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The theorems on the differentiability of the solution of the mized boundary value problem for nonlinear
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in this paper
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Introduction

Mixed boundary value problems arise in various structural and civil engineering problems.
The study of many problems of stress concentration in the vicinity of cracks, inclusions, sup-
porting stringers and linings also leads to mixed boundary value problems. A variety of mixed
problems arise in fluid dynamics. These are nonlinear problems in the theory of wing sections
and gliding, in the theories of jet streams and explosion and in the ship theory. Some mixed
problems arise in the theory of filtration and hydroelasticity [1].

Great interest is shown in the study of the partial differential equations of higher orders from
the point of view of practical applications. The study of many problems in gas dynamics, in the
theory of elasticity, in theory of plates and shells leads to the consideration of partial differential
equations of higher orders [2].

Partial differential equations of higher orders are also solved in the construction of invariant
solutions of differential equations with the use of higher symmetries and conservation laws [3,4].

In the domain D we consider a nonlinear equation

02 0%u(t,x) OPu(t,z)  O*u(t,z)
W(u(t,x)—u 0x? )+M 0tox* + ozt = f @ u(t,2)) M)
with initial conditions
0
u(t, 2)j=0 = ¢1(2), Frult, 2)ji=o = ¢2(2) (2)

and boundary conditions

l l
u(t, ) |g—0 = Uz 2 (t,7)|g=0 = /0 u(t,y)dy = /0 Uy y(t,y)dy =0, (3)
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l
where f(t,z,u) € C(DxR), ¢;(z) € C°(D1), ¢j(x)js—0 = @} (2)jz0 = / pi(y)dy =
0
l
/ ©i(y)dy =0, j=1,2, D=DpxD;, Dr=10,T], D;=[0,l], 0<T <00, 0<l<00
0

and 0 < v, u are small parameters.

It should be noted that to study the various types of linear and nonlinear partial differential
equations and their systems different methods can be used [5-7]. One of the qualitatively new
problems is the non-local problem for partial differential equations [8]. Nonlocal problems arise
in the mathematical modeling of the various processes occurring in nature. One can exemplify
such processes as moisture transfer, thermal conductivity in biological objects, control etc [9].
Mixed value problems with integral conditions were considered by many authors (for example,
see [10-12]).

The description of the real process by differential equations is a transition from the object
to its idealized model. Every mathematical idealization is associated with the neglect of small
quantities [13]. For example, in the study of transverse vibrations of rods Rayleigh considered

the equation
0%u 0*u 0*u
2_€X2 2 2+b2X2 T~
ot 0t?0x ox
for the cases € = 0 and € = 1. In particular, when € = 0 he obtained a classical solution of the
mixed value problem for this equation with the aid of eigenfunctions of the following spectral

problem

0

y"V (x) = My(@), y"(0) =y (1) = y""(0) = y"(1) = 0.
It is easy to see that this spectral problem is self-adjoined, positive definite and it has a pure
point spectrum.
In this paper we consider the questions of differentiability of solutions of mixed value problem
(1)—(3) with respect to small parameter. In this case we use the method of separation of variables
based on finding a solution of mixed value problem (1)—(3) as a Fourier series [14]

u(t,z) = a;(t) bi(=),
=1

2 2
where b;(z) = \/;sin N, A\ = %
We note that the equation (1) for » =0 and p = 1 takes the form

O%u(t,x)  OSu(t,z) Oru(t,x)
ot? otda* ozt
while for v = 0 and p = 0 it takes the form

0%u(t,x)  O'u(t,x)
942 + 91 f(t zu(t,x)). (4)

We need to study the differentiability of solution of mixed value problem (1)—(3) with respect
to small parameters for the purpose of stability analysis of the solution of this mixed problem
with small parameters and in order to approximate the solution of problem (1)—(3) by the
solution of problem (4), (2), (3). The questions of solvability of equation (1) have been studied
previously [15,16]. However, the study of the differentiability of the solution of this mixed value
problem with respect to small parameters is being conducted for the first time.

