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The group properties of three-dimensional equations of hydrostatic model of viscous fluid are studied.
Several exact solutions are presented. The free surface of fluid and pressure on this surface are deter-
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The group analysis of differential equations is a powerful tool for studying non-linear equations
and boundary value problems. This method was introduced by Sophus Lie in his works in the
19th century. The interest to the group analysis was revived by L. V. Ovsyannikov, who pointed
out a method for describing the properties of differential equations [1, 2].

One of the main problems in the group analysis of differential equations is to find the per-
missible group of transformations of the system of equations on the set of solutions of these
equations.

Lie group properties of differential equations were studied by L.V.Ovsyannikov [2],
N. H. Ibragimov [3], V.V.Pukhnachov and by their followers S.V.Habirov, Y.N.Pavlovsky,
A. A.Buchnev, O.V.Bytev, V.K. Andreev. At present the group properties of equations of fluid
mechanics are studied by V. K. Andreyev, O.V.Kaptsov, V. V. Pukhnachev, A. A. Rodionov [4].

The Navier—Stokes equations are a system of differential equations that describe the motion
of a viscous fluid. The aim of this study is to perform a group analysis of the hydrostatic model
of three-dimensional Navier—Stokes equations and to find exact solutions of this model.

1. Basic equations and problem statement

The three-dimensional Navier—Stokes equations for the motion of a viscous incompressible
fluid are
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1

ug + Uty + vuy, + wu, + ;pz = V(Ugy + Uyy + Usz),
1

v 4 UV, + Vv + wu, + ;py = V(Vga + Vyy + Vz2),

1
Wy + uwg + vw, + ww, + P = V(Wea + Wyy + W22) — g,

Uy + vy +w, = 0.
Here u, v, w are the components of the velocity vector along the z,y, z directions, p is pressure, ¢
is time, g = const > 0 is the acceleration of gravity in the z direction, v is the dynamic viscosity
coefficient, p = const is the fluid density (it is assumed that p = 1).
Let us assume that the pressure in the fluid linearly depends on the depth

p: = —g. (2)
This assumption is often used in oceanology [5]. Then
p(x,y,Z,t) = —QZ+Q(337yat)a (3>

q(z,y,t) is a new function. In this case system (1) is rewritten as

Up + Uy + VUy + WU, + @ = V(Upg + Uyy + Uszz),
Uy + Uz + V0 + WU, + Gy = V(Vap + Vyy + Vsz), )
Wi + UWy + VWy + WW, = V(Wea + Wyy + Ws2),

Uy +vy +w, =0, g, =0.

Let T : z = n(x,y,t) be the equation for the free boundary of a fluid on which the following
kinematic and dynamic conditions are satisfied

ne +ulz,y,n(z, y,t), t)n. + u(z,y,n(x,y,t),t)ny, = w(z,y,n(x,y,t),t), (5)

(pa — p)ﬁ> +2uD - = 20Hﬁ>, (6)

where p,(x,y,t) is the atmospheric pressure, p = —gn(z,y,t) + q(z,y,t), 7 is the normal to the
free surface, H is the mean curvature that depends on the position of the point on the surface,
o = const is the surface tension coefficient, D = D(u,v,w) is the deformation rate tensor [4].

If the solution of system (4)is known then the equation of free surface can be found from
relation (5), and pe(z,y,t) can be found from (6).

We apply group analysis [2] to equations of system (4). It is required to find the Lie algebra
of admissible operators for this system and to construct exact solutions.

A similar study of the hydrostatic model of an ideal fluid was carried out in [6].

2.  Group properties of the equations

Let us consider the group properties of equations (4). Let us introduce the following index
1 2 3 4 1

designations: u!' = u, u? = v, v =w, v* = ¢, 2! =z, 2?2 =y, 22 = 2z, 2* = t. In these new
designations equations (4) supplemented by requirement (4) assume the following form:
uj +utug +wtuy + utul +ui — v(ujy +uby +ugs) =0,
uf +ulu? + uPud +udud +ud — v(ud +udy +udy) =0,
uf +utuf + wtud + utud — v(ui; +udy +uiz) =0,

ul +ud+uj =0, uj=0.
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The lower index denotes differentiation.
The admissible operator for system (7) has the following form

