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ɊȿФȿɊȺɌ 

ȼɵɩɭɫɤɧɚɹ ɤɜɚɥɢɮɢɤɚɰɢɨɧɧɚɹ ɪɚɛɨɬɚ ɩɨ ɬɟɦɟ «Ɇɧɨɝɨɦɟɪɧɨɟ 

ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ ɞɥɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 

ɮɭɧɤɰɢɣ» ɫɨɞɟɪɠɢɬ 27 ɫɬɪɚɧɢɰ ɬɟɤɫɬɨɜɨɝɨ ɞɨɤɭɦɟɧɬɚ, 23 ɮɨɪɦɭɥɵ, 12 

ɢɫɩɨɥɶɡɨɜɚɧɧɵɯ ɢɫɬɨɱɧɢɤɨɜ, 1 ɩɪɢɥɨɠɟɧɢɟ. 

ɉɊȿɈȻɊȺɁɈȼȺɇɂȿ ɆȿɅɅɂɇȺ, ȺɅȽȿȻɊȺɂɑȿɋɄȺə ɎɍɇɄɐɂə, 

ȺɋɂɆɉɌɈɌɂɑȿɋɄɈȿ ɊȺɁɅɈɀȿɇɂȿ, ȽȺɆɆȺ-ɎɍɇɄɐɂə, ȼɕɑȿɌ 

ɐɟɥɶɸ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ ɢɫɫɥɟɞɨɜɚɧɢɟ ɦɧɨɝɨɦɟɪɧɨɝɨ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɝɨ 

ɫɨɨɬɜɟɬɫɬɜɢɹ ɞɥɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɮɭɧɤɰɢɣ.  

ȼ ɪɚɛɨɬɟ ɨɬɪɚɠɟɧɚ ɷɮɮɟɤɬɢɜɧɨɫɬɶ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɝɨ ɫɨɨɬɜɟɬɫɬɜɢɹ 

ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɮɭɧɤɰɢɢ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɜ ɢɫɫɥɟɞɨɜɚɧɢɢ 

ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɯ ɫɭɦɦ. Ɇɧɨɝɨɦɟɪɧɨɟ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ 

ɩɨɥɭɱɟɧɨ ɧɚ ɨɫɧɨɜɟ ɢɧɬɟɝɪɚɥɶɧɨɝɨ ɩɪɟɞɫɬɚɜɥɟɧɢɹ Ɇɟɥɥɢɧɚ-Ȼɚɪɧɫɚ ɞɥɹ 

ɪɟɲɟɧɢɹ ɨɛɳɟɝɨ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ ɢ ɩɪɢɦɟɧɟɧɢɹ ɬɟɯɧɢɤɢ ɬɟɨɪɢɢ 

ɦɧɨɝɨɦɟɪɧɵɯ ɜɵɱɟɬɨɜ. ȼ ɪɟɡɭɥɶɬɚɬɟ ɩɨɥɭɱɟɧɵ ɪɚɡɥɨɠɟɧɢɹ ɜ ɪɹɞɵ Ʌɨɪɚɧɚ-

ɉɸɢɡɨ, ɩɪɟɞɫɬɚɜɥɹɸɳɢɟ ɚɧɚɥɢɬɢɱɟɫɤɨɟ ɩɪɨɞɨɥɠɟɧɢɟ ɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ 

ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ. ȼ ɱɚɫɬɧɨɦ ɫɥɭɱɚɟ ɪɟɚɥɢɡɨɜɚɧɚ ɩɪɨɰɟɞɭɪɚ 

ɧɚɯɨɠɞɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɢ ɧɨɫɢɬɟɥɟɣ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ ɜ ɫɢɫɬɟɦɟ 

ɤɨɦɩɶɸɬɟɪɧɨɣ ɚɥɝɟɛɪɵ MAPLE. 

Ɋɟɡɭɥɶɬɚɬ ɪɚɛɨɬɵ ɢɦɟɟɬ ɬɟɨɪɟɬɢɱɟɫɤɭɸ ɰɟɧɧɨɫɬɶ ɢ ɦɨɠɟɬ ɛɵɬɶ 

ɢɫɩɨɥɶɡɨɜɚɧ ɜ ɭɱɟɛɧɨɦ ɩɪɨɰɟɫɫɟ ɩɪɢ ɱɬɟɧɢɢ ɤɭɪɫɚ «Ɋɟɲɟɧɢɟ 

ɩɨɥɢɧɨɦɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ. Ɍɟɨɪɢɹ ɢ ɚɥɝɨɪɢɬɦɵ». 
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ɉɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚɡɚɪɟɤɨɦɟɧɞɨɜɚɥɢ ɫɟɛɹ ɷɮɮɟɤɬɢɜɧɵɦ 

ɢɧɫɬɪɭɦɟɧɬɨɦ ɢɫɫɥɟɞɨɜɚɧɢɣ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɯ ɫɭɦɦ, ɜɨɡɧɢɤɚɸɳɢɯ ɜ 

ɤɨɦɛɢɧɚɬɨɪɢɤɟ, ɞɢɫɤɪɟɬɧɵɯ ɜɟɪɨɹɬɧɨɫɬɧɵɯ ɦɨɞɟɥɹɯ, ɚɧɚɥɢɡɟ ɚɥɝɨɪɢɬɦɨɜ ɢ 

ɫɬɪɭɤɬɭɪ ɞɚɧɧɵɯ[11], [10]. ɗɬɢ ɩɪɢɥɨɠɟɧɢɹ ɨɫɧɨɜɚɧɵ ɧɚ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɦ 

ɫɨɨɬɜɟɬɫɬɜɢɢ ɦɟɠɞɭ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɦɢ ɪɚɡɥɨɠɟɧɢɹɦɢ ɮɭɧɤɰɢɢ-ɨɪɢɝɢɧɚɥɚ ɜ 

ɧɭɥɟ, ɛɟɫɤɨɧɟɱɧɨɫɬɢ ɢ ɨɫɨɛɟɧɧɨɫɬɹɦɢ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɷɬɨɣ 

ɮɭɧɤɰɢɢ [10]. 

ɉɪɹɦɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ ɥɨɤɚɥɶɧɨ ɢɧɬɟɝɪɢɪɭɟɦɨɣ ɩɨ Ʌɟɛɟɝɭ 

ɮɭɧɤɰɢɢ ɧɚ ɢɧɬɟɪɜɚɥɟ 0; +∞  ɮɭɧɤɰɢɢ݂ ݔ ɨɩɪɟɞɟɥɹɟɬɫɹ ɢɧɬɟɝɪɚɥɨɦ ɜɢɞɚ 

ℳ ݂  ݖ = ∞+ݔ1݀−ݖݔ ݔ ݂ 
0

. 
(0.1) 

ɇɚɢɛɨɥɶɲɚɹ ɨɬɤɪɵɬɚɹ ɩɨɥɨɫɚ, ɜ ɤɨɬɨɪɨɣ ɢɧɬɟɝɪɚɥ (0.1) ɫɯɨɞɢɬɫɹ, ɧɚɡɵɜɚɟɬɫɹ 

ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɣ ɩɨɥɨɫɨɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ. 

 ɉɪɨɢɥɥɸɫɬɪɢɪɭɟɦ ɩɪɢɦɟɧɟɧɢɟ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɝɨ ɫɨɨɬɜɟɬɫɬɜɢɹ ɤ 

ɢɫɫɥɟɞɨɜɚɧɢɸ ɚɫɢɦɩɬɨɬɢɤɢ ɦɨɞɢɮɢɰɢɪɨɜɚɧɧɨɣ ɬɷɬɚ-ɮɭɧɤɰɢɢ 

𝜃1 ݔ = ∞+2݊ݔ2݊−݁ 
݊=1

, 

ɜɨɡɧɢɤɚɸɳɟɣ ɜ ɚɧɚɥɢɡɟ ɚɥɝɨɪɢɬɦɚ ɫɨɪɬɢɪɨɜɤɢ [10]. ȿɺ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ 

Ɇɟɥɥɢɧɚ ɪɚɜɧɨ 

ℳ 𝜃1  ݖ =
1

2
Γ ݖ 

2
ݖ ߞ  + 1 . 

Ɂɞɟɫɶ ɞɡɟɬɚ-ɮɭɧɤɰɢɹ Ɋɢɦɚɧɚ ݖ ߞ + 1  ɢɦɟɟɬ ɟɞɢɧɫɬɜɟɧɧɵɣ ɩɪɨɫɬɨɣ ɩɨɥɸɫ ɜ 

ɬɨɱɤɟ ݖ = 0, ɚ ɝɚɦɦɚ-ɮɭɧɤɰɢɹ ɗɣɥɟɪɚ Γ ݖ 
2
  ɢɦɟɟɬ ɩɨɥɸɫɵ ɜɨ ɜɫɟɯ 

ɧɟɩɨɥɨɠɢɬɟɥɶɧɵɯ ɱɟɬɧɵɯ ɰɟɥɵɯ ɬɨɱɤɚɯ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɮɭɧɤɰɢɹ 
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ℳ 𝜃1  ݖ ɢɦɟɟɬ ɞɜɭɤɪɚɬɧɵɣ ɩɨɥɸɫ ɜ ɬɨɱɤɟ ݖ = 0 ɢ ɝɥɚɜɧɚɹ ɱɚɫɬɶ ɪɚɡɥɨɠɟɧɢɹ 

Ʌɨɪɚɧɚ ɜ ɷɬɨɣ ɬɨɱɤɟ ɢɦɟɟɬ ɜɢɞ: 

2ݖ1
+

ߛ
 ,ݖ2

ɝɞɟ ߛ – ɩɨɫɬɨɹɧɧɚɹ ɗɣɥɟɪɚ. ȼ ɱɟɬɧɵɯ ɨɬɪɢɰɚɬɟɥɶɧɵɯ ɰɟɥɵɯ ɬɨɱɤɚɯ ɮɭɧɤɰɢɹ ℳ 𝜃1  ݖ  ɢɦɟɟɬ ɩɪɨɫɬɵɟ ɩɨɥɸɫɵ, ɜ ɱɚɫɬɧɨɫɬɢ, ɜ ɬɨɱɤɚɯ ݖ = −2,−4 ɝɥɚɜɧɵɟ 

ɱɚɫɬɢ ɪɚɡɥɨɠɟɧɢɹ Ʌɨɪɚɧɚ ɢɦɟɸɬ ɜɢɞ: 

1

12

ݖ1 + 2
,

1

240

ݖ1 + 4
 

ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. ɉɨ ɷɬɨɣ ɢɧɮɨɪɦɚɰɢɢ ɨ ɩɨɥɸɫɚɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ 

ɮɭɧɤɰɢɢ 𝜃1 ݔ  ɜ ɬɨɱɤɚɯ ݖ = 0,−2,−4 ɜɨɫɫɬɚɧɚɜɥɢɜɚɸɬɫɹ ɩɟɪɜɵɟɧɟɫɤɨɥɶɤɨ 

ɫɥɚɝɚɟɦɵɯ ɟɟ ɚɫɢɦɩɬɨɬɢɱɟɫɤɨɝɨ ɪɚɡɥɨɠɟɧɢɹ ɜ ɧɭɥɟ: 

𝜃1 ݔ = − log ݔ +
ߛ
2

+
1

12
2ݔ +

1

240
4ݔ + ⋯. 

ɉɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɧɚɲɥɢ ɲɢɪɨɤɨɟ ɩɪɢɦɟɧɟɧɢɟ ɜ ɮɢɧɚɧɫɨɜɨɣ 

ɦɚɬɟɦɚɬɢɤɟ [8]ɢ ɬɟɨɪɟɬɢɱɟɫɤɨɣ ɮɢɡɢɤɟ[9], ɚ ɢɦɟɧɧɨ ɜ ɡɚɞɚɱɚɯ ɤɜɚɧɬɨɜɨɣ 

ɷɥɟɤɬɪɨɞɢɧɚɦɢɤɢɢ ɨɩɬɢɤɢ.  