Let us consider a set {a(t) = (a;(t))]a;(t) e C(Dr),1=1,2,3,.. } and introduce the norm
as follows

= f (t,x,u(t, l‘)) )

1
e} 2
2
la®)ll g, 1y = L_l max |a;(t)] ] :
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Then the set is a Banach space and we denote it as By(T).
For each a(t) € B2(T) we define the following operator

Qa(t) = u(t,z) =Y _ a;(t)b;(x).
i=1

The set of values of this operator is denoted by F2(D). It is obvious that Q: Ba(T) — E3(D)

and E2(D) C LQ(D)
We suppose that the following conditions are fulfilled

Np? — 4Ny — 4 < 0;
T
/O ||f(t,x,u) ||L2(Dl) dt g A < o0}

1
() € Lip{ Lit.2)), . 0 < /O VL(9) oy dy < o3

||W(t7y= :u) ||B2(T) < 0.

In this case the one-valued solvability of mixed value problem (1)—(3) has been studied [16]

and the solution of this problem in the domain D has the form

u(t, v, 1) = Z ai(t, v, u)bi(z),
i=1

where a;(t,v, 1) is defined as a solution of the countable system of nonlinear integral equations

(CSNIE)

t l
ait, v, 1) = Wit v, 1) + /0 /0 £ (8,9, Qa(s, v, 1)) Git, s, v, w)bily)dyds,

1
Wi(t, v, p) = eXP{—iwli(l/, M)t} X

2 ; . t
+ 7) (<P2z‘ + @wu(% M)) sin wa; (v, M)*},

t
X |14 COS wgi(V, [L)§ w%(% 0 B) 5

2exp {—wu‘(% 1) t_Tg} sin wo; (v, p) 52

Gi(t,s,v,p) = , woi(v) =1+ Ny,
woi (1) |wai (v, 1) + wri(v, 1) sin wi(v, )3
A A2\ /dwoi (V) — N2 !
i\ = L 3 ALS) = = L 5 i — ] bi d 5 j = 1) 2.
o) = 2 ) W = | st 5

1. Main results

9)

First we study the differentiability of the solution of mixed value problem (1)—(3) with respect

to first small parameter v.

Theorem 1. Let the conditions (5)—(8) be fulfilled and
2

= AT a(woi(v) A 2 4,2
1) =N+ ———=+ =5 )| | <o, p=4+4Nv — A\
;\/ﬁ[ ( p ﬁ)] "
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2) Zm()\z + %) Jpai| < 003

i=1

Z / |fi (u,v)|dt < o0,

where U V /f ' Y, Qa(t v, N)) bi (y) dyv 7o = inf[O;V] ‘in(Va HJ) + Wli(ya :U‘) sin in(Va H“)t|7

o 1 T N 1 +/\§,u3T A uT L A2
woi (v )(/\QPH'[) 2woi(v) (wm(’/))z To/P woi(V)VP /P (WOz(V))z 7
of(t
4) v = max M <00 .
eDr u LQ(Dl)

Then there exists a derivative of solution of mized value problem (1)-(3) with respect to small
parameter v in the class Ea(D).

Proof. Since

ou(t, z, v, 8&1 t, v,
‘u Z ‘u ,(.73),
i=1
then we differentiate CSNIE (9) with respect to small parameter v and obtain

aai(ta v, M)
ov

//3f5 L Gt s, ) Zwbﬂy) bi(y)dyds,

Jj=1

ZWz(t>V7M)+

where

’

Wit,v, 1) = —(wii(v, 1)), 3 exp{ wii (v, p) %}X

t

2 i . t
X {@u oS wa; (v, 1) 5 + m(%i + %Wu(’/, M)) sin wo; (v, 1) 2] +

t it "o t
+6XP{—w1i(V» 1) 5} {—901 (w%(% M))V sin wo; (v, 1) 5

2
t (11)

w2 + @wli(% M)) sinwa; (v, ) = +

w2, )y ( ¢ .

(wai(v, p))?

