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Let K be an arbitrary field and let A be a K-algebra. The polynomial identities satisfied by A can be
measured through the asymptotic behavior of the sequence of codimensions of A. We study varieties of
Leibniz-Poisson algebras, whose ideals of identities contain the identity {x,y} - {z,t} = 0, we study an
interrelation between such varieties and varieties of Leibniz algebras. We show that from any Leibniz
algebra L one can construct the Leibniz-Poisson algebra A and the properties of L are close to the
properties of A. We show that if the ideal of identities of a Leibniz-Poisson variety V does not contain
any Leibniz polynomial identity then V has overexponential growth of the codimensions. We construct a

variety of Leibniz-Poisson algebras with almost exponential growth.
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Introduction

Let A be an algebra over an arbitrary field. A natural and well established way of measuring
the polynomial identities satisfied by A is through the study of the asymptotic behavior of it’s
sequence of codimensions ¢, (A), n = 1,2,.... The first result on the asymptotic behavior of
cn(A) was proved by A.Regev in [1]. He showed that if A is an associative algebra c,(4) is
exponentially bounded. Such result was the starting point for an investigation that has given
many useful and interesting results.

For associative algebras A.R.Kemer in [2] proved that the sequence ¢;,(A) is either polynomi-
ally bounded or grows exponentially. Then A.Giambruno and M.V.Zaicev in [3] and [4] showed
that the exponential growth of ¢, (A) is always an integer called the exponent of the algebra A.

When A is a Lie algebra, the sequence of codimensions has a much more involved behavior.
I.B.Volichenko in [5] showed that a Lie algebra can have overexponential growth of the codimen-
sions. Starting from this, V.M.Petrogradsky in [6] exhibited a whole scale of overexponential
functions providing the exponential behavior of the identities of polynilpotent Lie algebras.

In this paper we study Leibniz-Poisson algebras satisfying polynomial identities. Remark
that if a Leibniz-Poisson algebra A satisfies the identity {z,2} = 0 then A be a Poisson alge-
bra. Poisson algebras arise naturally in different areas of algebra, topology, theoretical physics.
We study varieties of Leibniz-Poisson algebras, whose ideals of identities contain the identity
{z,y} - {z,t} = 0. We show that the properties of such Leibniz-Poisson algebras are close to
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the properties of Leibniz algebras. We show that Leibniz-Poisson algebra can have overexponen-
tial growth of the codimensions and construct a variety of Leibniz-Poisson algebras with almost
exponential growth.

1. Preliminaries

Let A(+,-,{, }, K) be a K-algebra with two binary multiplications - and {, }. Let the algebra
A(+,-, K) with multiplication - be a commutative associative algebra with unit and let the
algebra A(+, {, }, K) be a Leibniz algebra under the multiplication {, }. The latter means that
A(+,{, }, K) satisfies the Leibniz identity

{{z, v}, 2} = =z, 2} 9} + {2, {y, 2} }-

Assume that these two operations are connected by the relations (a,b,c € A)
{a-b,c} =a-{b,c}+{a,c} b,

{c,a-b} =a-{c,b} + {c,a} -b.

Then the algebra A(+,,{, }, K) is called a Leibniz-Poisson algebra.
We make the convention that brackets in left-normed form arrangements will be omitted:

{...{{z1, 22}, 23}, . xn} = {21, 22, .., Tn }-

Let L(X) be a free Leibniz algebra with multiplication [,] freely generated by the countable
set X = {z1,79,...}. Let also F(X) be a free Leibniz-Poisson algebra. Denote by PL and P,
the vector spaces in L(X) and F(X) accordingly, consisting of the multilinear elements of degree
n in the variables z1,...,z,.

Proposition 1 ( [7]). A basis of the vector space P,, consists of the following elements:

Thy » oo Thy ATy, @ b {2, ) (1)

where:
(i)r >0,k <...<ky;
(ii) all elements are multilinear in the variebles x1,...,xy;
(iii) each factor {z;,,... @i, },..., {xjy,-.., x5, } in (1) is left normed and has lenngth > 2;
(iv) in each product (1) the shorter factor precede the longer: s < ... < t;
(v) if two consecutive factors in (1) are brackets {...} of equal length

cooAzpys o xp,t {mgys oz b
then p1 < q.

Denote by I',, the subspace of P, spanned by the elements (1) with r» = 0.