Ɋɨɥɶ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ Ɇɟɥɥɢɧɚ ɜ ɬɟɨɪɢɢ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɮɭɧɤɰɢɣ 

ɜɩɟɪɜɵɟ ɛɵɥɚ ɨɬɦɟɱɟɧɚ ɫɚɦɢɦ ə.Ɇɟɥɥɢɧɨɦ ɜ ɪɚɛɨɬɟ [12], ɝɞɟ ɩɪɢɜɟɞɟɧɨ 

ɢɧɬɟɝɪɚɥɶɧɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɢ ɪɚɡɥɨɠɟɧɢɟ ɜ ɪɹɞ Ɍɟɣɥɨɪɚ ɞɥɹ ɜɟɬɜɢ ɝɥɚɜɧɨɝɨ 

ɪɟɲɟɧɢɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ 1+݊݉ݕ + ݊݉ݕ݊ݔ + ⋯+ 1݉ݕ1ݔ − 1 = 0, 0 < ݉1 < ⋯ < ݉݊ < ݉݊+1. (0.2) 

ɐɟɥɶ ɛɚɤɚɥɚɜɪɫɤɨɣ ɪɚɛɨɬɵ – ɢɫɫɥɟɞɨɜɚɬɶ ɦɧɨɝɨɦɟɪɧɨɟ 

ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ ɞɥɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 

ɮɭɧɤɰɢɣ. Ȼɨɥɟɟ ɬɨɱɧɨ, ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚℳ ݖ  ݕ  
ɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ 0 ݕ  ݔ ݕ = 1   ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ (0.2). 
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Ɉɫɧɨɜɧɵɦ ɪɟɡɭɥɶɬɚɬɨɦ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ Ɍɟɨɪɟɦɚ 4.1, ɜ ɤɨɬɨɪɨɣ 

ɩɪɟɞɫɬɚɜɥɟɧɨ ɫɨɨɬɜɟɬɫɬɜɢɟ ɦɟɠɞɭ: 

 ɦɧɨɠɟɫɬɜɨɦ ɜɟɪɲɢɧ  ݒ(݆ )  ɦɧɨɝɨɝɪɚɧɧɢɤɚ ܷ ⊂ Թ݊ , ɨɩɪɟɞɟɥɹɸɳɟɝɨ 

ɨɛɥɚɫɬɶ ɚɧɚɥɢɬɢɱɧɨɫɬɢ ɩɪɹɦɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɝɥɚɜɧɨɝɨ 

ɪɟɲɟɧɢɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ (0.2); 

 ɦɧɨɠɟɫɬɜɨɦ ɜɫɟɯ ɩɨɞɦɧɨɠɟɫɬɜ ɢɡ n ɷɥɟɦɟɧɬɨɜɦɧɨɠɟɫɬɜɚ ɩɨɥɹɪɧɵɯ 

ɝɢɩɟɪɩɥɨɫɤɨɫɬɟɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ℳ ݖ  ݕ ; 
 ɫɬɟɩɟɧɧɵɦɢ ɪɚɡɥɨɠɟɧɢɹɦɢ  𝜎(݆  ɩɪɟɞɫɬɚɜɥɹɸɳɢɦɢ ɚɧɚɥɢɬɢɱɟɫɤɢɟ , (ݔ)(

ɩɪɨɞɨɥɠɟɧɢɹ ɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ(0.2). 

ȼ ɨɫɧɨɜɟ ɢɫɫɥɟɞɨɜɚɧɢɹ ɥɟɠɢɬ ɢɧɬɟɝɪɚɥɶɧɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ Ɇɟɥɥɢɧɚ-

Ȼɚɪɧɫɚ, ɩɪɟɞɥɨɠɟɧɧɨɟ ɜ [12] ɢ ɞɟɬɚɥɶɧɨ ɢɡɭɱɟɧɧɨɟ ɜ [1]. ȼɵɱɢɫɥɟɧɢɟ 

ɢɧɬɟɝɪɚɥɚ ɩɪɨɜɟɞɟɧɨ ɫ ɩɨɦɨɳɶɸ ɬɟɯɧɢɤɢ ɬɟɨɪɢɢ ɦɧɨɝɨɦɟɪɧɵɯ ɜɵɱɟɬɨɜ (ɫɦ., 

ɧɚɩɪɢɦɟɪ,[3]). 
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1 Фɭɧɞɚɦɟɧɬɚɥɶɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ ɜ ɨɞɧɨɦɟɪɧɨɦ ɫɥɭɱɚɟ 

 

1.1 ɉɪɹɦɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ. Фɭɧɞɚɦɟɧɬɚɥɶɧɚɹ 
ɩɨɥɨɫɚ 

 

Ɉɩɪɟɞɟɥɟɧɢɟ 1.1.ɉɪɟɨɛɪɚɡɨɜɚɧɢɟɦ Мɟɥɥɢɧɚ ɮɭɧɤɰɢɢ ݂(ݔ), 

ɨɩɪɟɞɟɥɟɧɧɨɣ ɧɚ ɩɨɥɭɨɫɢ ݔ ൒ 0, ɧɚɡɵɜɚɟɬɫɹ ɮɭɧɤɰɢɹ 

ℳ ݖ  ݕ = 1−ݖݔ ݔ ݂  Քݔ+∞
0

, 
(1.1) 

ɝɞɟ ݖݔ = Օݖ ݈݊ ݔ , ݔ > 0. 

Ⱥɫɢɦɩɬɨɬɢɱɟɫɤɨɟ ɩɨɜɟɞɟɧɢɟ ɮɭɧɤɰɢɢ ݂(ݔ) ɜ ɧɭɥɟ ɢ ɛɟɫɤɨɧɟɱɧɨɫɬɢ 

ɨɩɪɟɞɟɥɹɟɬ ɨɛɥɚɫɬɶ, ɜ ɤɨɬɨɪɨɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ ɝɨɥɨɦɨɪɮɧɨ. Ɉɛ 

ɷɬɨɦ ɝɨɜɨɪɢɬ ɬɟɨɪɟɦɚ. 

Ɍɟɨɪɟɦɚ 1.1.[7] ɉɭɫɬɶ ɮɭɧɤɰɢɹ ݂(ݔ) ɧɟɩɪɟɪɵɜɧɚ ɩɪɢ ݔ > 0 ɢ 

ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɨɰɟɧɤɚɦ:  ݂ ݔ  ൑ ߙ−ݔ1ܥ , 0 < ݔ ൑ ൑  ݔ ݂  ,1 ߚ−ݔ1ܥ , 1 < ݔ ൑ ∞, 

(1.2) 

ɝɞɟ ߙ <  Ɍɨɝɞɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ ɹɜɥɹɟɬɫɹ ɮɭɧɤɰɢɟɣ, ɝɨɥɨɦɨɪɮɧɨɣ .ߚ

ɜ ɩɨɥɨɫɟ ߙ < 𝑅݁ ݖ <  .ߚ

Ɉɩɪɟɞɟɥɟɧɢɟ 1.2. Фɭɧɞɚɦɟɧɬɚɥɶɧɨɣ ɩɨɥɨɫɨɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ 

ɧɚɡɵɜɚɟɬɫɹ ɧɚɢɛɨɥɶɲɚɹ ɨɬɤɪɵɬɚɹ ɩɨɥɨɫɚ  ߚ,ߙ = ߙ  < 𝑅݁ ݖ <  ɜ ɤɨɬɨɪɨɣ , ߚ

ɢɧɬɟɝɪɚɥ (1.1) ɫɯɨɞɢɬɫɹ. 

ɋɨɝɥɚɫɧɨ Ɍɟɨɪɟɦɟ 1.1, ɮɭɧɞɚɦɟɧɬɚɥɶɧɚɹ ɩɨɥɨɫɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ 

ɮɭɧɤɰɢɢ ݂(ݔ) ɨɩɪɟɞɟɥɹɟɬɫɹ ɩɨɤɚɡɚɬɟɥɹɦɢ Ƚ ɢ Ⱦ ɭɫɥɨɜɢɹ (1.2). 
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1.2 ɉɪɹɦɨɟ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ  

 

Ɉɩɢɲɟɦ ɫɨɨɬɜɟɬɫɬɜɢɟ ɦɟɠɞɭ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɦɢ ɪɚɡɥɨɠɟɧɢɹɦɢ 

ɮɭɧɤɰɢɢ ɨɪɢɝɢɧɚɥɚ ݂(ݔ) ɢ ɫɢɧɝɭɥɹɪɧɵɦɢ ɪɚɡɥɨɠɟɧɢɹɦɢ ɟɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 

Ɇɟɥɥɢɧɚ . 

ɉɭɫɬɶ ܯ ⊂ ℂ,ܽ − ɩɪɟɞɟɥɶɧɚɹ ɬɨɱɤɚ ܯ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 1.4. ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɮɭɧɤɰɢɣ  𝜑݊(ݔ) ,݊ = 0,1,2… , ݔ ∈  ,ܯ

ɧɚɡɵɜɚɟɬɫɹ ɚɫɢɦɩɬɨɬɢɱɟɫɤɨɣ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶɸ (ɩɪɢ ݔ → ܽ, ݔ ∈  ,(ܯ

ɟɫɥɢ ɞɥɹ ɥɸɛɨɝɨ n 𝜑݊+1 ݔ = ݔ,  ݔ 𝜑݊ ݋ → ܽ, ݔ ∈  .ܯ

Ɉɩɪɟɞɟɥɟɧɢɟ 1.5. ɉɭɫɬɶ  φn(x)  ɚɫɢɦɩɬɨɬɢɱɟɫɤɚɹ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɩɪɢ 

x → a, x ∈ M. Ɏɨɪɦɚɥɶɧɵɣ ɪɹɞ 

 ܽ݊𝜑݊ ݔ ,   ܽ݊ = ,ݐݏ݊݋ܿ

+∞
݊=0

 

 

(3.3) 

ɧɚɡɵɜɚɟɬɫɹ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɦ ɪɚɡɥɨɠɟɧɢɟɦ ɮɭɧɤɰɢɢ݂(ݔ), ɟɫɥɢ ɞɥɹ ɥɸɛɨɝɨ 

N ൒ 0 

= ݔ 𝜑݊݊ܽ − ݔ ݂ ܰ 𝜑ܰ ݋
݊=0

, ݔ → ܽ, ݔ ∈  .ܯ

Ɋɹɞ (1.3) ɧɚɡɵɜɚɸɬ ɬɚɤɠɟ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɦ ɪɚɡɥɨɠɟɧɢɟɦ ɞɥɹ ɮɭɧɤɰɢɢ ɢ 

ɢɫɩɨɥɶɡɭɟɬɫɹ ɨɛɨɡɧɚɱɟɧɢɟ 

ܰ ݔ 𝜑݊݊ܽ ~ ݔ ݂
݊=0

, ݔ → ܽ, ݔ ∈  .ܯ
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Ɂɚɦɟɬɢɦ, ɱɬɨ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɣ ɪɹɞ ɦɨɠɟɬ ɛɵɬɶ ɪɚɫɯɨɞɹɳɢɦɫɹ. ɗɬɚ 

ɜɨɡɦɨɠɧɨɫɬɶ ɡɚɥɨɠɟɧɚ ɜ ɨɩɪɟɞɟɥɟɧɢɢ. Ɋɚɡɭɦɟɟɬɫɹ, ɫɯɨɞɹɳɢɟɫɹ ɪɹɞɵ ɬɚɤɠɟ 

ɹɜɥɹɸɬɫɹ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɦɢ. 

Ɍɟɨɪɟɦɚ 1.2. [10] ɉɭɫɬɶ ɮɭɧɤɰɢɹ ݂(ݔ)ɢɦɟɟɬ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ ℳ ݖ  ݕ  ɫ ɧɟɩɭɫɬɨɣ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɣ ɩɨɥɨɫɨɣ Ƚ < ℛe z <  ,ɉɪɟɞɩɨɥɨɠɢɦ .ߚ

ɱɬɨ ݂(ݔ)ɢɦɟɟɬ ɫɥɟɞɭɸɳɢɟ ɪɚɡɥɨɠɟɧɢɹ: 

∞+݇ߙݔ݇ܿ ~ ݔ ݂
݇=1

, ݔ → 0, 
(1.4) 

∞+݇ߚݔ݇݀ ~ ݔ ݂
݇=1

, ݔ → ∞, 
(1.5) 

ɝɞɟ Ƚk → +∞,  Ⱦk → −∞.  Ɍɨɝɞɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ ℳ ݖ  ݕ ɟɫɬɶ 

ɦɟɪɨɦɨɪɮɧɚɹ ɮɭɧɤɰɢɹ ɜɨ ɜɫɟɣ ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ ɫ ɩɨɥɸɫɚɦɢ ɜ ɬɨɱɤɚɯ – Ƚk  и −Ⱦk ~ ݖ  ݂ ܯ : ݖ݇ܿ + ݇ߙ , ݖ → ݇ߙ− , 

~ ݖ  ݂ ܯ − ݖ݇݀ + ݇ߚ , ݖ → ݇ߚ− . 