' sinwo; (v, ) 5 coswa (v, ) § ( P1i ) }
iV, i i + —wly, t
+(wii(v, 1)), {@1 o, u) + wm(u ) P2+ W (v, ) +

/ / i(t,s,v, 1)) (8 yvzag s, v, )b y)) bi(y) dyds,

! t—s /

(Gi(t,s,l/, m)y = —G,(t,s,v, 1) { 5 (wu‘(l/, M))V—F

(woi(0)), | (wilv.p) + wri(v, @) sinwai(v, p1)s).,

+ -
woi (V) wai (v, ) 4 wii (v, ) sinwa; (v, )

(12)

/ QEXP{ wii (v, H) }COSwzz(V ,U)t_f

t—s
(o.}2i(V7 N))V wOi(V) (WZi(Va M) + wli(V7 ,u) sin Wzi(l/7 M)S) .

+
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Further, taking into account the conditions of the theorem, from (11) and (12) we obtain

W (v )|y oy < D NWilts v i)y <
i=1

o~ AjuT [ ( wii (v, ) 2|p2i )]
< ——— |l | 1+ — + +
2 3 [P G * T
> >‘4/‘2 <T wli(ya :u') T wli(yv /U'))
+ |2 (5 + = +
g;%wﬂ[\@ o ) 2 wailv, 1)
- Ay 1 } 4l M 24 Tontr)| (13)
(@oi()? “wa(vry)] P Ve (waiv,p))?
trgg;;//‘ i(t, s, v, 1)) ‘ (sy,Za]sz/,u ))bl()dydsg
2
Ag(v, ) +M1Z \/;ozi/ / max f(t,y,zaj(t, v, 1) bj(iU)) | +[bi(y)] dydt < oo,
i=1 0 Jo T j=1
where Ml = ||Gi(t,S,V, /”’)HBZ(T) 3
= 2 P\ 5 ) T G
= M2 (T woi(v)p T Np M A2 24T wyi(v, 1)
+ cpi[l (+ +l>+l ]+ =g }<
;{| u Ve o\ 2 P 2 o woi(v) /P o Vo (wai(v,p))?
[ A [ 4 2 (WOi(V) A7 )] A ( 2, M )
< —— Nt ——+—= )| leul+ ———= AN+ = 'W}'
;{\/ﬁ p NG ol wai (v, p) VP o2
Then from (10) we have
da(t, v, ) —
dat v Wl W), o +
52, <o
2 2
t l 2 [eS)
0 f(s, y, u) 0aj(s, v, p)
My M. — — 2 p, d ds < 14
+ My 2/0 /0 Ju ]; 90 ](y) Y S (14)

0 f(s, y, u) da(s, v, 1)
G e I o
dalt, v, ) da(t, v, p)[*]”
m%MzmeMway o |
Bs(t) i=1

Appling the Gronwall-Bellman inequality to (14) and taking into account (13), we derive

dalt, v, 1)
—5, € By (T).
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Let us consider the following iteration process

dakt(t, v, p)

daj(t, v, p) o
T - Wz(t7yaﬂ)a T - Wl(t7y7/1/)+
f(S Y, u ) = aa?(‘% v, ,M) ) ) _
/ / Gi(t,s,v, 1) 5u jEZl — 5, bi(y) | bi(y)dyds, k=0,1,2,....

It is easy to verify that there are the following estimates

Haal(t, v, p)  9a’(t, v, p) o
ov ov Ba(t) =
t 0
ngMg/ ‘af(s, Y, u) ‘@a (s, v, p) ds <
0 du La(Dy) Ov Ba(s)
< M M2 |W(t 0f(s: 9, w) ds < My M2 ||[W(t t
X M QH (’V"U')HBZ(T) du s M 2|| (7”7”)”32(7*)7 ’
La(Dy)
‘ darti(t, v, )  dat(t, v, p) <
ov ov Ba(t) =
t k k—1
<M1M22/ 8f(3 Y, u) ‘aa (;, v, ) 0da 6(57 v, 1) ds <
0 u L>(Dy) v v Ba(s)
k+1 7 ;2k+2 (|57 (yt)kt?
< MFF M HW(t,%u)HBQ(T)m~

The existence of solution of countable system (10) in the space Ba(T) follows from the last
two estimates. The uniqueness of this solution is proven by the following estimate

