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Computation of an Integral of a Rational Function
over the Skeleton of Unit Polycylinder in C" by Means
of the Mellin Transform
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With the help of the Mellin transform we give a simple calculation of an integral of rational functions
in several independent parameters aerlier appeared in [2]. The efficiency of this transform is due to
the fact that calculation the degree of the polynomial acts as the degree of a monomial. In 2008, G. P.
Egorychev and E.V. Zima [5] for the first time successfully used the Mellin transform in the theory of
rational summation. The possibility of its application in the analysis and computation of integrals with

different types of rational functions is discussed.
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Introduction

In [1] the author obtained an integral representation in bounded n-circular linearly convex
domains with piecewise regular boundary. This integral representation is a sum of terms, each
of which contains multiple integrals of the following form:
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Here £ = (&1,...,&,) € C", s = (81,...,8,) € N}, A = (ajq), ajq € C is a matrix of dimension
mxn,t=(t1,...,t,) € N™.

We emphasize that for || = 1,...,]&,| = 1 the complex parameters z = (21, ..., 2,) satisfy
the conditions
m
H(aj7121£1 + ...+ ajynznfn + Cj) 7é 0. (2)
j=1
Condition (2) implies that for j = 1,...,m the point z = (z1,...,2,) € C" is not in the union

of a family of complex hyperplanes

{Vi}={u=(u1,...,un) € C" taj 1u1&a+.. . +ajnun&n+c; =0, |&| =1,..., €] = 1} (3)
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1. Necessary definitions and notation

Because with every point u = (us, ..., u,)€{V;} all the points (u1e™1, ... u,ei¥n), 0 < 9y <
2m,l=1,...,n also belong to {V;}, the family of complex hyperplanes {V;} is a n-circular set.
If a complex hyperplane aju; + ... + apu, + ¢ = 0 passes through the point u® = (u,... u?),
then the complex hyperplane aje™ ™' u; + ... + a,e”*¥ru, + ¢ = 0 passes through the point
ule™ = (ufelr ... ulei¥n).

Note that a complex hyperplane a;e’¥ u; + ...+ a,e¥"u, + c = 0 has real dimension 2n — 2
and is the intersection of two mutually perpendicular real hyperplanes (of dimension 2n — 1).
We find that for 0 < 1y < 27,1 = 1,...,n a family of complex hyperplanes aje®¥tu;+ +... +
ane’¥ru, +c = 0 is n-circular and is a ruled surface of real dimension 2n—1 which splits C* = R?"
into two disjoint sets.

If the point z = (21, ...,2,) € C" do not belong to a family of complex hyperplanes a; e u; +

+. Aape¥ru, =0, 0 <Yy <2m,l=1,...,n, then all points ze® = (z1€¥%1, ..., z,e") €C",
0< ¢ <2m, I=1,...,n do not belong to this family of complex hyperplanes. That is, the set
of points z = (z1,...,2,) € C" that do not belong to the family of complex hyperplanes is also

an n-circular set. Now we can investigate the mutual position of two n-circular sets in C™ using
the projection of C" in R?} according to

(21,05 20) = (J21]s -+ |20])- (4)
Let a complex hyperplane V' in C" be given by the equation:
V={u=(us,...,un) €C":ayus + ...+ apu, + ¢ = 0}. (5)

A description of the projection (5) to R’ of a complex hyperplane of ajuy + ...+ apuy, +¢ =0
in C™ is given in [2] (Proposition 4.3). Let |V| = n(V). It is given by the system of inequalities:

Hlar|lua| = lag|lusg| —fas[lus| — ... = |an[[un] = |c] <O,
—lar|fur] + lalfug| —fas[[us| — ... = [an[[un] — || <O

V=19, ’ (6)
—lar|fua] = faz[fug| —[as|lus| = .. = |an[|un| +[¢] < O.

If [&1] = 1,...,|&] = 1, then the projection m maps each hyperplane of {V} = {a;&1u; +...+
+an&nuy + ¢ = 0} to the same projection in R}, i.e. m(V)=n({V}). The system of inequalities
(6) ‘splits’ the points of R’} into n + 1 disjoint parts:

+Haal[ui| = lazl[uz| — |az|lus] — ... = |an||un| = |c[ >0,  (IIy)

—lay||us| + |az|luz| — las|lus| — ... = |ap|lun| = |c| >0, (2
........................ (7)

—la1|lu1] = az||uz| — [as||us| — ... + |an|[un]| — || >0, (IL,)

—lar||ur| = |az|ue| — las|lus| — ... = |an||lun| +[c| > 0. (IL41)

If a, = 0 in (5), then Il = @. If in (5) ¢ =0, then II,,1; = @.

If the point z = (z1,...,2,) € C™ does not belong to the family of complex hyperplanes (6),
then 7 (z) belongs to one of ITy, ..., II, 1.

Consider a family of complex hyperplanes V; = {z € C" : a;1ui +...+a;,u,+c¢; = 0},
Jj=1,...,m. Let (II); be the set of points of R?} defined by the inequality |a; 1||u1| —|a;2||uz|—
|tn| — |e| > 0.

— oo = lag e-pyllue—1] + lajrlluk| = laj,ggny |ukr1] = - = lajn

- 365 —



Georgy P. Egorychev, Viacheslav P. Krivokolesko =~ Computation of an integral of a rational function ...

Let for an n-circular set G the set |G| = 7(G) in R% belong to (I, )1 N ... N (I, )m. Then

the collection of sets V1, ..., Viu; G consider the corresponding set of numbers (kq, ..., ky, ), where
1 < kj < n+1. The result of calculation of the integral (1) depends on this set of numbers.
Note that the number of variants of mutual location of the point z = (21, ..., 2z,) that does

not belong to the family of the complex hyperplanes {Vi},...,{V;n} equals to (n + 1)™.