 

2 Ɇɧɨɝɨɦɟɪɧɵɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ 

 

2.1 ɉɪɟɞɜɚɪɢɬɟɥɶɧɵɟ ɫɜɟɞɟɧɢɹ  

 

Ɉɩɪɟɞɟɥɢɦn-ɦɟɪɧɨɟ ɤɨɦɩɥɟɤɫɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ. Ɋɚɫɫɦɨɬɪɢɦ 

ɟɜɤɥɢɞɨɜɨ ɩɪɨɫɬɪɚɧɫɬɜɨ Թ2݊ . ȿɝɨ ɬɨɱɤɢ ɷɬɨ ɭɩɨɪɹɞɨɱɟɧɧɵɟ ɧɚɛɨɪɵ2݊ 

ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ (1ݔ,… ,  .Ɋɚɫɫɦɨɬɪɢɦ ɜ ɧɟɦ ɫɥɟɞɭɸɳɭɸ ɫɬɪɭɤɬɭɪɭ .(2݊ݔ

ɉɨɥɨɠɢɦ ݖ𝜈 = 𝜈ݔ + 𝜈+݊ݔ݅ , 𝜈 = 1,… , ݊. Ɉɛɨɡɧɚɱɢɦ ݊ݔ+𝜈 = 𝜈ݕ , ɬɚɤ ɱɬɨ ݖ𝜈 = 𝜈ݔ + 𝜈ݕ݅ , 𝜈 = 1,… ,݊. ɉɪɨɫɬɪɚɧɫɬɜɨ, ɬɨɱɤɢ ɤɨɬɨɪɨɝɨ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ 
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ɭɩɨɪɹɞɨɱɟɧɧɵɟ ɧɚɛɨɪɵ ɢɡ n ɤɨɦɩɥɟɤɫɧɵɯ ɬɨɱɟɤ ݖ = …,1ݖ) , -ɧɚɡɵɜɚɸɬ n ,(݊ݖ

ɦɟɪɧɵɦ ɤɨɦɩɥɟɤɫɧɵɦ ɩɪɨɫɬɪɚɧɫɬɜɨɦ ɢ ɨɛɨɡɧɚɱɚɸɬ ℂ݊ . 

Ɍɚɤɠɟ ɧɚɦ ɩɨɧɚɞɨɛɢɬɫɹ ɩɨɧɹɬɢɟ ɬɪɭɛɱɚɬɨɣ ɨɛɥɚɫɬɢ ɜ ℂ݊ . Ɉɛɥɚɫɬɶ, ɜ 

ɤɨɬɨɪɭɸ ɜɦɟɫɬɟ ɫ ɤɚɠɞɨɣ ɟɟ ɬɨɱɤɨɣ 0ݖ = ݖ ɜɯɨɞɢɬ ɢ ɬɨɱɤɚ {𝜈0ݖ} 𝜈0ݖ = + ∞−, 𝜈ݕ݅ < 𝜈ݕ < ∞, ɧɚɡɵɜɚɟɬɫɹ ɬɪɭɛɱɚɬɨɣ ɨɛɥɚɫɬɶɸ. Ɍɪɭɛɱɚɬɭɸ 

ɨɛɥɚɫɬɶ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɜ ɜɢɞɟ ܶ = ܷ + ݅Թ݊ ݕ , ɝɞɟ ܷ –ɨɛɥɚɫɬɶ ɜԹ݊ . 

ɇɚɩɨɦɧɢɦ, ɱɬɨ ɢɡ ɫɟɛɹ ɩɪɟɞɫɬɚɜɥɹɟɬ ɪɢɦɚɧɨɜɚ ɩɨɜɟɪɯɧɨɫɬɶ 

ɮɭɧɤɰɢɢݖ ݊ܮ. Ɏɭɧɤɰɢɹݖ ݊ܮ ɹɜɥɹɟɬɫɹ ɦɧɨɝɨɡɧɚɱɧɨɣ ɢ ɡɚɞɚɟɬɫɹ ɮɨɪɦɭɥɨɣ:  ݖ ݊ܮ = + ݖ ݈݊ ݅argݖ, 

ɝɞɟ ɡɧɚɱɟɧɢɟ argݖɨɩɪɟɞɟɥɹɟɬɫɹ ɩɨ ɮɨɪɦɭɥɟ: argݖ = (argݖ)0 + 2𝜋݇, −𝜋 < arg 0 ݖ < 𝜋,݇ ∈ Ժ.Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɮɭɧɤɰɢɹ ݖ ݊ܮ ɹɜɥɹɟɬɫɹ ɦɧɨɝɨɡɧɚɱɧɨɣ ɡɚ 

ɫɱɟɬ ɦɧɨɝɨɡɧɚɱɧɨɫɬɢ ɟɟ ɚɪɝɭɦɟɧɬɚ. Ɉɧɚ ɢɦɟɟɬ ɬɨɱɤɢ ɜɟɬɜɥɟɧɢɹ 0 ɢ ∞. 

Ɋɚɫɫɦɨɬɪɢɦ ɨɛɥɚɫɬɶܦ, ɤɨɬɨɪɚɹ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɩɥɨɫɤɨɫɬɶ ℂ, ɫ ɪɚɡɪɟɡɨɦ 

ɜɞɨɥɶ ɥɭɱɚ (−∞; 0]. Ɉɛɨɡɧɚɱɢɦ ɜɟɪɯɧɢɣ ɛɟɪɟɝ ɪɚɡɪɟɡɚ ɷɬɨɣ ɩɥɨɫɤɨɫɬɢ݈+, 

ɧɢɠɧɢɣ ɛɟɪɟɝ –݈−. ȼ ɷɬɨɣ ɨɛɥɚɫɬɢ ɮɭɧɤɰɢɹ ɪɚɫɩɚɞɚɟɬɫɹ ɧɚ ɛɟɫɤɨɧɟɱɧɨɟ ɱɢɫɥɨ 

ɜɟɬɜɟɣ:  ݖ ݊ܮ = + ݖ ݈݊ ݅(argݖ)0 + ݅2𝜋݇, ݇ ∈ Ժ. 

Ɋɚɫɫɦɨɬɪɢɦ ɛɟɫɤɨɧɟɱɧɨɟ ɦɧɨɠɟɫɬɜɨ {D݇} ɷɤɡɟɦɩɥɹɪɨɜ ܦ ɫ ɪɚɡɪɟɡɚɦɢ ݈±݇. 

ɉɭɫɬɶ ݖ = ݔ < 0, ɬɨɝɞɚ  

݇(ݔ݊ܮ) = + ݔ ݈݊ ݅𝜋 + ݅2𝜋݇ = + ݔ ݈݊ ݅ 2݇ + 1 𝜋, ݔ ∈ ݈݇+, 

݇(ݔ݊ܮ) = − ݔ ݈݊ ݅𝜋 + ݅2𝜋݇ = + ݔ ݈݊ ݅ 2݇ − 1 𝜋, ݔ ∈ ݈−݇. 

«ɋɤɥɟɢɦ» ɛɟɪɟɝɚ ݈݇+ ɢ ݈݇+1
− ݇(ݔ݊ܮ) : |݈݇+ = 1+݈݇|1+݇(ݔ݊ܮ)

− . Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 

ɩɨɥɭɱɢɦ ɛɟɫɤɨɧɟɱɧɭɸ ɩɨɜɟɪɯɧɨɫɬɶ, ɧɚ ɤɨɬɨɪɨɣ ݖ ݊ܮ ɛɭɞɟɬ ɨɞɧɨɡɧɚɱɧɨɣ 

ɮɭɧɤɰɢɟɣ. Ɍɚɤɚɹ ɩɨɜɟɪɯɧɨɫɬɶ ɧɚɡɵɜɚɟɬɫɹ ɪɢɦɚɧɨɜɨɣ ɩɨɜɟɪɯɧɨɫɬɶɸ ɢɥɢ 

ɪɢɦɚɧɨɜɨɣ ɨɛɥɚɫɬɶɸɮɭɧɤɰɢɢ ݖ݊ܮ (ɪɢɫ.1). 
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Ɋɢɫɭɧɨɤ 1 - Ɋɢɦɚɧɨɜɚ ɩɨɜɟɪɯɧɨɫɬɶ ɮɭɧɤɰɢɢ ݂(ݖ) =  ݖ݊ܮ

ȼɜɟɞɟɦ ɩɨɧɹɬɢɟ ɫɟɤɬɨɪɢɚɥɶɧɨɣ ɨɛɥɚɫɬɢ. Сɟɤɬɨɪɢɚɥɶɧɚɹ ɨɛɥɚɫɬɶ – ɷɬɨ 

ɩɨɞɦɧɨɠɟɫɬɜɨ ɜ ɦɧɨɠɟɫɬɜɟ 𝒮 = Թ+݊ ×Թ݊ , 

ɹɜɥɹɸɳɟɟɫɹ ɪɢɦɚɧɨɜɨɣ ɨɛɥɚɫɬɶɸ ɧɚɞ ɤɨɦɩɥɟɤɫɧɵɦ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɬɨɪɨɦ 𝕋݊ = (ℂ\{0})݊ . Ɍɨɱɤɢ ݔ = ,ݎ) 𝜃) ∈ 𝒮(ݎ ∈ Թ+݊,𝜃 ∈ Թ݊) ɩɪɨɟɤɬɢɪɭɸɬɫɹ ɜ 

ɜɟɤɬɨɪɵ ݅݁ݎ𝜃 = 1݁݅𝜃1ݎ  ,… , ݎ݊ ݁݅𝜃݊  . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɟɤɬɨɪɢɚɥɶɧɚɹ ɨɛɥɚɫɬɶ ɧɚɞ ɨɛɥɚɫɬɶɸΘ ⊂ Թ݊– ɷɬɨ 

ɦɧɨɠɟɫɬɜɨ ɜɢɞɚ  𝒮Θ = ݔ  ∈ 𝒮:𝜃 ∈ Θ . 
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2.2 Ɉɩɪɟɞɟɥɟɧɢɟ ɦɧɨɝɨɦɟɪɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ Ɇɟɥɥɢɧɚ  

 

ɉɪɹɦɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Мɟɥɥɢɧɚ ɮɭɧɤɰɢɢ Φ(ݔ), ɡɚɞɚɧɧɨɣ ɜ 

ɨɪɬɚɧɬɟԹ+݊(ɩɪɨɢɡɜɟɞɟɧɢɢ ɩɨɥɨɠɢɬɟɥɶɧɵɯ ɜɟɳɟɫɬɜɟɧɧɵɯ ɩɨɥɭɨɫɟɣ), 

ɨɩɪɟɞɟɥɹɟɬɫɹ ɢɧɬɟɝɪɚɥɨɦ  

ℳ ݖ  ݕ =  Φ(ݔ)ݔ݀ܫ−ݖݔԹ+݊

, 

ɝɞɟ ܫ−ݖݔ = 1ݔ
1−1ݖ ∙ … ∙ ݔ 1−݊ݖ݊

. 

Ɉɛɪɚɬɧɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Мɟɥɥɢɧɚ ɮɭɧɤɰɢɢ (ݖ)ܨ, ɡɚɞɚɧɧɨɣ ɜ ɦɧɢɦɨɦ 

ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɟ ܽ + ݅Թ݊ , ܽ – ɮɢɤɫɢɪɨɜɚɧɧɵɣ ɜɟɤɬɨɪ ɢɡ Թ݊ , ɨɩɪɟɞɟɥɹɟɬɫɹ 

ɫɥɟɞɭɸɳɢɦ ɢɧɬɟɝɪɚɥɨɦ: 

ℳ−1 F  ݔ =
1 2𝜋݅ ݊  F ܽݖ݀ݖ−ݔ ݖ+݅Թ݊ , 

ɝɞɟ ݖ−ݔ = 1ݔ
1ݖ− ∙ … ∙ ݊ݖ݊−ݔ . 