. 0 9]
X=¢ i k _
€1 (x,u) o 0 (x5
Here summation is performed over ¢,k = 1,2,3,4. Let us extend the operator to the first
derivatives 5 ok ok oei oei
J I3
_xa kO O a0 k(08,08
X=XHGgm 9= g T W\ T
and to the second derivatives
_ o 0 _ 1 0 0 2 0 2 0
)2( o )1( tij duy n )1( o oul, + G2 Oudy + Cll@ufl + G2 Ou3, T
where . .
« 847 lacia l 8(1(1 « (“)f lag
97 927 T gul T G\ Gl Tl )

where summation is performed over [, k.
Let us note that values uly, uis, uds, u?y, uls, u3s, udy, uls, ujs arve absent in system (7).
We use the invariance criterion [2]. Acting via operator X onto equations (7), the governing
2

equations are obtained. Let us consider equation (7) and substitute u}, u3, u3, ui for remain-
ing variables. Splitting governing equations with respect to independent variables, we obtain
coordinates of operator X

¢ = Cuz' + f(2"), ¢ = Cyx® + Csz' + h(z),
€3 = Cy + Cya* + COya®, € =0y + 20y,
n' = —Cyu' — Csu? + f'(z%), n? = —Cyu® + Csu' + ' (2%),
3 = (O3 +2C42%, nt = —2Cu* — 2t 7 (x*) — 220 (2*) + p(2?),

where C1,...,C5 are constants, f(z*), h(z*), p(x?) are arbitrary functions.
It is proven that the Lie algebra for the system of equations (4) is formed by the operators

Xl :8ta X2 :aza X3:t82+5w,
X4 =20, + y0y + 20, + 2t0; — ud, — v0, — WOy, — 2q0y,
X5 = 20y — Y0z + udy, — v0,, (8)
Xe = f(t)a.L + f/(t)au - xf”(t)aqa
X7 =h(t)0y + 1 (t)0, —yh"(t)0g, Xs = p(t)0y.

The first operator is responsible for the transfer in time ¢, the second and third operators are
responsible for the transfer and the Galileo transformation along the z axis, the fourth operator is
responsible for the tensile transformations, the fifth operator is responsible for the rotation around
the zaxis. The sixth, seventh and eighth operators contain arbitrary functions f(t), h(t), p(t)
that depend on time. They define the infinite-dimensional part of the Lie algebra of admissible
operators.

For the first time a group analysis of equations of system (1) was carried out by V. O. Bytev
[7]. The difference of the obtained result from operators (7) is that two operators responsible
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for the rotation around the = and y axes are absent in (7), and the infinite-dimensional operator
along the z axis similar to Xg, X7, operators is represented as two finite-dimensional operators
Xg, X3.

If the two-dimensional hydrostatic model is considered then variable y and velocity v in
equations (4) should be excluded. Then for equations

Up + Uy + WUy + @ = V(Ugg + Uszz),
Wy + uwy + W, = v(Wer + W), )
Uy +w, =0, ¢q,=0
the algebra of admissible operators is determined by the following operators
X1 =0, Xo=0,, Xz=10,+ 0w,
X4 = 20y + 20, + 2t0; — u0y, — w0y, — 2¢0q, (10)
X5 = [()0x + [/(1)0u — f"(£)0y, X6 = (t)0y-

3. Exact solutions

Example 1. Let us find a solution to equations (4) with operators from basis (8)

o 9 )
<X3ft%+%, Xp =ty + g (h(t)ft)>.