Haa(t, v, p)  Ou(t, v, p) .
ov ov Bat) (15)
<M1M22/t af(sv Y, u) ‘aa(sv v, ,U)_av(& v, :u) ds,
0 du La(Dy) v v Ba(s)
if we apply the Gronwall-Bellman inequality to (15).
It follows that
3utfcyy‘ Z’aaltv,u‘
| )] <
% 1
3(11151//1‘ - 9 dalt, v, )
(S —a2elemy
(Z! ) <Z| (=) : -
Let us consider the following relation
wlt, v+ ) — ailty v, ) OPLwnl b )t} — e ol )t y

h N h

t 2 i . t
X [(ph- coswa; (v + h, 1) 3 + m (gozi + % wii(v + h, u)) sinwsy; (v + h, M)Q} +

t i t 4
+ exp{—wu(z/, ) 5} . {soii (coswgi(y +h, pw) 5~ coswa; (v, 1) 5) +
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l\’)\ﬂ-

1 2 2 P14
+ E (u)gi(l/—f— h, ,U/) - (4‘)27;(V7 M))(QOQ'L + 7W11(V+ ha M)) Slnw?z(y+h :u’)

2 P14 wu‘(V +h, M) - wh‘(% M) : t
— nwo; (v + h, -+
wo; (v, 1) [ 2 h sinwa (v 2 2

sinwo; (v + h, u) % — sinwa; (v, p) % P14
+ Y <<,02z =+ 7&112(7/» H))} +
G

t l [e%s)
Gi(t, s, v+ h,pu) — Gi(t, s, v, M)
+/0 /0 h (5 v,y ai(s, v+h, ) bj(y)) bi(y)dyds +

Jj=1

//G (t,s,v+h,u)— [ (s y,z_:ajs v+ h, M)b(y)>—

( i (s, v, )b y))]bi(y)dyds, (16)

where

Gi(t,s,v+h,p) — Gi(t,s,v,p) gexp{_wli(y+ h 1) %} - eXp{_“’”(”’ " t?}
h o h
sinwg; (v + h, p) 52
woi(v + h) [wgi(u—kh, ) +wii(v+ h, p) sinws; (v + h, 1) s }
t—s
p)

X

X

t—sY | sinwg; (v +h, p) 55 (v, 1)
1

x +

woi(V + h) |:(U2’L'(V + h, 1) +wii(v+ h, @) sinwe; (v + h, w) s]

+sinwai(v + hy p) =2 1( ! L )x
in wo; (v — -
wai ' B 2 h \wo; (V + h) wo;i (V)

1 1 1

R

X . +
wai (Vv 4 hy p) +wii(v + h, p) sinwa (v +h, p) s woi(v)

1 1
X - :
(wzi(l/ +hop) Fwn(v +h,p) sinwyi(v+h,p)s - waiv, p) +wiv, p) sinwsi(v, p) S)] }
Taking the limit & — 0 in (16), we obtain from(10)

U(t,x,l/+h,,u) 7u(t’x71/alu’) _ 3u(t,m,1/,,u)
h ov h

< M, a(t, v+h, p) —alt, v, p)  dalt, v, p) .
h ov Ba(T)
The theorem is proved. O

The differentiability of the solution of mixed value problem (1)—(3) with respect to second
small parameter u is obtained in an analogous way.

Theorem 2. Let conditions (5)—(8) be fulfilled and
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NT (| Neoi®)\ | N [ 2,0)
. 2 Vi) Ve NG

Twoi(v) | | Nwoi(v) A woi(v) 4p woi (v) _ ,
0 ) i e ] +lonl- [Q}; <2T+\%)H, b AN A
!

oo T
i i ,V d 5 h i V) = s Y, , U, bz d,
2);6/0 fi(u )| dt < oo, where fi(u,v) /Of(tyQa(t 1)) biy) dy

1) Bo(v, 1) < oo, where By(v, 1) :Z{|4P1i|'

T 1 2\
Fo — infro. ; ; in wa; (v, = S — 1+T+ M) |;
To = infjg, ) lwai (v, p) + wii(v, p) sinwo; (v, p)t|, B [2+ + — NG (+ + )
o0 f(t
3) v = max¢ep, M < 0.
u La(Dy)

Then there exists a derivative of solution of mized value problem (1)-(3) with respect to small
parameter p in the class Fo(D).