Denote by Ls2(X) the subspace of the free Leibniz algebra L(X) spanned by the elements
[@iy, ..., 2] with n > 2. Also denote by PLx2(X) the subspace of F'(X) spanned by the
elements {x;,,...,z;, } with n > 2. Obviously, L>2(X) = PL>3(X) as Leibniz algebras. We will
use only the notation Lxo(X) everywhere as Lso(X) = PL>2(X) up to isomorphism of Leibniz
algebras.
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Let V be a variety of Leibniz-Poisson algebras (pertinent information on varieties of PI-
algebras can be found, for instance, in [8], [9]). Let Id(V) be the ideal of identities of V. Denote

P,(V)=P,/(P,NIdYV)), cn(V)=dim P,(V).
For a variety of Leibniz algebras V}, denote
PL(vp)=PE/(PEnId(Vy)), (V) =dim PE(Vy).

Let Id(A) be the ideal of the free algebra F'(X) of polynomial identities of A.
The next proposition shows how from every Leibniz algebra one can construct a Leibniz-
Poisson algebra with some conditions of the source Lebniz algebra.

Proposition 2 ( [7]). Let Ar be a nonzero Leibniz algebra with multiplication [,] over an infinite
field K and let
A=A K

be a vector space with multiplications - and {,} defined as

(a4 ) - (b+B) = (Ba+ ab) + af, @)
{a+a,b+ 8} =a,b], a,be A, a,f€K.

Then the algebra (A,+,-,{}, K) is a Leibniz-Poisson algebra and the following conditions are
true:
(1) Id(Ap) = Id(A) N L>2(X) and the algebra A satisfies the identity {x1,x2} - {x3,24} = 0;
(it) for anyn > 2
T(A) = Py(A) = Py (Ar)

up to isomorphism of vector spaces;
(#it) for any n the following equality holds:

cn(A) =1+ kz: (Z) -dim PE(AL).

2. Leibniz-Poisson Algebras with Identity
{1131,372} : {$37x4} — 0

Denote by Id({z1,z2} - {x3,24}) the ideal of identities of the free Leibniz-Poisson algebra
F(X) generated by the element {x1, 22} - {z3,z4}.

Theorem 1. Let V5, be a variety of Leibniz algebras over an infinite field K defined by a system
of identities
and let {g; € Id({z1, 22} - {z3,24}) | j € J}, where |J| > 0, be a set of elements in the ideal
Id({xy,x2} - {xs,24}). Let V be a variety of Leibniz-Poisson algebras defined by the system of
tdentities

{fiZOa gJZO | i€I7 .76‘]}
Then:
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(1) Id(VL) = Id(V) N Lx2(X);

(it) Py(V) =P L(VL)

(iii) cn(V) = 1+Z (%) ek Ve):

(iv) if [I| =0 then cn(V) > [n!-e] —n, where e = 2.71..., [ ] is an integer part of a number.

Proof. (i) Let f € Id(Vr). Then f follows from the system of identities (3). Therefore,
f€Id(V)NLxo(X) and Id(Vy) C Id(V)NLx2(X). We will show that Id(V)NLx2(X) C Id(Vy).

Let W be a Leibniz-Poisson variety defined by the system of identities (3) and the identity
{z1,22} - {w3, x4} = 0. Since the element {x1,z2} - {23,274} generates the ideal Id({x1,z2} -
{z3,24}) and |J| > 0 then W C V, Id(V) C Id(W).

Let L(X,Vr5) be the relatively free algebra of the variety Vi of countable rank. Theo-
rem of Birkhoff implies that the algebra L(X,V;) generates the variety Vy. Hence Id(Vy) =
Id(L(X,Vy)). Let A= L(X,Vy) ® K be a Leibniz-Poisson algebra with the multiplications (2).
Proposition 2 implies that A € W, hence Id(W) C Id(A). Proposition 2 also implies the equality

1d(Vy) = Id(L(X, V1)) = Id(A) N Lss(X).
Since Id(V) C Id(W) C Id(A), it follows
1d(V) N Ls2(X) C IdOW) N Lo (X) C 1d(A) N Lo (X) = 1d(Vy).
(i) Condition (i) implies that Id(V) N PL = Id(Vy) N PL for any n > 2. Therefore,
PE(VL) = PE/(Id(V,) 0 BY) = PE/(1d(V) 0 PE) = PEY).

(#4i) follows from (i¢) and [7, Proposition 4].
(¢v) Applying the formula

n

n!-Z%:[n!-e],

k=0

inequality from (i4i) and PX = n!, we obtain that

" /n " n!
(V)>1+kz_2(k) .k!_1+k2227(n—k)' =

n—2 n
n!
=[t=n—k/=1+) Z =nl Z = [n!-¢] —n.
t=0 =0
O
Define the lower and upper exponents for the codimension sequence {c,(V)},>1 as follows:
EXP(V)= lim {/c,(V), EXP(V) = lim {/c,(V).

n—oo n— oo
If the lower and the upper limits coincide, we use the notation Exzp(V).