One approach to evaluation of the integral (1) is the method of binomial expansion of fractions
1/(aj121&1 + - .. 4 ajnzan + ¢j)' based on one of the inequalities (7).

In [3] the integral (1) is computed in the case when the corresponding set of numbers is
(n+1,...,n+1), that is, when

—lajallz1] = .. = |ajnllzal Flel > 0,5 =1,...,m. (8)

Here in Theorem 1 we compute (1) also for the case (n 4+ 1,...,n + 1) using the method of
coefficients [4], and the Mellin transform for the function under the integral sign.
Note that the calculation results in both cases coincide.

2. Proof of the theorem

Theorem 1. If the conditions (2) and (8) are satisfied, then the following formula is valid:

S14...+5n S1 Sn
_ (—1)(st TR, "
T RO N TR R 7
i+ +Hlmi=s1  [q4 L1 lin+...Hlmn=5n alln 1

a ...t L eatmn

% E 11 ml E 1n mn_
lin! oo ! lin! - oo !

l11,..-,lm,1€N0 llnw--almnENU

(t1 =14 (i1 + ...+ Lin))! (tm — 14+ (L1 + .-« + ln))!
X . . e ; ; . (9)
Cg 11+ Flin) anml-i-----i— mn)

If |&] =1,...,]&]| = 1, then according to (2) and (8) we have

bt Gnzabn | ooy (10)
Cj
Let us denote .
dj7q: J7qaj_1a 7maq:17- y 1 (11)
Cj
If |&] = 1,...,]¢| = 1, then according to (10) it follows
|&j,121£1+'~'+aj,nzn£n| < ].,j: 1,...,m‘ (12)
Then
—-1< Re(d]’712’1£1 + ...+ aj,nzngn) < ]., ] = ]., oo, M. (13)
and
—1<0<Re(@jiz1é1+...+ajnzmén+1)<2,j=1,...,m. (14)
Let us denote
1 1
= TS { } (15)
o T g1 sntl TT (= ~ t
1 &1 3 [I(aj12:6 + ...+ ajnznén + 1)
j=1
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where the formal residue rese,, ¢ {A(&1, ..., &)} is the coefficient at (&5 x ... x &,)7! of the
formal power Laurent series A(y,...,&,) containing only finitely many terms with negative
powers (see [4]).

According to the general scheme of the method of coefficients [4] we substitute in (15) each
factor under the sign res¢ by the known Mellin formula

1 1 > )
— = 7/ e 297 dz, Rea > 0, (16)
of (=1
and according to (16) and (12) we have
1 1

00
_ —(aj121&1+ . Fajnznén+1l)w; tj_ld '
- _ _ . o .
(ajlzlgl + ...+ ajnzngn + l)tj (t] . 1)| / : i

j=1,...,m, Thus

1
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i1+ Hlmi1=s1 linto Hlmn=sn ~l11
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Remark 1. If the conditions a1z1&1 + .

oot anzpén + ¢ # 0 are fulfilled for |&] =1
and —|ay]|z1] — ... —

ooyl =1
lan||zn| + |c| > 0, then from (9) we get
/ / Y
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Corollary. The following combinatorial identity is valid:

1 _l“+“§"1:51 (=14 (Gt tha))!
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Conclusion

Earlier in [5] the method of coefficients and the Mellin transform were first effectively used
in the theory of rational summation. Here we give an original example of application of the
same apparatus for computing multiple integrals of a certain type depending on parameters and
obtain new non-trivial combinatorial identities.

Authors consider a possibility of application of the Mellin transform in analysis and calcula-
tion of integrals of different type of rational functions arising in various areas of mathematics.
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Beraucienue mHTErpaJjia oT parimoHaJbHON QyHKIINNT
II0 OCTOBY €JMHUYHOro Iosniuinaapa B C" ¢ moMmoribio
npeobpa3zoBaHud MeJLinHa

T'eopruii I1. Eropbrien

Bsauecaas 11I. KpuBokosecko

MucturyT matemMaTuku u GyHIaAMEHTATIBHON HHMOPMATUKHI
Cubupckuii dejiepalbHbIl yHUBEPCUTET

Cgoboanbriit, 79, Kpacuosipck, 660041

Poccusa

C' nomouwywvro mpeobpasosarus Measuna Npusedeno NpPocmoe SuuUCAERUE 00H020 KDPAMHO20 UHMESPAAG
om PAYUOHAALHOT BYHKUUL OM HECKOALKUT HE3ABUCUMBIT NAPAMEMPOS, 603hukwezo 6 pabome [2].
dPpexmusrocms amozo npeobpazosarus 06YCAOBALHE MEM, YMO 6 BLIMUCAEHUAT CMENEHD NOAUHOMA
svicmynaem Kax cmenenb monwoma. Panee 6 [5] npeobpasosarnue Measuna énepsvie 6bui0 yenewno uc-
NOAB3OBAHO 6 MEOPUL PAYUOHAADHO20 CYMMUPOSAHUA. Paccmampusaemesa 603moocrocmsd npumeHeHUs
npeobpasosarus, Measuna npu aHasu3e U 8bUCAEHUL UKMEZPANOE PA3AURHOZ20 MUNG OM PAUUOHAALHOTL

PyrKYUU.

Karoueswie caosa: unmezpasvhovie npedcmasaenus, npeobpasosarus Measuna, Komburamoproie mostcde-
cmea.
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