 

2.3Ʉɥɚɫɫɵ ɮɭɧɤɰɢɣ𝑴𝚯𝑼 ɢ 𝑾𝑼𝚯. Ɍɟɨɪɟɦɵ ɨɛɪɚɳɟɧɢɹ 

 

ȼɜɟɞɟɦ ɞɜɚ ɤɥɚɫɫɚ ɝɨɥɨɦɨɪɮɧɵɯ ɮɭɧɤɰɢɣ ɨɬ n ɩɟɪɟɦɟɧɧɵɯ ܯΘܷ  ɢ ܷܹΘ , 

ɦɟɠɞɭ ɤɨɬɨɪɵɦɢ ℳ ɢ ℳ−1ɨɫɭɳɟɫɬɜɥɹɸɬ ɢɡɨɦɨɪɮɢɡɦ [1]. Ɋɚɫɫɦɨɬɪɢɦ ɞɜɚ 

ɷɤɡɟɦɩɥɹɪɚ ɩɪɨɫɬɪɚɧɫɬɜɚ Թ݊  ɩɟɪɟɦɟɧɧɵɯ u ɢ 𝜃. ȼɵɛɟɪɟɦ ɜ ɧɢɯ ɜɵɩɭɤɥɵɟ 

ɨɛɥɚɫɬɢ ܷ ⊂ Թ݊ ,Θ ⊂ Թ݊ , ɩɪɢɱɟɦ Θ ɨɝɪɚɧɢɱɟɧɚ ɢ ɫɨɞɟɪɠɢɬ ɧɚɱɚɥɨ ɤɨɨɪɞɢɧɚɬ: 

0 ∈ Θ. ɋɨɩɨɫɬɚɜɢɦ ɨɛɥɚɫɬɢ Uɬɪɭɛɱɚɬɭɸ ɨɛɥɚɫɬɶܷ + ݅Թ݊ , ɨɛɥɚɫɬɢ Θ – 

ɫɟɤɬɨɪɢɚɥɶɧɭɸ ɨɛɥɚɫɬɶ𝒮Θ .  

Ʉɥɚɫɫɵ ɮɭɧɤɰɢɣ ɨɩɪɟɞɟɥɢɦ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 
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Θܷܯ  – ɜɟɤɬɨɪɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɮɭɧɤɰɢɣ Φ ݔ , ɝɨɥɨɦɨɪɮɧɵɯ ɜ ɤɚɤɨɣ ɥɢɛɨ 

ɫɟɤɬɨɪɢɚɥɶɧɨɣ ɨɛɥɚɫɬɢ  𝒮݇Θ = ݔ  ∈ 𝒮:  argݔ < ݇Θ ,݇ > 1, 

ɢ ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɭɫɥɨɜɢɸ   Φ ݔ  ൑ ܽ−ݔ  ܽ ܥ ݔ∀   ∈ 𝒮݇Θ , ܽ ∈ ܷ; 

ܷܹΘ  – ɜɟɤɬɨɪɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɮɭɧɤɰɢɣ F ݖ = F(ݑ +  ɝɨɥɨɦɨɪɮɧɵɯ ɜ(ݒ݅

ɬɪɭɛɱɚɬɨɣ ɨɛɥɚɫɬɢ ܷ + ݅Թ݊  ɢ ɭɛɵɜɚɸɳɢɯ ɜ ɧɟɣ ɷɤɫɩɨɧɟɧɰɢɚɥɶɧɨ ɩɨ ݒ:  F ݑ + ൑  ݒ݅ 𝜃ܪ݇−݁ ݑ ܭ ݇, ݒ  > 1, 

ɝɞɟ ܪΘ ݒ ≔ ,𝜃∈Θ 𝜃݌ݑݏ  .ɨɩɨɪɧɚɹ ɮɭɧɤɰɢɹ ɨɛɥɚɫɬɢΘ –  ݒ

Ɍɟɨɪɟɦɚ 2.1.[1]ȿɫɥɢ Φ(ݔ) ∈ Θܷܯ , ɬɨ ɟɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ 

ɫɭɳɟɫɬɜɭɟɬ, ɩɪɢɧɚɞɥɟɠɢɬ ɤɥɚɫɫɭ ܷܹΘ  ɢ ɫɩɪɚɜɟɞɥɢɜɚ ɮɨɪɦɭɥɚ: 

1 2𝜋݅ ݊ Թ݊݅+ܽݖ݀ݖ−ݔ   Φ ߞ݀ܫ−ݖߞ ߞԹ+݊

= Φ ݔ, ݔ ∈ 𝒮݇Θ ,ܽ ∈ ܷ. 

Ɍɟɨɪɟɦɚ 2.2. [1]ȿɫɥɢ F(ݖ) ∈ ܷܹΘ , ɬɨ ɟɟ ɨɛɪɚɬɧɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ 

Ɇɟɥɥɢɧɚ ɫɭɳɟɫɬɜɭɟɬ, ɩɪɢɧɚɞɥɟɠɢɬ ɤɥɚɫɫɭ ܯΘܷ  ɢ ɫɩɪɚɜɟɞɥɢɜɚ ɮɨɪɦɭɥɚ: 

݊+Թݔ1݀−ݖݔ 

1 2𝜋݅ ݊  F ܽݐ݀ݐ−ݔ ݐ+݅Թ݊ = F(ݖ), ݖ ∈ ܽ + ݅Թ݊ ,ܽ ∈ ܷ. 

 

3 ɉɪɢɦɟɧɟɧɢɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɤ ɪɟɲɟɧɢɸ 

ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ 

 

3.1 Ⱥɥɝɟɛɪɚɢɱɟɫɤɚɹ ɮɭɧɤɰɢɹ  

 Ⱥɥɝɟɛɪɚɢɱɟɫɤɚɹ ɮɭɧɤɰɢɹ – ɮɭɧɤɰɢɹ ɜɢɞɚ ݕ = …,1ݔ)݂ , …,1ݔ ɩɟɪɟɦɟɧɧɵɯ (݊ݔ , ݊ݔ , ɭɞɨɜɥɟɬɜɨɪɹɸɳɚɹ ɭɪɚɜɧɟɧɢɸ 
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,ݕ ܨ 1ݔ ,… , = ݊ݔ 0, (3.1) 

ɝɞɟ F – ɧɟɩɪɢɜɨɞɢɦɵɣ ɦɧɨɝɨɱɥɟɧ ɨɬ ɩɟɪɟɦɟɧɧɵɯ ݕ, 1ݔ ,… , ݊ݔ  ɫ 

ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɡ ɧɟɤɨɬɨɪɨɝɨ ɩɨɥɹ 𝕂 [4]. Ɇɧɨɝɨɱɥɟɧ ݕ ܨ, …,1ݔ ,  ɱɚɫɬɨ  ݊ݔ

ɡɚɩɢɫɵɜɚɸɬ ɩɨ ɫɬɟɩɟɧɹɦ ɩɟɪɟɦɟɧɧɨɝɨ ݕ, ɬɚɤ ɱɬɨ ɭɪɚɜɧɟɧɢɟ (3.1) ɩɪɢɨɛɪɟɬɟɬ 

ɜɢɞ 𝑃 …,1ݔ  , ݇ݕ ݊ݔ + 𝑃 …,1ݔ 1− , 1−݇ݕ ݊ݔ + ⋯+ 𝑃0 1ݔ,… , = ݊ݔ 0, 

ɝɞɟ 𝑃 …,1ݔ  , …, ݊ݔ ,𝑃0 1ݔ,… , 1ݔ  ɦɧɨɝɨɱɥɟɧɵ  ɨɬ –  ݊ݔ ,… , ݊ݔ , ɩɪɢɱɟɦ 𝑃 …,1ݔ  , ≢ ݊ݔ 0. ɑɢɫɥɨ k ɧɚɡɵɜɚɟɬɫɹ ɫɬɟɩɟɧɶɸ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɭɧɤɰɢɢ. ȼ 

ɫɥɭɱɚɟ ݇ = 1ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɮɭɧɤɰɢɹ ɦɨɠɟɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧɚ ɜ ɜɢɞɟ 

ɨɬɧɨɲɟɧɢɹ 

ݕ = −𝑃0 1ݔ ,… , 1ݔ 𝑃1 ݊ݔ ,… ,   ݊ݔ
ɢ ɧɚɡɵɜɚɟɬɫɹ ɪɚɰɢɨɧɚɥɶɧɨɣ ɮɭɧɤɰɢɟɣ ɨɬ 1ݔ,… , ݊ݔ . ɉɪɢ ݇ = 2, 3, 4 ɮɭɧɤɰɢɹ 

ɦɨɠɟɬ ɛɵɬɶ ɜɵɪɚɠɟɧɚ ɱɟɪɟɡ ɤɜɚɞɪɚɬɧɵɟ ɢ ɤɭɛɢɱɟɫɤɢɟ. ɉɪɢ ݇ > 4 ɷɬɨ, ɜɨɨɛɳɟ 

ɝɨɜɨɪɹ, ɧɟɜɨɡɦɨɠɧɨ. 

 ɂɫɬɨɪɢɱɟɫɤɢ ɫɥɨɠɢɥɢɫɶ ɬɪɢ ɩɨɞɯɨɞɚ ɤ ɢɫɫɥɟɞɨɜɚɧɢɸɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 

ɮɭɧɤɰɢɣ: ɬɟɨɪɟɬɢɤɨ-ɮɭɧɤɰɢɨɧɚɥɶɧɵɣ, ɚɪɢɮɦɟɬɢɤɨ-ɚɥɝɟɛɪɚɢɱɟɫɤɢɣ ɢ 

ɚɥɝɟɛɪɨ-ɝɟɨɦɟɬɪɢɱɟɫɤɢɣ. ɉɟɪɜɨɟ ɧɚɩɪɚɜɥɟɧɢɟ ɜ ɬɟɨɪɢɢ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 

ɮɭɧɤɰɢɣ ɨɞɧɨɝɨ ɩɟɪɟɦɟɧɧɨɝɨ ɫɜɹɡɚɧɨ ɫ ɢɡɭɱɟɧɢɟɦ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɮɭɧɤɰɢɣ 

ɧɚɞ ɩɨɥɟɦ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɢ ɪɚɫɫɦɨɬɪɟɧɢɟɦ ɢɯ ɤɚɤ ɦɟɪɨɦɨɪɮɧɵɯ 

ɮɭɧɤɰɢɣ ɧɚ ɪɢɦɚɧɨɜɵɯ ɩɨɜɟɪɯɧɨɫɬɹɯ ɢ ɤɨɦɩɥɟɤɫɧɵɯ ɦɧɨɝɨɨɛɪɚɡɢɹɯ. 

 ɇɚɞ ɩɨɥɟɦ ℂ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɮɭɧɤɰɢɹ ɨɞɧɨɝɨ 

ɩɟɪɟɦɟɧɧɨɝɨ ݕ =  ɹɜɥɹɟɬɫɹ ݇-ɡɧɚɱɧɨɣ ɚɧɚɥɢɬɢɱɟɫɤɨɣ ɮɭɧɤɰɢɟɣ. ȿɫɥɢ (ݔ)݂

ɨɛɨɡɧɚɱɢɬɶ ɱɟɪɟɡ (ݔ)ܦɞɢɫɤɪɢɦɢɧɚɧɬ ɦɧɨɝɨɱɥɟɧɚ ݕ,ݔ ܨ = 𝑃 ݇ݕ ݔ  + 𝑃 1−݇ݕ ݔ 1− + ⋯+ 𝑃0 ݔ = 0,𝑃 ≢ ݔ  0 

(3.2) 
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ɞɥɹ ɤɨɬɨɪɨɝɨ ( ݔ ݂,ݔ)ܨ = 0,  

ɢ ɫɨɫɬɚɜɢɬɶ ɭɪɚɜɧɟɧɢɟ 𝑃 = ݔ ܦ ݔ  0, 

ɬɨ ɤɨɪɧɢ 1ݔ,… , ݉ݔ  ɷɬɨɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚɡɵɜɚɸɬɫɹ ɤɪɢɬɢɱɟɫɤɢɦɢ ɡɧɚɱɟɧɢɹɦɢ 

ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɭɧɤɰɢɢ ݕ = ܩ Ⱦɨɩɨɥɧɢɬɟɥɶɧɨɟ ɦɧɨɠɟɫɬɜɨ .(ݔ)݂ = ℂ 1ݔ ∖ ,… , ݉ݔ   ɧɚɡɵɜɚɟɬɫɹ ɧɟɤɪɢɬɢɱɟɫɤɢɦ ɦɧɨɠɟɫɬɜɨɦ. Ⱦɥɹ ɥɸɛɨɣ ɬɨɱɤɢ 0ݔ ∈ 0ݕ ɭɪɚɜɧɟɧɢɟ (3.2) ɢɦɟɟɬ kɪɚɡɥɢɱɧɵɯ ɤɨɪɧɟɣ ܩ
1,… , 0݇ݕ , ɩɪɢɱɟɦ 

ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ ߲0݆ݕ,0ݔ ܨ ݕ߲  ≠ 0, ݆ = 1,… ,݇. 