Theorem 2. Let Vy be a variety of Leibniz algebras over an infinite field K defined by the
system of identities (3) and let V be a variety of Leibniz-Poisson algebras defined by the system
of identities (3) and the identity {x1,x2} - {x3,24} = 0. Then:
1) For anyn > 2
Da(V) = PE(YV) = PE(VL)
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up to isomorphism of vector spaces.
2) Let
U (x1, e ), s =1,...,c2(Vy), (4)

rn

be a basis of the vector space PL(Vy), n > 2. Then P, (V) has a basis

L1 ... Tnp,
Tiy w oo Ty W (T, Ty ),
k=2,....,n, s=1,...,ck(Vy), i1 <...<in-k, 1 <...<Gr

3) For any n
n n )
(V) =1+ ;22 (k> -dim PE(Vy).

4) If exponent EXP(Vy) exists, then EXP(V) = EXP(Vy) + 1, in particular if there exist
constants d > 0, a and (3 such that for all sufficiently large n the double inequality holds

nd" < ck (V) < nfdn,

then there exist constants v and § such that for all sufficient large n the following double inequality
holds
n(d+1)" < ¢, (V) <nl(d+1)".

5) If some Leibniz algebra Aj generate the variety Vi, then the Leibniz-Poisson algebra
A= Ap ® K with multiplications (2) generates the variety V.
6) If |I| < +oo and the variety Vi has the Specht property (i.e. all subvarieties of Vr,
including Vy, itself, are finite based), then the variety V has the Specht property.
7) Let W be a proper subvariety of V. Then the ideal of identities Id(W)NLxo(X) determines
the proper subvariety of Vr,.
8) The variety Vi, is nilpotent if and only if the variety V has a polynomial growth.
Proof. 1) The equality PX(V) = PL(V) follows from Theorem 1. Since for any n holds
equality
I, =Pl @ Id({w1, 2} - {3, 24}) N Ty,
then
T,(V) =, /(Id(V) NT,) =
B PL o 1d({zy, 2o} - {x3,14}) N T, B
Id(V) N (P,% D Id({$1, 332} . {.133,.234}) N Fn)
PnL D Id({xl, .’EQ} . {.’Eg, 1'4}) N Fn
(Id(V) N P,{‘) D (Id({l‘l,l‘g} . {1‘3,.134}) N Fn)

~ PL/(1d(V) n PY) = PE(V).

2) Follows from 1) and |7, Proposition 4].
3) Follows from 2).
)

4) Follows from 3) and the equality (¢ +1)" = > (}) - t*.

5) Let some Leibniz algebra Ay, generates the variety Vp. Define the Leibniz-Poisson algebra
A = Ap & K with multiplications (2). Then Proposition 2 and Theorem 1 imply such equalities

1d(A) N Lso(X) = Id(Ap) = Id(Vy) = Id(V) N Lso(X), (6)
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with Id(V) C Id(A). We will show that Id(A) C Id(V).
Denote by B the subspace of the free Leibniz-Poisson algebra F'(X) spanned by the elements

{Ziy, o smi b Az, oz, ), 822,062 2.
In particular I', = BN P,, n =1,2,... Note that
B = L)Q(X) @Bﬂld({l‘l,ig} . {$37$4}). (7)

From [7] it follows that the ideal of identities Id(A) is generated by the set of identities
BNId(A). Let f € BNId(A). Since

Id({xy,x} - {x3,24}) C Id(A)

and (7) then
BN [d(A) = L}g(X) n Id(A) ® BN Id({l“l,l‘g} . {x3,$4}).

Hence there exist unique
g € L)Q(X) N [d(A), he BN Id({l?l,xg} . {56371‘4}),

such that f = g+ h. (6) implies that g € Id(V). Obviously, h € Id(V), hence f = g+ h € Id(V).
Thus Id(A) = Id(V).

6) Let |I| < +o0 and the variety of Leibniz algebras Vy, has the Specht property. Let W be
a subvariety of the variety V. Obviously, Id(W) N L»2(X) is an ideal of identities of the free
Leibniz algebra L(X). Theorem 1 implies that

Id(Vr) C Id(W) N Lx2(X).