Proof. Because

we differentiate CSNIE (9) with respect to parameter p and obtain

aai(ta v, /’[’)
op

//8f5y’ Gi(t,s,v, 1) bi(y) ZW@@) dyds,

j=1

- Wli(ta v, M)—'_

where

’

t
Wit v ) = = (@iiv ) , 5 exp{ —wii(v. ) 5
t 2 i . t
X [goh- cos wa; (v, ) 3 + m (gozi + %wh—(u, u)) sin we; (v, 1) 2} +

t it r t
—&-exp{—wli(z/, ) 5} {—“0; (wgi(l/, ,u))# sin weo; (v, 1) 5

(wai (v, M));L P1i (18)
2P (Y

: sinwgi(v,p) 5 coswai(v,p) § ( P1i )
i(Vs i i + —w1i(v, t
+(w1 (v “))u {@1 ) + O Yo + 5 Wi (v, 1) +

// it s,v, 1)) sy,za]svu i(y) | biy) dyds,

. t
wi; (v, ,u)) sin we; (v, @) 5 +

’ ’

(Gi(ta SV, /U'))u = _Gi(t7 S, v, /~L) |:28 (wli(y? ’LL))H+

(WQi(Va ,u) + LLJ1i(V7 /’[’) Sin w2i(ya :U/)S)M
wai (¥, 1) + wii (v, p) sinwa; (v, p)s

(19)

t—s

, 2€XP{ w1 (v, /~L) }COSW2Z(V /~L)
P woi (V) (wai (v, 1) + wii (v, 1) sinwa; (v, 1))

+

(wai(v, 1))
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By virtue of the conditions of the theorem from (18) and (19) we obtain

WAt v, M)HBZ(T) < Z [Whi(t, v, H)”c(DT) <

i=1

o ) B2 e

T
>MLA %%A ft%g;MLMMQ@) bi(w)| dydt <

oo T Al oo
%@wﬂﬂﬁzyﬁﬁtég%;ft%E:%@MuMNw i) dydt < ox.
i=1 =1

(20)
Then from (17) it follows that
dalt, v,
|22G ] s 9y +
H Ba(t) )
2 2
t
+M1M2/ / 01, y, Z&a] 5 s 1) bi(y)| dy | ds< (21)
o \Jo
df(s,y,u da(s, v,
< WAt v, )y + My ME / % ‘(a“) ds.
0 u Ly(Dy) K Ba(s)

After applying Gronwall-Bellman inequality to (21) and taking into account (20) we derive

Oalt, v, ) Bo(T).

Let us consider the following iteration process

0dd(t, v, darti(t, v,
W—Wli(t7yvu)a Za(u'u)_wli(tﬂjvﬂ)—i_
t ol o0 k
0 f(s,y, u) daj(s, v, jt)
[ [ Gittsn ] by(y) | bi(y)dyds, k=0.1,2,....
0 Jo ) du ; o J
It is easy to verify that the following estimates hold
Haal(t, v, p)  9a’(t, v, p) o
O On gy
<M1M22/ (9f(87 Y, U) ’aao(s7 v, ﬂ) d8<
0 Ou Ay, I sy
< ]\411\/[22 WA, v, M)HBQ(T) 7,
Hé’a’““(t, v, p)  9a(t, v, p) <
o on e
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Conng [[[Uler ] otten setenn)

X 1 — <

Sl du iyl om On Ba(s)
(y)**+

< M1k+1M22k+2 ||W1(t71/alu’)||BQ(T) (k‘+ 1)| .

The existence of solution of countable system (17) in the space B2(T) follows from the last
two estimates. The uniqueness of this solution is proved by the following estimate

‘aa(a v, 1) Ou(t, v, p) _
o o Ba(t) )
ngMg/t 9f(s,y, ) ‘éw(s, v Ovsvp)|
0 du Lo (Dy) 6/’L 8u Ba(s)
if we apply to (22) the Gronwall-Bellman inequality.
It follows that
aUthH‘ Z’aazty,u‘
’7 |bi(2)] <
< 0.