ȼ ɷɬɨɣ ɫɢɬɭɚɰɢɢ ɩɪɢɦɟɧɢɦɚ ɬɟɨɪɟɦɚ ɨ ɧɟɹɜɧɨɣ ɮɭɧɤɰɢɢ, ɫɨɝɥɚɫɧɨ ɤɨɬɨɪɨɣ ɜ 

ɨɤɪɟɫɬɧɨɫɬɢ ɬɨɱɤɢ 0ݔ ɫɭɳɟɫɬɜɭɟɬ kɨɞɧɨɡɧɚɱɧɵɯ ɚɧɚɥɢɬɢɱɟɫɤɢɯ 

ɮɭɧɤɰɢɣ 0݂
…, ݔ 1 , 0݂݇  ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɭɫɥɨɜɢɹɦ , ݔ 

0݂݆ = 0ݔ  0݆ݕ ܨ, ,ݔ  0݂݆ =  ݔ  0 

ɢ ɪɚɡɥɚɝɚɸɳɢɯɫɹ ɜ ɫɯɨɞɹɳɢɟ ɪɹɞɵ  

0݂݆ = ݔ  0݆ݕ + ݔ 1݆ߙ − + 0ݔ ݔ 2݆ߙ − + 0ݔ ⋯. 

 

(3.3) 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɞɥɹ ɤɚɠɞɨɣ ɬɨɱɤɢ 0ݔ ∈  ɫɬɪɨɢɬɫɹ k ɷɥɟɦɟɧɬɨɜ ܩ

ɚɧɚɥɢɬɢɱɟɫɤɢɯ ɮɭɧɤɰɢɣ. Ⱦɥɹ ɥɸɛɵɯ ɞɜɭɯ ɬɨɱɟɤ1ݔ, 2ݔ ∈  ɥɸɛɵɟ ɷɥɟɦɟɧɬɵ ܩ

1݂݅ и 2݂݆  ݔ  1ݔ ɫ ɰɟɧɬɪɚɦɢ, ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɜ  ݔ   и 2ݔ, ɩɨɥɭɱɚɸɬɫɹ ɞɪɭɝ ɢɡ 

ɞɪɭɝɚ ɚɧɚɥɢɬɢɱɟɫɤɢɦ ɩɪɨɞɨɥɠɟɧɢɟɦ ɜɞɨɥɶ ɧɟɤɨɬɨɪɨɣ ɤɪɢɜɨɣ, ɥɟɠɚɳɟɣ ɜ ܩ. 

ȼ ɱɚɫɬɧɨɫɬɢ, ɬɚɤɢɦ ɫɩɨɫɨɛɨɦ ɫɜɹɡɚɧɵ ɢ ɥɸɛɵɟ ɞɜɚ ɷɥɟɦɟɧɬɚ ɫ ɨɞɧɢɦ 

ɰɟɧɬɪɨɦ. 

 

3.2 ɂɧɬɟɝɪɚɥ Ɇɟɥɥɢɧɚ-Ȼɚɪɧɫɚ 
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ɉɨɞ n-ɦɟɪɧɵɦ ɢɧɬɟɝɪɚɥɨɦ Мɟɥɥɢɧɚ-Ȼɚɪɧɫɚ ɛɭɞɟɦ ɩɨɧɢɦɚɬɶ ɢɧɬɟɝɪɚɥ 

Φ ݔ =
1

(2𝜋݅)݊   Γ  ݆ܽ , + ݖ ܾ݆ ݆݌ 
=1 Γ  ܿ݇ , + ݖ ݍ݇ ݇݀
=1

1ݔ
1ݖ− Թ݊݅+ߛ,ݖ݀݊ݖ݊−ݔ…

 

 

(3.4) 

ɝɞɟ ݆ܽ , ܿ݇ ∈ Թ݊  – ɜɟɳɟɫɬɜɟɧɧɵɟ ɩɚɪɚɦɟɬɪɵ,  ܾ݆ ,݀݇ ∈ Թ, ɚ ɬɨɱɤɚ ߛ ∈ Թ݊  

ɜɵɛɪɚɧɚ ɬɚɤ, ɱɬɨ ɜɟɪɬɢɤɚɥɶɧɨɟ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɧɟ 

ɩɟɪɟɫɟɤɚɟɬ ɩɨɥɸɫɵ ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɣ ɮɭɧɤɰɢɢ, ɫɨɫɬɨɹɳɢɟ ɢɡ ɫɟɦɟɣɫɬɜɚ 

ɩɥɨɫɤɨɫɬɟɣ  ݆ܽ , + ݖ ܾ݆ = −𝜈, 𝜈 = 0,1,… , ݆ = 1,…  .݌,

 Ɇɟɬɨɞ ɜɵɱɢɫɥɟɧɢɹ ɢɧɬɟɝɪɚɥɚ (3.4) ɛɵɥ ɩɪɟɞɫɬɚɜɥɟɧ ɜ [2], [3]. Ɉɫɧɨɜɨɣ 

ɦɟɬɨɞɚ ɹɜɥɹɟɬɫɹ ɩɪɢɧɰɢɩ ɪɚɡɞɟɥɹɸɳɢɯɫɹ ɰɢɤɥɨɜ ɜ ɬɟɨɪɢɢ ɦɧɨɝɨɦɟɪɧɵɯ 

ɜɵɱɟɬɨɜ. ȼ ɮɨɪɦɭɥɢɪɨɜɤɟ ɷɬɨɝɨ ɩɪɢɧɰɢɩɚ ɪɟɱɶ ɢɞɟɬ ɨ ɜɵɱɢɫɥɟɧɢɢ 

ɢɧɬɟɝɪɚɥɨɜ  

1

(2𝜋݅)݊ ݖ݀(ݖ)݄ 
⋅ ݖ 1݂ … ⋅ ݂݊ ݃∆ ݖ   

 

(3.5) 

ɬɢɩɚ Ƚɪɨɬɟɧɞɢɤɚ, ɝɞɟ ɩɨɥɸɫɵ ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɣ ɦɟɪɨɦɨɪɮɧɨɣ ɮɨɪɦɵ 

ɚɫɫɨɰɢɢɪɨɜɚɧɵ ɫ ɝɨɥɨɦɨɪɮɧɵɦ ɫɨɛɫɬɜɟɧɧɵɦ ɨɬɨɛɪɚɠɟɧɢɟɦ ݂ = 1݂,… , ݂݊  :ℂ݊ → ℂ݊ , ɚ ɦɧɨɠɟɫɬɜɨ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ∆݃  ɟɫɬɶ ɨɫɬɨɜ ɩɨɥɢɷɞɪɚ  ݃ , 

ɚɫɫɨɰɢɢɪɨɜɚɧɧɨɝɨ ɫ ɞɪɭɝɢɦ ɝɨɥɨɦɨɪɮɧɵɦ ɫɨɛɫɬɜɟɧɧɵɦ ɨɬɨɛɪɚɠɟɧɢɟɦ ݃ =  ݃1,… ,݃݊ :ℂ݊ → ℂ݊ . ȼ ɫɥɭɱɚɟ, ɤɨɝɞɚ ɨɬɨɛɪɚɠɟɧɢɹ ݂ ɢ ݃ ɫɨɜɩɚɞɚɸɬ, ɬɨ ɜ 

ɤɚɱɟɫɬɜɟ ɩɨɥɢɷɞɪɚ  ݂  ɛɟɪɟɬɫɹ ɦɧɨɠɟɫɬɜɨ  ݂  = :ݖ  >  ݖ 1݂  …,1ݎ ,  ݂݊ >  ݖ  ݎ݊  . 
 

(3.6) 

ȼɵɱɟɬ Ƚɪɨɬɟɧɞɢɤɚɩɨɞɵɧɬɟɝɪɚɥɶɧɵɯ ɮɨɪɦ ω  ɜ (3.5) ɜ ɢɡɨɥɢɪɨɜɚɧɧɨɦ ɧɭɥɟ 
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ܽ ∈ ݂−1 0  ɨɬɨɛɪɚɠɟɧɢɹ ݂ ɨɩɪɟɞɟɥɹɟɬɫɹ ɢɧɬɟɝɪɚɥɨɦ ݏ݂݁ݎ ,ܽ߱ =
1

(2𝜋݅)݊  ߱Γܽ (݂)

, 

ɝɞɟ Γܽ (݂) – ɥɨɤɚɥɶɧɵɣ ɰɢɤɥ, ɨɩɪɟɞɟɥɟɧɧɵɣ ɜ ɦɚɥɨɣ ɨɤɪɟɫɬɧɨɫɬɢ ܷܽ  ɬɨɱɤɢ ݂ 

ɜ ɜɢɞɟ ɬɪɭɛɤɢ: Γܽ  ݂ = ݖ  ∈ ܷܽ : =  ݖ 1݂  1ߝ ,… ,  ݂݊ =  ݖ  , ݊ߝ ߝ݆ ≪ 1. 

ȼɫɥɭɱɚɟ,ɤɨɝɞɚܽ–ɩɪɨɫɬɨɣɧɭɥɶɨɬɨɛɪɚɠɟɧɢɹ݂ 

(ɬ.ɟ.ɹɤɨɛɢɚɧ݂ܬɧɟɪɚɜɟɧɧɭɥɸ ɜ ɬɨɱɤɟ ܽ), ɞɚɧɧɵɣɜɵɱɟɬ ɜɵɱɢɫɥɹɟɬɫɹ ɩɨ 

ɮɨɪɦɭɥɟ ݏ݂݁ݎ ,ܽ߱ =
(ܽ)݂ܬ ܽ ݄

. 

 

(3.7) 

ȼ ɨɞɧɨɦɟɪɧɨɦ ɫɥɭɱɚɟ ɮɨɪɦɭɥɚ (3.7) – ɷɬɨ ɯɨɪɨɲɨ ɢɡɜɟɫɬɧɚɹ ɮɨɪɦɭɥɚ ɞɥɹ 

ɜɵɱɟɬɚ ɦɟɪɨɦɨɪɮɧɨɣ ɮɭɧɤɰɢɢ ɜ ɩɪɨɫɬɨɦ ɩɨɥɸɫɟ. Ɉɫɬɨɜ ɩɨɥɢɷɞɪɚ  ݂  

ɡɚɞɚɟɬɫɹ ɜ ɜɢɞɟ ∆݂= :ݖ  =  ݖ 1݂  …,1ݎ ,  ݂݊ =  ݖ  ݎ݊   . (3.8) 

Ɂɚɦɟɧɚ ɥɢɲɶ ɨɞɧɨɝɨ ɧɟɪɚɜɟɧɫɬɜɚ < ݎ݆ ɧɚ ɪɚɜɟɧɫɬɜɨ = ݎ݆  ɜ (3.6) ɨɩɪɟɞɟɥɹɟɬ ݆-
ɸ ɝɢɩɟɪɝɪɚɧɶ ɞɥɹ  ݂ . 