Hence the ideal of identities Id(WW) N Lx2(X) is generated by a finite number of elements

f17. . .,fk S L}Q(X)
Using the notations of 5), we have

BN IdW) = Lss(X) N IdW) & B N Id({x1, 22} - {23, 24}). 8)

Since Id(W) is generated by BNId(W) (see [7]) then the variety W is generated by the elements
fiy-o o fr and {x1, 22} - {73, 24}

7) Let W be a proper subvariety of V. Then the strict inclusion Id(V) & Id(W) holds. We
will show that

1d(Ve) & Id(W) N Lz2(X),

where Id(W) N L>2(X) is an ideal of identities of L(X).
Since Id(W) is generated by the set B N Id(W) (see [7]) and Id(V) & Id(W), there is such
element f € BN Id(W) that f ¢ Id(V). Equality (8) implies that there exist unique

g < L>2(X) N Id(W), he BN Id({l’l,xg} . {%3,.%4})
such that f = g+ h. Since h € Id(V) and f ¢ Id(V), we obtain that
g & Lx2(X)NId(V) = Id(Vy).

Therefore, Id(V5) & Id(W) N Lxo(X).
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8) Follows from 1), 3) and [7, Theorem 1] O

Corollary. Let L(X) be a free Leibniz algebra over infinite field K and let L(X) @ K be a
Leibniz-Poisson algebra with multiplications (2). Then:

(i) Id(L(X)® K)N L(X) = {0}.

(ii) Id(L(X)D K) = Id({z1,z2}-{xs,24}), i.e. the ideal of identities of the algebra L(X)® K
is generated by the identity {x1,x2} - {x3,24} = 0.

Denote by V; the variety of Leibniz-Poisson algebras defined by the identity {z1,22} -
{x3,24} = 0. Theorems 1 and 2 imply that the codimension growth of V; is overexponential.

Proposition 3. For any n > 1 the codimension of the identities of 171 satisfy

cn(V1) = [n!-e] —n.

Proposition 4. Let 3./\7 be a Leibniz-Poisson variety, defined by the identity

{z1, {x2, {x3,24}}} = 0.

Then the variety Vi N3N over a field K of characteristic 0 has almost exponential growth of the
codimension sequence.

Proof. [11] and [10] implies that the variety of Leibniz algebras 3N, defined by the identity
[z1, [22, [r3, 24]]] = O,

has almost exponential codimension growth. Therefore, by Theorem 1, the variety of Leibniz-
Poisson algebras 171 N 3/\7 has overexponential codimension growth.

Let W be a proper subvariety of VN 3N. Condition 7) of Theorem 2 implies that the
ideal of identities Id(W) N L>2(X) defines the proper subvariety of s, which has exponentially
bounded codimension growth. By condition 4) of Theorem 2, the sequence of codimensions of
W is exponentially bounded. ([l

Denote by /\//':4 the variety of Leibniz-Poisson algebras, defined by the identity
Hz1, 22}, {Z2641, T2sq2}} = 0.
Proposition 5. Variety 171 N m over a field K of characteristic 0 has the Specht property.
Proof. [12] implies that the variety of Leibniz algebras ./\//;/4, defined by the identity

[[xla ir?]a ey [$25+1, (E25+2]] =0.

has the Specht property. Therefore, by 6) of Theorem 2, Vi ﬂ./\//;.//él has the Specht property. [
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O mHoroob6pasmngax aareop Jleitoauma-IIyaccona
c toxjecrBom {z,y}-{z,t} =0

Cepreii M. PauieeB

B danmoti pabome uccaedyromesn mrozo0bpasus aszebp Jletibnuya-Ilyaccona, udeanv, mootcdecms xomo-
puz codeporcam moscdecmeo {xz,y} - {z,t} = 0, uccaedyemcs 63aumocessb Maxuxr Mro2000pasutl ¢
MH02006pasuamu anrzebp Jletbnuya. Ilokasaro, wmo us A1060U arzebpv, JIETOHUUA MOKHCHO NOCMPOUMD
aneebpy Jletibnuya-Ilyaccona ¢ noxoscumuy ceoticmeamu ucrodnot aszebput. Ilokaszaro, wmo ecau ude-
an mootcdecms mHo20006pasus anzebp Jletbrnuya-Ilyaccona V ne codepotcum Hu 00H020 modtcdecmsa u3
€60600101 anzebpu, Jletbruya, mo pocm mHo2000pa3us V AGAAEMCA CBEPTIKCNOHEHUUAALHUM. [Ipuso-

dumes mrozo06pasue anzebp Jletbruya-IIyaccona noumu sKCNOHEHUUAADHO20 POCTNG.

Knmoueswie caosa: anzebpa Ilyaccona, anzebpa Jletibnuya-Ilyaccona, mrozoobpasue anzebp, pocm mHozo-

00pa3uA.
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