B2 (T)

(S Y (S o) a2t

Let us consider the following relation
(t v, [ -+ h) — ai(t7 v, M) exp{_wli(y7 A+ h) t} - exp{_wli(y7 /’L) t}
h - h 8
2 P1i . t
P14 coswo; (v, p+ h) o o i) ((pgi +7 wii(v, p+ h)) sinwo; (v, 1+ h)§ +

t i t t
—&-exp{—wli(y, ) 5} . {(‘Og (coswgi(z/, w+h) 5~ cos wa; (v, 1) 5) +
t

1 2 2 P1i
¥ - (2 + Tt wnlv, o+ b)) sinws; h)z
+h (CUQi(V,M—Fh) ool M)) (4,02 + 5w (v, p+h) ) sinwy; (v, u+ )2
2 7 7 ) h - 7 5 t
|:301 ) w1 (V o+ ) w1 (V /”L) SIHWQl(I/ /L+h)

+ —
wai (v, p) | 2 h 2 (23)
sinws; (v, p+ h) L — sinwg; (v, u) &
+ 2 4 )3 2i( H)2(¢2i+<ﬁ wii(v, w) }}-l—
h
t pl
itv s ¥y h) — ’L'ta s ¥y
+//G(3Vﬂ+) G(Sl//j‘) Sy,za]SVu-i-h dyd8+
0o Jo h =
oo
//Gtsyu—i—h (s,y,z%suu—kh )
Jj=1
(59, asls, v ) b)) | bily)dyds,
j=1
where
Gi(t, s, v, i+ h) — Gi(t, s, v, 1) _2exp{—wu(l/7 M-&-h)%}—exp{ w1 (v, M)%} o
B h
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sinwg; (v, p+ h) 5=
X

2
Jr
woi (V) |:UJ22‘(V, w4 h) +wii(v, g+ h) sinwe; (v, u+ h) s]

+2 eXp{_Wli(Va 1) X

t—s {Sinw%(z/, w+h) t_T‘S — sinws; (v, 1) t—Té
2 } L

t—s

1 sin wo; (v,
« + 21( M) 2

1
woi (V) {wgi(u, A+ h) +wi(v, p+h) sinwy (v, u+ h) s] woi (V) h

X

1 1
X — .
(cugi(y, pwth)+wii(v,p+h) sinwe; (v, n+h)s  woi(v, 1) +wii(v, 1) sinwsg; (v, 1) s) }

Taking the limit & — 0 in (23), we obtain (17). So we have

u(t,x,y,u—kh)—u(t,x,y,,u) 8u(t,a:,1/,,u)‘<

h op
< M, Cl(t, Va”+h)_a(ta v, M)_aa(t7 Va,u) ]
h Ip B>(T)
The theorem is proved. O

Conclusions

In conclusion, we note that under the conditions of the theorems proved in this paper the
solution of mixed value problem (1)—(3) is differentiable with respect to small parameters v and p.
In particular, it follows that the solution of mixed value problem (1)—(3) depends continuously
on small parameters ¥ and u. In addition, as v — 0 and p — 0 the solution of the mixed
value problem converges uniformly to the solution of equation (4) with initial condition (2) and
boundary conditions (3).
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O nuddepeHmmpyeMoCcTr MO MaJILIM ITapaMeTpam
pelleHnsi CMeIaHHON 3aJ1a4u JIJisi HeJIMHENHOTO
TICEBJIOTUIIEPOOJIMIECKOTO YPaBHEHNS

Typcyn K. FOanamies

B cmamve doxaszwviearomea meopemv, 0 JuPPepeHuupyemocmu no MasbvM NapaMempam 0606uweHH020
DEWEHUA CMEWAHHOT 3a0a4U OAA HEAUNETIHO020 NCe6J02UNEPOOAUNECKO20 YPABHEHUA NATNO20 NOPAIKA.

Karoueswie caosa: neaunetinoe ypasnenue, oud@epenuupyemocms pewenus, Maive napamempvt, cHem-
HAA CUCTNEME HEAUHETHDIT UHMESPANOHOT YPAEHEHU.
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