The invariants of these operators are
z
J = (m,t; u;V — y; w— —; q).
t t

Therefore, the invariant solution of equations should have the form
(w0,w,q) = (U, 54 V@, 0): =+ Wat); Qa.b)) (11)

where U, V, W, @ are functions of two variables.
Let us substitute functions (11) into the system and obtain the factor-system:

1
Ut+UUI+QLE:VU$I7 V;EJV_UVI"_;V:VVwa:a

1 2 (12)
It follows from the last equation of factor-system (12) that
2
Ule,t) = == + hu(t), (13)

where hq(t) is an arbitrary function. It follows from the first equation in (12) that

2
Qast) = 2o halt) = b (1) — " + halt),

with an arbitrary function hs(t). It can be seen from the second equation of system (12) that

2 v
Vi = Vo + (f - hl(t)> V.-~ (14)
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To solve equation (14) we use the reference book by A.D. Polyanin [8] (Section (1.8.6), p. 129)
and consider the following equation

Wi = AWgy + [zm(t) + n(t)|w, + k(t)w
In the case of equation (14) we have
a=v, m(t)=-, n(t)=-hi(t), ki) =-—-.
Let us introduce the following designations (A, B, C' = const)
F(t) = Bexp [ / m(t)dt} - B2,

2t5

T:/F2(t)dt+A: + A,

§=axF(t) + /g(t)F(t)dt +C = zBt* — B/tth(t)dt +C.
Using new variables (z,t) — (J,7), we obtain
V(x,t) = M(8,7)exp {/k(t)dt} = %M((S, 7),

where M (4, 7) is a new function.
Let us assume that B =1, A = C = 0, then F(t) = t?,

t5

=% 5 =at? — /tth(t)dt,

+ Ms(2x — thy(t)) + M, t3,

1 o) aorl  M(6,7)
Vi=—M(5,7) + {Maatww 8t] -

)
Ve = Maa— T 2wt Vi = 680y,
ox Oz
Substitution of
M6 2 M (6
— (t2’ T) + Mg(QJZ - thl(t)) + ZWTL‘3 = Vt3M55 + (;7 + hq (t)) Mst — (]527 T),
in (14) gives us the following equation
MT = Z/M55. (15)

The heat equation with constant coefficients is obtained.
Let us note that if variable § is taken in the form 6 = zt? — f t2hy (t)dt then it can be treated

as a Lagrangian variable since § = x at t = 1.
Let us consider the simplest solution for (15) [5]: M(4) = ad + 5. Then

V(z,t) = %(ath — /t2h1(t)dt) + §7

where «, 3 = const.
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From the third equation of factor-system (12) we obtain
2 w
W, = v W + (f - hl(t)) W= —. (16)

The solution of equation (16) is found by analogy with equation (14), that is,

W(z,t) = i(xt2 - /t2h1(t)dt> +

1=

)

where €, u = const.
As a result, the exact solution of equations (4) is obtained in the form

u(est) = () = =

v(z,y,t) = %[y + a(zt® — /t2h1(t)dt) + ﬁ],

(17)
w(z, z,t) = %[z +e(zt® — /t2h1(t)dt) + ,u],
atest) = 2O o) - 22 nae),

where hq(t), hao(t) are arbitrary functions; «, 3, ¢, u are constants.
Kinematic condition (5) on the free boundary I' : z = n(x,y,t) for a given solution has the

form
on 2x\ On 1 on
ot + <h1(t) — t> I + <t [y + OZ(IEtZ - /tzhl(t)dt) + ﬂ:|> a—y =

— % {z+a<xt2 - /t2h1(t)dt) +4.

One can see that n(z,y,t) = t®(J1,J2) —eJ1 — p, where ®(Jy,J2) is an arbitrary function of
arguments

1
Jy = at? — /t2h1 (t)dt, Jo= ;(y + aJi + B).

From dynamic condition (6) (p, — p|1,)ﬁ> +2vD -7 = 20H7 one can determine the atmo-
spheric pressure at the free boundary

Pa =D, + %[1 + 9+ t4 (a2 + 52)] +20H.

Taking into account solution (17), the deformation rate tensor and the pressure on the fluid
surface are

—4 at? et?

at? 2 0 ,

et? 0 2

1
T2t

2xhy(t / 3z
ple = ~on(@0.0) + alry,0) = ~g[19(3, o) — ey — ] + 2220

—xhy(t) — - T ha(t).
Example 2. Let us consider equation (14):

M, = vMss,
and use solution for this equation [§]

M(5,7) = a(6? + 2vT) + B.
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Then we obtain

V(z,t) = w = % ((xt2 — /tth(t)dt)Q + 2”;) + g (18)

In a similar way we can find W (x, t):

Wiat) = = (ot = [ ehuioar)’ + 22) 4

As a result, one more exact solution of equations (4) is obtained

1=

u(est) = hn(0) = =

’U((E,y,t) = % |:y +« ((!Iitg — /t2h1(t)dt)2 + 21/5t5> +ﬁ:| ,
1
t

[24-6 ((xt2 - /t?hl(t)dt)2 + 2?) +u} :

22 3 ),

t

where hq(t), ho(t) are arbitrary functions; «, 3, ¢, u are constants. Thus, the set of solutions of
equations (4) can be constructed from the set of solutions of equation (14).