ȼ ɜɨɩɪɨɫɟ ɨ ɩɪɟɞɫɬɚɜɥɟɧɢɢ ɢɧɬɟɝɪɚɥɚ (3.5) ɫɭɦɦɨɣ ɜɵɱɟɬɨɜ 

Ƚɪɨɬɟɧɞɢɤɚ ɜ ɬɨɱɤɚɯ ܽ ∈ ת 0 1−݂  ݃  ɜɚɠɧɭɸ ɪɨɥɶ ɢɝɪɚɟɬ ɫɥɟɞɭɸɳɟɟ 

ɩɨɧɹɬɢɟ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 3.1. ɉɨɥɢɷɞɪ  ݃  ɧɚɡɵɜɚɟɬɫɹ ɫɨɝɥɚɫɨɜɚɧɧɵɦ ɫ 

ɫɟɦɟɣɫɬɜɨɦ ɝɢɩɟɪɩɨɜɟɪɯɧɨɫɬɟɣ (ɞɢɜɢɡɨɪɨɜ)݆ܦ =  ݂݆ = 0 , ݆ = 1,… ,݊, ɟɫɥɢ 

j–ɹ ɝɢɩɟɪɝɪɚɧɶ ɩɨɥɢɷɞɪɚ  ݃  ɧɟ ɩɟɪɟɫɟɤɚɟɬ ݆ܦ  ɞɥɹ ɜɫɟɯ j ɨɬ 1 ɞɨ n. ȿɫɥɢ  ݃  

ɫɨɝɥɚɫɨɜɚɧ ɫ ɞɢɜɢɡɨɪɚɦɢ 1ܦ ,… ݊ܦ, , ɬɨ ɛɭɞɟɦ ɝɨɜɨɪɢɬɶ, ɱɬɨ ɟɝɨ ɨɫɬɨɜ ∆݃  

ɪɚɡɞɟɥɹɟɬ ɷɬɢ ɞɢɜɢɡɨɪɵ. 
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Ɍɟɨɪɟɦɚ 3.1.(ɩɪɢɧɰɢɩ ɪɚɡɞɟɥɹɸɳɢɯ ɰɢɤɥɨɜ)[3]ȿɫɥɢ ɩɨɥɢɷɞɪ  ݃  

ɨɝɪɚɧɢɱɟɧ ɢ ɫɨɝɥɚɫɨɜɚɧ ɫ ɫɟɦɟɣɫɬɜɨɦ ɩɨɥɹɪɧɵɯ ɞɢɜɢɡɨɪɨɜ ݆ܦ  , ɬɨ ɢɧɬɟɝɪɚɥ 

(3.5) ɪɚɜɟɧ ɫɭɦɦɟ ɜɵɱɟɬɨɜ Ƚɪɨɬɟɧɞɢɤɚ ɜ ɨɛɥɚɫɬɢ  ݃ . 

ȼ ɫɥɭɱɚɟ ɧɟɨɝɪɚɧɢɱɟɧɧɵɯ ɩɨɥɢɷɞɪɨɜ, ɤɪɨɦɟ ɭɪɚɜɧɟɧɢɹ 

ɫɨɝɥɚɫɨɜɚɧɧɨɫɬɢ ɩɨɥɢɷɞɪɚ ɢ ɫɟɦɟɣɫɬɜɚ ɩɨɥɹɪɧɵɯ ɞɢɜɢɡɨɪɨɜ, ɧɚɞɨ 

ɬɪɟɛɨɜɚɬɶ ɞɨɫɬɚɬɨɱɧɨ ɛɵɫɬɪɨɝɨ ɭɛɵɜɚɧɢɹ ɜ ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɣ ɮɨɪɦɟ  ݃ , 

ɩɨɞɨɛɧɨ ɬɨɦɭ ɤɚɤ ɷɬɨ ɞɟɥɚɟɬɫɹ ɜ ɤɥɚɫɫɢɱɟɫɤɨɣ ɥɟɦɦɟ ɀɨɪɞɚɧɚ, ɝɞɟ ɜ 

ɤɚɱɟɫɬɜɟ  ݃  ɜɵɫɬɭɩɚɟɬ ɩɨɥɭɩɥɨɫɤɨɫɬɶ. ɗɬɨ ɭɫɥɨɜɢɟ ɨɩɢɫɚɧɨ ɜ [3]. Ɉɧɨ 

ɫɨɫɬɨɢɬ ɜ ɧɟɤɨɧɮɥɨɷɧɬɧɨɫɬɢɢɧɬɟɝɪɚɥɚ (3.4) 

݌݆ܽ 
݆=1

= ݍ݇ܿ 
݇=1

. 

 ɉɟɪɜɨɧɚɱɚɥɶɧɨ ɡɚɞɚɧɧɵɣ ɢɧɬɟɝɪɚɥ (3.4) ɦɨɠɧɨ ɩɪɢɜɟɫɬɢ ɤ 

ɤɚɧɨɧɢɱɟɫɤɨɦɭ ɜɢɞɭ (3.5) ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ. ȼɟɪɬɢɤɚɥɶɧɨɟ 

ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ߛ + ݅Թ݊  ɦɨɠɧɨ ɢɧɬɟɪɩɪɟɬɢɪɨɜɚɬɶ ɤɚɤ 

ɨɫɬɨɜ ɧɟɤɨɬɨɪɨɝɨ ɩɨɥɢɷɞɪɚ, ɩɪɢɱɟɦ ɜ ɫɥɭɱɚɟ ݊ = 1  ɨɧɨ ɦɨɠɟɬ ɛɵɬɶ ɨɫɬɨɜɨɦ 

ɥɢɲɶ ɞɜɭɯ ɩɨɥɢɷɞɪɨɜ – ɥɟɜɨɣ ɢ ɩɪɚɜɨɣ ɩɨɥɭɩɥɨɫɤɨɫɬɢ ɫ ɪɚɡɞɟɥɹɸɳɟɣ ɥɢɧɢɟɣ ߛ + ݅Թ݊ . Ɉɞɧɚɤɨ ɜ ɫɥɭɱɚɟ ݊ > 1 ɷɬɨ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨ ɦɨɠɟɬ ɫɥɭɠɢɬɶ ɨɫɬɨɜɨɦ 

ɛɟɫɤɨɧɟɱɧɨɝɨ ɱɢɫɥɚ ɩɨɥɢɷɞɪɨɜ, ɜ ɧɚɲɟɦ ɫɥɭɱɚɟ ɡɚɞɚɱɚ ɫɨɫɬɨɢɬ ɜ ɬɨɦ, ɱɬɨɛɵ 

ɪɚɡɛɢɬɶ ɜɫɟ ɦɧɨɠɟɫɬɜɨ ɩɨɥɹɪɧɵɯ ɝɢɩɟɪɩɥɨɫɤɨɫɬɟɣ ɧɚ nɞɢɜɢɡɨɪɨɜ ɢ 

ɨɞɧɨɜɪɟɦɟɧɧɨ ɩɨɞɤɥɟɢɬɶ ɤ ߛ + ݅Թ݊  ɩɨɥɢɷɞɪ, ɫɨɝɥɚɫɨɜɚɧɧɵɣ ɫ ɷɬɢɦ 

ɫɟɦɟɣɫɬɜɨɦ ɞɢɜɢɡɨɪɨɜ ȼ ɤɚɱɟɫɬɜɟ ɩɨɥɢɷɞɪɨɜ ɛɭɞɟɦ ɛɪɚɬɶ ɫɥɟɞɭɸɳɢɟ:  ݃ = ݖ  ∈ ℂ݊ : Ը ݆݃ > ݖ  ݎ݆ , ݆ = 1,… ,݊ , 
ɝɞɟ ݆݃  .ɥɢɧɟɣɧɵɟ ɮɭɧɤɰɢɢ ɫ ɜɟɳɟɫɬɜɟɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ –  ݖ 

Ȼɭɞɟɦ ɫɱɢɬɚɬɶ ɷɬɢ ɮɭɧɤɰɢɢ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɦɢ.  
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3.3ɉɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ ɪɟɲɟɧɢɹ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 
ɭɪɚɜɧɟɧɢɣ 

 

Ɋɚɫɫɦɨɬɪɢɦ ɨɛɳɟɟ ɩɪɢɜɟɞɟɧɧɨɟ ɚɥɝɟɛɪɚɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ 1+݊݉ݕ + ݊݉ݕ݊ݔ + ⋯+ 1݉ݕ1ݔ − 1 = 0, 0 < ݉1 < ⋯ < ݉݊ < ݉݊+1 (3.9) 

ɫ ɩɟɪɟɦɟɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ݔ = …,1ݔ) , (݊ݔ ∈ ℂ݊ . ȼɟɬɜɶ ɪɟɲɟɧɢɹ y(x) 

ɭɪɚɜɧɟɧɢɹ (3.9), ɜɵɞɟɥɟɧɧɭɸ ɭɫɥɨɜɢɟɦ 0 ݕ = 1, ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɝɥɚɜɧɵɦ 

ɪɟɲɟɧɢɟɦ ɭɪɚɜɧɟɧɢɹ. 

ɉɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ ɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ ɨɩɪɟɞɟɥɹɟɬɫɹ ɢɧɬɟɝɪɚɥɨɦ 

ℳ ݖ  ݕ = ܫ−ݖݔ ݔ ݕ  ՔݔԹ+݊

, 
(3.10) 

ɝɞɟ ݖ = …,1ݖ  , , ݊ݖ ܫ−ݖݔ  = 1ݔ
1−1ݖ ݔ…  ɂɧɬɟɝɪɚɥ (3.10) ɜɵɱɢɫɥɟɧ ɜ .1−݊ݖ݊

ɫɥɟɞɭɸɳɟɦ ɭɬɜɟɪɠɞɟɧɢɢ. 

ɉɪɟɞɥɨɠɟɧɢɟ 3.2. [1]ɉɪɟɨɛɪɚɡɨɜɚɧɢɟ Ɇɟɥɥɢɧɚ ɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ 

ɭɪɚɜɧɟɧɢɹ (3.9) ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɡɧɚɱɟɧɢɹ ɝɚɦɦɚ-ɮɭɧɤɰɢɣ: 

ℳ ݖ  ݕ =
1݉݊+1

Γ 1ݖ ∙ … ∙ Γ ݊ݖ Γ  1݉݊+1
− 1݉݊+1

,ߙ  Γ  ݖ  1݉݊+1
+

1݉݊+1

,ߚ  + ݖ 1 , 

(3.11) 

ɝɞɟ ߙ =  ݉1,… ߚ, ݊݉, = (݉݊+1 −݉1,… ,݉݊+1 −݉݊). ɂɧɬɟɝɪɚɥ (3.10) 

ɫɯɨɞɢɬɫɹ ɞɥɹ ɜɫɟɯ ݖ ∈ Ů + ݅Թ݊ , ɝɞɟ ܷ = ݑ  ∈ Թ൒݊: ൑ ݑ,ߙ  1 . (3.12) 

Ɍɟɨɪɟɦɚ 3.1. [1]Ƚɥɚɜɧɨɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (3.9) ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ 

ɢɧɬɟɝɪɚɥɨɦ Ɇɟɥɥɢɧɚ-Ȼɚɪɧɫɚ ɫɥɟɞɭɸɳɟɝɨ ɜɢɞɚ: 

= ݔ ݕ
1

(2𝜋݅)݊  1݉݊+1

Γ 1ݖ … Γ ݊ݖ Γ  1݉݊+1
− 1݉݊+1

,ߙ  Γ  ݖ  1݉݊+1
+

1݉݊+1

,ߚ  + ݖ ,ݖ݀ݖ−ݔ 1

ܽ+݅Թ݊
 

(3.13) 
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ɝɞɟ ܽ =  ܽ1,… , ܽ݊ ∈ Ů. Ɉɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɢɧɬɟɝɪɚɥɚ (3.13) ɜ ɩɟɪɟɦɟɧɧɵɯ 𝜃 = arg ɨɩɪɟɞɟɥɹɟɬɫɹ ɧɟɪɚɜɟɧɫɬɜɚɦɢ  𝜃𝜈 ݔ  <
𝜋݉𝜈݀ ,  ݆݉𝜃݇ −݉݇𝜃  < 𝜋 ݆݉ , ݆,݇ ∈ 1,… ,݊, ݆ < ݇. (3.14) 

  

4 Ɇɧɨɝɨɦɟɪɧɨɟ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ 

 

Ⱦɥɹ ɭɞɨɛɫɬɜɚ ɮɨɪɦɭɥɢɪɨɜɤɢ ɪɟɡɭɥɶɬɚɬɚ ɩɟɪɟɩɢɲɟɦ ɢɧɬɟɝɪɚɥ Ɇɟɥɥɢɧɚ- 

Ȼɚɪɧɫɚ (3.13) ɜ ɫɥɟɞɭɸɳɟɦ ɜɢɞɟ: 

= ݔ ݕ
1

(2𝜋݅)݊  1݉݊+1

Γ ݈1 ݖ  ⋅ … ⋅ Γ ݈݊ ݖ  Γ ݈݊+1 ݖ  Γ ݈݊+1 ݖ + + ݖ  Թ݊݅+ܽ,ݖ݀ݖ−ݔ 1
 

 

(4.1) 

ɝɞɟ ݈1 ݖ = …,1ݖ , = ݖ ݈݊ ݊ݖ , = ݖ 1+݈݊
1݉݊+1

− 1݉݊+1

,ߙ  , ݖ = ݖ  1ݖ + ⋯+ ݊ݖ . 

