cMelrannoi 3agauu Jupuxiae—Helimana
JLJIsL 6I/Il"apMOHI/I'-IeCKOFO YpaBHEHHsI BO BHEHIIHOCTHU KOMIIAKTHOI'O MHOX2KECTBa, B IIPEIAIIOJIO?KEHUU, YTO
060BIIEHHOe perenne 3ToH 3amadu 00/IaIaeT KOHEIHBIM nHTerpasoM Jupuxie ¢ Becom |z|*. B sasucn-
MOCTHU OT 3HAQUYEHUA IIapaMeTpa a JOKa3aHbl TEOPEMbI € IMHCTBEHHOCTH (Hee,HI/IHCTBeHHOCTI/I), n HaI‘/II,JeHI)I
TOYHBIE (bOpI\dy.HBI JJIgl BBIYMUCJICHUA Pa3MEPHOCTU IIPOCTPAaHCTBa peH.IeHHI?I CMeIIaHHOI 3a1av9In ZLI/IPI/IXJ'[Q*
Heitmana.

KuroyeBbie ciioBa: burapmoHuveckuii orneparop, 3amada Jlupuxiae-Heitmana, BecoBoit uarerpan du-

puxJie.
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