Example 3. Let us consider operators

0 0 0
<X2:§1 X5:$7 X6:%7a‘l(t):1>-

The invariants of these operators are J = {y;u;v;w;q}. Therefore, the invariant solution of
equations should have the following form

(u,0,w,9) = (U(y); V(y); W(y); Qy))- (20)
The factor-system for the stationary solution has the form
VUy =vUyy, VVy+Qy=vVy, VW,=vW,, V,=0 (21)
One can see from (21) that
V=0, Q=0Cs U(y)=Di+Dye?V, W(y)=H + Hyes".
Finally, we obtain the exact solution of equations (14)
u(y) = D1+ Doe™¥, w(y) =Cr, wly) = Hy+ Hae™Y, qy)=Co,  (22)

where C1, Cy, D1, Do, Hy, Hy are constants.

Kinematic condition (5) on the free boundary z = n(x,y,t) for solution (22) has the form

on c1,\ On on [=3
9 (py+D uy)— 12 = Hy + Hye 5.
5‘t+< 1+ Dae 8x+ 18y 1+ Hee

The solution to this equation is

1 v <
n(z,y,t) = oA <H1y+H2C1€”y> + ®(J1, Ja),
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where ®(J1, J2) is an arbitrary function of arguments

1% C
Jo=y—Cit, Jo=Diy+ Dgge%y — Chz.
1
In the dynamic condition (6) on the free boundary z = n(z,y,t) the deformation rate tensor
has zero values on the diagonal for solution (22). Therefore, it is easy to determine that the
external atmospheric pressure at the free boundary is

o)
Pa = —gn(,y, )+02+2—e v M+20H

Example 4. Let us give an example when the factor-system gives a contradiction. Let us
consider operators

0 0 0 0 0 0
<X4 =t gt Xo =g+ go () =1X7 =tp- 4 o0 (1) —t>.

x z
The invariants of these operators are J = {t; U——;v— Q; w— —

. t; q}. Therefore, an invariant

solution of equations should have the following form

(wv,w,q) = (T +U®: T+ V@) T+ W Q) (23)

where U, V, W, @ are functions of one variable.
Then the factor-system has the form

x x 1
U, -2 (f US)f:O,
t t2+ t+
4

2

y
1(14; )o " (24)
l

+
Wi+ (= +W) 0, 1+

The last relation in (24) is contradictory. Therefore, a solution of form (23) does not exist.
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I'pynmoBoii aHa/in3 ypaBHEHUI TUAPOCTATUYECKOI MO/IeJIn
BSA3KOI 2KMJIKOCTH

Anekcanap A.PoauoHoB

NucruryT Buraucaunresbaoro mogenuposanus CO PAH
Axkaznemroponok, 50/44, Kpacuaosipck, 660036

Poccus

Hapbsa A.KpacHoBa

WucturyT MaTeMaTuky u QpyHIaMeHTaIbHON WHMOPMATHKI
Cubupckuii deepasbHbIl YHUBEPCUTET

Ceobomusrii, 79, Kpacrnosipck, 660041

Poccua

Pacemampusaromes 2pynnosvie c60lUcmea YpasHerul, Mpermeprot 2udpocmamuseckoti MOOEAt 8A3KOT
orcudrocmu. IIpedcmasaeno HECKOALKO NPUMEPO8 MouHbix peweHuti. Onpedeasromces c60600Has NosepT-
Hocmy dlcudkocmu u dasaenue 1a Hed.

Knaoueswie caosa: 2pynnogoti araiusd, 2udpocmamuieckas MOOEAb, BA3KAA MHCUOKOCTD, MOUHBIE PeuLe-
HUA.
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