Ʉɪɨɦɟ ɬɨɝɨ, ɜɜɟɞɟɦ ɰɟɥɨɱɢɫɥɟɧɧɵɟ ɜɟɤɬɨɪɵ 

݆]ߙ ] =  ݉1 ,… ,݉݊+1   ݆ ,… ,݉݊ , ݆ = 1,… ,݊ 

ɢ ɥɢɧɟɣɧɵɟ ɮɭɧɤɰɢɢ 

݈݊+1

 ݆ = ݖ  
1݆݉ − 1݆݉ ݆]ߙ  ], , ݖ ݆ = 1,… ,݊. 

Ɏɭɧɤɰɢɸ ݈݊+1 ݖ  ɞɥɹ ɟɞɢɧɨɨɛɪɚɡɢɹ  ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ݈݊+1
 ,ɢɦɟɹ ɜɜɢɞɭ , ݖ  1+݊ 

ɱɬɨ [1+݊]ߙ =  Ɇɧɨɝɨɝɪɚɧɧɢɤ ܷ – ɷɬɨ ݊-ɦɟɪɧɵɣ ɫɢɦɩɥɟɤɫ. ɉɟɪɟɧɭɦɟɪɭɟɦ ɟɝɨ.ߙ

ɜɟɪɲɢɧɵ(1)ݒ,… ,   ɬɚɤɢɦ ɨɛɪɚɡɨɦ, ɱɬɨ (1+݊)ݒ,(݊)ݒ

݆)ݒ ) =  0,… ,
1݆݉ ,… ,0 , ݆ = 1,… ,݊, 

(1+݊)ݒ =  0,… ,0 . 
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ɇɚɦ ɩɨɧɚɞɨɛɢɬɫɹ ɫɥɟɞɭɸɳɟɟ ɨɩɪɟɞɟɥɟɧɢɟ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 4.1.ɉɨɥɢɷɞɪɚɥɶɧɵɦɤɨɧɭɫɨɦ ɜ Թ݊  ɧɚɡɵɜɚɟɬɫɹ ɤɨɧɭɫ ܥ, 

ɩɨɪɨɠɞɟɧɧɵɣ ɤɨɧɟɱɧɵɦ ɧɚɛɨɪɨɦ ɜɟɤɬɨɪɨɜ 1ݑ,… ݎݑ, ∈ Թ݊ , ɚ ɢɦɟɧɧɨ, 

ܥ = …,1ݑ ܥ = ݎݑ,   𝜆݅݅ݑ : 𝜆݅ ൒ 0

ݎ
݅=1

 . 
ɉɭɫɬɶ ܥ(݆ ) – ɦɢɧɢɦɚɥɶɧɵɣ ɤɨɧɭɫ ɫ ɜɟɪɲɢɧɨɣ ݒ(݆ ) ∈ ܷ ɬɚɤɨɣ, ɱɬɨ ܷ ⊂ ݆)ܥ ). ɉɪɨɬɢɜɨɩɨɥɨɠɧɵɣ ɤɨɧɭɫ ɤ ܥ(݆ )ɨɛɨɡɧɚɱɢɦ −ܥ(݆ ). 

Ɍɟɨɪɟɦɚ 4.1.Ʉɚɠɞɨɣ ɜɟɪɲɢɧɟݒ(݆ ), ݆ = 1,… ,݊ ɦɧɨɝɨɝɪɚɧɧɢɤɚ ܷɫɨɨɬɜɟɬɫɬɜɭɟɬ: 

1) ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ℳ ݖ  ݕ  ɜɢɞɚ ℳ(݆ = ݖ (  Φ(݆ ݆≠݇  ݖ ݈݇ Γ  ݖ ( , 

ɝɞɟ Φ(݆ ݆) ܥ− ɮɭɧɤɰɢɹ, ɝɨɥɨɦɨɪɮɧɚɹ ɜ ɬɪɭɛɱɚɬɨɣ ɨɛɥɚɫɬɢ –  ݖ ( ) + ݅Թ݊ ; 

2) ɪɹɞɅɨɪɚɧɚ-ɉɸɢɡɨ 

𝜎 ݆ = ݔ   −ݔ݆ 1݆݉
+

1݆݉   −1  𝜈 𝜈!
  ݈݊+1

 ݆  
(−𝜈) − 𝜈 −1  ݏ

1=ݏ

ߚݔ ݆  𝜈  𝜈 ൒1

, ݆ = 1. .݊, 

𝜎 ݊+1  ݔ = 1 +
1݉݊+1

  −1  𝜈 𝜈!
  ݈݊+1(−𝜈) − 𝜈 −1  ݏ

1=ݏ

𝜈 𝜈 ൒1ݔ

, 

 

 

(4.2) 

ɝɞɟ𝜈 =  𝜈1 ,… , 𝜈݊ ∈ ܰ݊ , 𝜈 = 𝜈1 + ⋯+ 𝜈݊ ݆ߚ,  𝜈 =  𝜈1 ,… ,−݈݊+1

 ݆   −𝜈 ,… , 𝜈݊ .  

Ɋɹɞɵ 𝜎 1  ݔ ,… ,𝜎 ݊  ݔ  ɹɜɥɹɸɬɫɹ ɚɧɚɥɢɬɢɱɟɫɤɢɦ ɩɪɨɞɨɥɠɟɧɢɟɦ ɪɹɞɚ 

Ɍɟɣɥɨɪɚ 𝜎 ݊+1  ݔ  ɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ y(x) ɭɪɚɜɧɟɧɢɹ (3.9). 

 Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. Ɉɛɨɡɧɚɱɢɦ ɩɨɞɵɧɬɟɝɪɚɥɶɧɭɸɮɨɪɦɭɢɧɬɟɝɪɚɥɚ (4.1) 

ɱɟɪɟɡ ߱. Ɏɨɪɦɚ ߱ ɢɦɟɟɬ ݊ + 1ɫɟɦɟɣɫɬɜ ɩɨɥɹɪɧɵɯɝɢɩɟɪɩɥɨɫɤɨɫɬɟɣ: 1ܮ
𝜈 = = ݖ 1݈  −𝜈 , 
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𝜈ܮ …………………… = = ݖ ݈݊  −𝜈 , 1+݊ܮ
𝜈 = = ݖ 1+݈݊  −𝜈 , 𝜈 ∈ ℕ ׫  0 . 

Ɂaɮɢɤɫɢɪɭɟɦ ɜɟɪɲɢɧɭ ݒ(݆ )ɫɢɦɩɥɟɤɫɚ ܷ. ɋɮɨɪɦɢɪɭɟɦ ݊ ɩɨɥɹɪɧɵɯ 

ɞɢɜɢɡɨɪɨɜ1ܦ
(݆ )

,… ݆)݊ܦ, ) ɮɨɪɦɵ ߱. ȿɫɥɢ ݆ = ݊ + 1, ɬɨ ɞɢɜɢɡɨɪ (1+݊)݇ܦ
 (݇ =

1,… ,݊)ɜɤɥɸɱɚɟɬ ɫɟɦɟɣɫɬɜɨܮ𝜈 , ɩɪɢ ɷɬɨɦ ɫɟɦɟɣɫɬɜɨ 1+݊ܮ
𝜈  ɦɨɠɟɬ ɛɵɬɶ 

ɞɨɛɚɜɥɟɧɨ ɤ ɥɸɛɨɦɭ ɢɡ (1+݊)݇ܦ. ȿɫɥɢ ݆ ≠ ݊ + 1, ɬɨ ɞɢɜɢɡɨɪ ݇ܦ(݆ )
 (݇ ≠݆)ɜɤɥɸɱɚɟɬ ܮ𝜈 , ɞɢɜɢɡɨɪ ݆ܦ(݆ )ɜɤɥɸɱɚɟɬ 1+݊ܮ

𝜈 . ɋɟɦɟɣɫɬɜɨ ݆ܮ𝜈ɦɨɠɟɬ ɛɵɬɶ 

ɞɨɛɚɜɥɟɧɨ ɜ ɥɸɛɨɣɢɡ ɞɢɜɢɡɨɪɨɜ݇ܦ(݆ ), ɩɪɢ ݇ ≠ ݆.  
Ɉɛɨɡɧɚɱɢɦ ɱɟɪɟɡ 𝜋(݆ ) ɫɞɜɢɝ ɤɨɧɭɫɚ −ܥ(݆ )c ɜɟɪɲɢɧɨɣ ɜ ɬɨɱɤɟ ܽ ∈ U (ܽ – 

ɩɪɨɢɡɜɨɥɶɧɚɹ, ɧɨ ɮɢɤɫɢɪɨɜɚɧɧɚɹ). ȼ ɤɨɧɭɫɟ 𝜋(݆ ) ɩɟɪɟɫɟɤɚɸɬɫɹ 

ɝɢɩɟɪɩɥɨɫɤɨɫɬɢ ݊ ɫɟɦɟɣɫɬɜ: 1ܮ
𝜈 ,… ݆ … , 1+݊ܮ

𝜈 , ɬɨ ɟɫɬɶ ɩɨɥɹɪɧɵɟ ɦɧɨɠɟɫɬɜɚ 

ɝɚɦɦɚ-ɮɭɧɤɰɢɣ Γ ݈݇ ݖ  ,݇ ≠ ݆. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɨɬɧɨɫɢɬɟɥɶɧɨ ɜɟɪɲɢɧɵ ݒ(݆ )Γ-

ɦɧɨɠɢɬɟɥɢ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ℳ ݖ  ݕ  ɩɟɪɟɝɪɭɩɩɢɪɨɜɵɜɚɸɬɫɹ 

ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: ℳ ݖ  ݕ = ℳ(݆ = ݖ (  Φ(݆ ݆≠݇  ݖ ݈݇ Γ  ݖ ( , 

ɝɞɟ Φ(݆ = ݖ (
1݉݊+1

Γ ݈݆ ݆) ȼ ɨɛɥɚɫɬɢ 𝜋 . 1+ ݖ + ݖ Γ ݈݊+1  ݖ  ) + ݅Թ݊  ɮɭɧɤɰɢɹ Φ(݆ ) 

ɝɨɥɨɦɨɪɮɧɚ. 

Ɋɚɫɫɦɨɬɪɢɦ ɩɨɥɢɷɞɪ Π(݆ ) = 𝜋 (݆ ) + ݅Թ݊ . Ɉɧ ɫɨɝɥɚɫɨɜɚɧ ɫ 

ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɦ ɫɟɦɟɣɫɬɜɨɦ ɩɨɥɹɪɧɵɯ ɞɢɜɢɡɨɪɨɜ  1ܦ
(݆ )

,… ݆)݊ܦ, ).ȼɵɱɢɫɥɢɦ 

ɢɧɬɟɝɪɚɥ (4.1) ɤɚɤ ɫɭɦɦɭ ɜɵɱɟɬɨɜ ɩɨ ɜɫɟɦ ɬɨɱɤɚɦݖ = …,1ݖ) , (݊ݖ ∈ Π(݆ ), ɜ 

ɤɨɬɨɪɵɯ ɩɟɪɟɫɟɤɚɸɬɫɹ ɩɨɥɹɪɧɵɟ ɝɢɩɟɪɩɥɨɫɤɨɫɬɢ ɦɧɨɠɟɫɬɜɚ 

ɮɭɧɤɰɢɣΓ ݈݇ ݖ  ,݇ ∈ {1,… ݆ … ,݊ + 1}. ɗɬɢ ɬɨɱɤɢ ɩɚɪɚɦɟɬɪɢɡɢɪɭɸɬɫɹ ɜ 

ɜɢɞɟ:  
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1ݖ = −𝜈1, 

……………………….. 

ݖ݆ =
1݆݉  1 + ݆ ߙ   , 𝜈   

݊ݖ ..……………………… = −𝜈݊ , 𝜈 = (𝜈1,… , 𝜈݊) ∈  ℕ ׫ 0 ݊ . 

ȼɵɱɟɬ ɮɨɪɦɵ ߱ ɜ ɬɨɱɤɟ ݖ =  :ɪɚɜɟɧ (𝜈)ݖ

߱ 𝜈 ݖݏ݁ݎ =
1݆݉  −1  𝜈 𝜈!

Γ  1݉ ݆  1 + ݆ ߙ   , 𝜈   Γ  1݉ ݆  1 + ݆ ߙ   , 𝜈  −  𝜈 + 1ݔ 1
𝜈1 ∙ … ∙ ݆ ߙ +1−ݔ݆  ,𝜈 ݉ ݆ ∙ … ∙ ݔ 𝜈݊݊ , 

ɝɞɟ  𝜈 = 𝜈1 + ⋯+ 𝜈݊ , 𝜈! = 𝜈1! ∙ … ∙ 𝜈݊ !. 

Ɂɚɦɟɬɢɦ, ɱɬɨ 1݉ ݆  1 + ݆ ߙ   , 𝜈  = ݈݊+1

 ݆   −𝜈 . ȼɜɟɞɟɦ ɜɟɤɬɨɪɵ 

݆ ߚ   𝜈 =  𝜈1,… ,−݈݊+1

 ݆   −𝜈 ,… , 𝜈݊  

ɢ (1+݊)ߚ 𝜈 =  𝜈1,… , 𝜈݊ . 

ɋɭɦɦɢɪɭɹ ɩɨ ɜɫɟɦ ɬɨɱɤɚɦ ݖ = (𝜈)ݖ ∈ Π(݆ ), ɩɪɢ ݆ ∈ {1,… ,݊} ɩɨɥɭɱɢɦ ɪɹɞ: 
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𝜎 ݆ = ݔ   −ݔ݆ 1݆݉
+

1݆݉   −1  𝜈 𝜈!

Γ  ݈݊+1

 ݆   −𝜈  ݆ߚݔ  𝜈 Γ  ݈݊+1

 ݆   −𝜈 −  𝜈 + 1  𝜈 ൒1

= −ݔ݆ 1݆݉
+

1݆݉   −1  𝜈 𝜈!

Γ  ݈݊+1

 ݆   −𝜈  ݆ߚݔ  𝜈 Γ  ݈݊+1

 ݆   −𝜈 −  𝜈   ݈݊+1

 ݆   −𝜈 −  𝜈   𝜈 ൒1

= −ݔ݆ 1݆݉
+

1݆݉   −1  𝜈 𝜈!

  ݈݊+1

 ݆   −𝜈 ݆݉ − ݏ ݆݉   𝜈 −11=ݏ ݆݉  𝜈 −1
݆ߚݔ  𝜈  𝜈 ൒1

= −ݔ݆ 1݆݉
+

1݆݉   −1  𝜈 𝜈!
  ݈݊+1

 ݆   −𝜈 − 𝜈 −1  ݏ

1=ݏ

݆ߚݔ  𝜈  𝜈 ൒1

. 

ȿɫɥɢ ݆ = ݊ + 1, ɬɨ ɪɹɞ ɢɦɟɟɬ ɜɢɞ 

𝜎 ݆ = ݔ   1 +
1݉݊+1

  −1  𝜈 𝜈!
  ݈݊+1 −𝜈 − 𝜈 −1  ݏ

1=ݏ

𝜈 𝜈 ൒1ݔ

. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɦɵ ɩɨɥɭɱɢɥɢ ɪɹɞɵ𝜎 1  ݔ ,… ,𝜎(݊+1)(ݔ), ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɪɹɞ 𝜎(݊+1)(ݔ) ɟɫɬɶ ɪɹɞ Ɍɟɣɥɨɪɚ ɞɥɹ ɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ (3.9), 

ɜɵɩɢɫɚɧɧɵɣ ɟɳɟ Ɇɟɥɥɢɧɨɦ ɜ [12]. Ɉɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɢɧɬɟɝɪɚɥɚ Ɇɟɥɥɢɧɚ-

Ȼɚɪɧɫɚ, ɩɪɟɞɫɬɚɜɥɹɸɳɟɝɨ ɝɥɚɜɧɨɟ ɪɟɲɟɧɢɟ, ɡɚɞɚɟɬɫɹ ɜ ɬɟɪɦɢɧɚɯ ɚɪɝɭɦɟɧɬɨɜ 

ɩɟɪɟɦɟɧɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ݅ݔ , ɬɨ ɟɫɬɶ ɹɜɥɹɟɬɫɹ ɫɟɤɬɨɪɢɚɥɶɧɨɣ ɨɛɥɚɫɬɶɸ. 

ɉɨɷɬɨɦɭ ɪɹɞɵ 𝜎 1  ݔ ,… ,𝜎(݊)(ݔ), ɫɯɨɞɹɳɢɟɫɹ ɜ ɩɨɥɢɤɪɭɝɨɜɵɯ ɨɛɥɚɫɬɹɯ,  

ɹɜɥɹɸɬɫɹ ɚɧɚɥɢɬɢɱɟɫɤɢɦɢ ɩɪɨɞɨɥɠɟɧɢɹɦɢ ɪɹɞɚ 𝜎(݊+1)(ݔ). ȼ ɪɨɥɢ 

ɢɧɫɬɪɭɦɟɧɬɚ ɚɧɚɥɢɬɢɱɟɫɤɨɝɨ ɩɪɨɞɨɥɠɟɧɢɹ ɜɵɫɬɭɩɚɟɬ ɢɧɬɟɝɪɚɥ Ɇɟɥɥɢɧɚ-

Ȼɚɪɧɫɚ (4.1). 

Ɍɟɨɪɟɦɚ ɞɨɤɚɡɚɧɚ. ∎ 
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ɁȺɄɅɘЧȿɇɂȿ 

 

ȼ ɛɚɤɚɥɚɜɪɫɤɨɣ ɪɚɛɨɬɟ ɢɡɭɱɟɧɨ ɦɧɨɝɨɦɟɪɧɨɟ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɟ 

ɫɨɨɬɜɟɬɫɬɜɢɟ ɞɥɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɮɭɧɤɰɢɣ. Ⱥ 

ɢɦɟɧɧɨ: 

 ɢɫɫɥɟɞɨɜɚɧ ɧɚɛɨɪ ɩɨɥɹɪɧɵɯ ɝɢɩɟɪɩɥɨɫɤɨɫɬɟɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ 

ɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ; 

 ɧɚɣɞɟɧɵ ɪɚɡɥɨɠɟɧɢɹ Ʌɨɪɚɧɚ-ɉɸɢɡɨ, ɩɪɟɞɫɬɚɜɥɹɸɳɢɟ ɚɧɚɥɢɬɢɱɟɫɤɢɟ 

ɩɪɨɞɨɥɠɟɧɢɹɝɥɚɜɧɨɝɨ ɪɟɲɟɧɢɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨɭɪɚɜɧɟɧɢɹ; 

 ɭɫɬɚɧɨɜɥɟɧɨ ɫɨɨɬɜɟɬɫɬɜɢɟ ɦɟɠɞɭɩɨɥɧɨɝɨ ɧɚɛɨɪɚ ɩɨɥɹɪɧɵɯ 

ɝɢɩɟɪɩɥɨɫɤɨɫɬɟɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ɇɟɥɥɢɧɚ ɢ ɭɤɚɡɚɧɧɵɦɢ 

ɪɚɡɥɨɠɟɧɢɹɦɢ; 

 ɜ ɱɚɫɬɧɨɦ ɫɥɭɱɚɟ ɪɟɚɥɢɡɨɜɚɧɚ ɩɪɨɰɟɞɭɪɚ ɜɵɱɢɫɥɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɢ 

ɧɨɫɢɬɟɥɟɣ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ ɜ ɫɢɫɬɟɦɟ ɤɨɦɩɶɸɬɟɪɧɨɣ ɚɥɝɟɛɪɵ MAPLE. 
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ɉɊɂɅɈɀȿɇɂȿ Ⱥ 
Ɋɟɚɥɢɡɚɰɢɹ ɜɵɱɢɫɥɟɧɢɣ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɢ ɧɨɫɢɬɟɥɟɣ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ ɜ 

ɫɢɫɬɟɦɟ ɤɨɦɩɶɸɬɟɪɧɨɣ ɚɥɝɟɛɪɵ MAPLE: 

restart 

With(LenearAlgebra); 

With(VectorCalculus); 

With(plots); ߙ ≔ ߚ ;  2݉,1݉  ݎ݋ݐܸܿ݁ ≔ ݀  ݎ݋ݐܸܿ݁ − ݉1 ,݀ 1ݐ ;  2݉− ≔ ,ߙ ݐܿݑ݀݋ݎ𝑃ݐ݋ܦ 2ݐ ; ݖ ≔ ,ߚ ݐܿݑ݀݋ݎ𝑃ݐ݋ܦ 1ݖ ; ݖ ≔ −𝜈1; 2ݖ ≔ −𝜈2; ݖ ≔ ,1ݖ  ݎ݋ݐܸܿ݁ ݀ ;  2ݖ ≔ 3; ݉1 ≔ 1; ݉2 ≔ 2; ݆ ≔ 1;݊ ≔ 0; ݐ ≔ 5; 

for kfrom 0 totdo݊: = ݊ + ݇end do; 1݌: = 0;for kfrom 0 totdo for𝜈1from 0 to k do𝜈2 ≔ ݇ − 𝜈1; 1݌ ≔ 1݌ +
 −1 𝜈1+𝜈2𝜈1!∙𝜈2!∙݀𝜈1+𝜈2−1

∙ 1)݈ݑ݉ + ݉1 ∙ 𝜈1 + ݉2 ∙ 𝜈2 − ݏ ∙ ݀, ݏ = 1. . 𝜈1 + 𝜈2 −
1) ∙ 1ݔ

𝜈1 ∙ 2ݔ
𝜈2end do end do; 

:2݌  = 0;for kfrom 0 totdo for𝜈2from 0 to k do𝜈3 ≔ ݇ − 𝜈1; 2݌ ≔ 2݌ +
 −1 𝜈3+𝜈2𝜈3!∙𝜈2!∙݀𝜈3+𝜈2−1

∙ 1)݈ݑ݉ + ݀ ∙ 𝜈3 + ݉2 ∙ 𝜈2 − ݏ ∙ ݉1, ݏ = 1. . 𝜈3 + 𝜈2 −
1) ∙ ݔ

1

−(1+݀∙𝜈3+݉2∙𝜈2)݉1 ∙ 2ݔ
𝜈2end do end do; 

:3݌  = 0;for kfrom 0 totdo for𝜈1from 0 to k do𝜈3 ≔ ݇ − 𝜈1; 3݌ ≔ 3݌ +
 −1 𝜈3+𝜈1𝜈3!∙𝜈1!∙݀𝜈3+𝜈1−1

∙ 1)݈ݑ݉ + ݀ ∙ 𝜈3 + ݉1 ∙ 𝜈1 − ݏ ∙ ݉2, ݏ = 1. . 𝜈3 + 𝜈1 −
1) ∙ 1ݔ

𝜈1 ∙ ݔ
2

−(1+݀∙𝜈3+݉1 ∙𝜈1−2݉(2݉∙ݏ end do end do; 
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ݐ݊݅ݎ݌  1݀݌   ; ݐ݊݅ݎ݌  2݉1݌ 

 ; ݐ݊݅ݎ݌  3݉2݌ 

 ; 

 

1 − 1

3
2ݔ − 1

3
1ݔ +

1

9
2ݔ

2 +
1

9
2ݔ1ݔ − 2
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3 +
1
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3 − 5
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3 +
1
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+ +
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9 − 1ݔ273
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15
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−− 2ݔ330
1ݔ4

12 − 2ݔ42
1ݔ5

11 ; 
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7 2 +
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