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We deduce the purely time-depending Yang-Mills equations in a space with conformal torsion-free connec-
tion. Next we find three series of solutions to these equations and study which of them give the FEinstein
metric or a metric conformally equivalent to it. Also, various representations of these solutions with and
without singularities are presented.
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Introduction
In the title we could omit mentioning the dimension of a manifold as the Yang-Mills equations
dx P+ QA*P —xPAQ =0

in a space with conformal connection make sense only in dimension 4. It is easily explained:
the Hodge operator x is defined only for even dimensions 2n and maps the space of external n-
forms to itself but the curvature matrix ® for any dimension greater than 1 consists of 2-forms.
Therefore the matrix *® can be constructed only for n = 2. In this case, for a metric with
signature (—+ ++) or (+ — ——) we have *?> = —id while any other signature gives %> = id.
This difference is crucial when one tries to find solutions to the Yang-Mills equations. Here we
investigate only the case of signature (— + 4++), it is clear that our results are applicable for the
signature (+ — ——) as well.

It was shown in [1] that the Yang-Mills equations in a space with conformal torsion-free
connection may be reduced to Maxwell’s equations and equations (65)

Ul (—b@j)\mn + b(om) Ry + Qb[im]b[jnl) = 2bbgsj) + byij) — 2Qmi; = 0. (1)

Here all indexes run from 1 to 4. Indexes in brackets denote symmetrization with respect to
them, that is b;;) = bi; + bji; in square brackets, skew symmetrization, that is by;) = bij — .
The indexes that follow a vertical line denote the corresponding covariant derivation. Let also
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n;ij be the Minkowski metric tensor, n™" its dual tensor; b;;) are defined by the Ricci tensor R;;
of the quadratic form of the angular metric

P = mjwiwj (2)
according to the Einstein equations
1
biij) = Rij — = Fij- 3)
D . g 1 .. 1
Here R}, is the curvature tensor of the quadratic form (2), b=n"b;; = 51}” biijy = gR, and

Q iy = (b11)? + (ba2)? + (bss)? + (baa)® —

- (b12)2 - (521)2 - (513)2 - (b31)2 - (1)14)2 — (b41)2 +
+ (baz)” + (b32)” + (b2a)” + (ba2)® + (b3a)® + (baz)® =

" i) bjng -

= in”nmnb(im)b(jn) + in”n

Besides terms depending on the components of quadratic form (2), which is interpreted as
the gravitational potential, equations (1) contain terms that depend on the components by;j
of the electromagnetic field. They appear in the term 2n""bj;;, b, and, indirectly, in the
scalar ). Thus in a space with conformal torsion-free connection satisfying the Yang-Mills
equations the gravitation has purely electromagnetic nature. This means that given the tensor
of electromagnetic field bj;;; we obtain the quadratic form (2) by solving 10 nonlinear differential
equations of 4-th order (1). (Note that the equations have solutions even if the electromagnetic
field vanishes.) There are only 9 independent equations in system (1) because convolution of the
left part of (1) with 7% results in identical zero.

We would like to point out here that the way the electromagnetic field generates gravitation
according to equations (1) differs from the one that is absolutely groundlessly postulated in all
treatises on general relativity. On the other hand, although equations (1) have strong logical
foundation, they are hardly realistic since they are obtained by neglecting weak interaction whose
existence is proved by numerous and convincing experiments.

The electromagnetic field tensor by;;) satisfies Maxwell’s equations

d®y =0, d*®) =0, (4)

1 , ,
where ®f = §b[ij]w] Aw'. Expanding (4), we get 8 linear differential equations of 1st order with

the coefficients depending on the components of quadratic form (2). Thus, 17 equations (1) and
(4) form a closed system of differential equations on 16 unknown functions: 10 coefficients of the
quadratic form (2) and 6 components of the tensor bj;;;. Equations (1) and (4) give a complete
system of the Yang-Mills equations in a space with conformal torsion-free connection.

Tt is clear that to solve the system of (1) and (4) is much more difficult than the system of
the Einstein equations. In a closed form solutions can be obtained only in special cases. In this
paper we consider only the case when the coefficients of quadratic form (2) and the components
bjij) of electromagnetic field tensor depend only on one parameter ¢ that we interpret as time.
Remark. The left side of (1) for bj;;; = 0 is the Bach tensor that was introduced in 1921. In
the paper [2] it is shown that if b;;; = 0 and the Einstein equations (3) are satisfied then the
Yang-Mills current (the left side of the Yang-Mills equations) is expressed only via the Bach
tensor.
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1. Equations (1) and (4) in the Purely Time-dependent
Case

We consider the angular metric
P = —dt* + a® (dzy)® + b2 (dwo)? + 2 (das)?, (5)

where a, b, ¢ depend only on time t. We denote the derivative with respect to time with a dot.
Let
wl=dt, w?=ade, w?=bdry, w'=cdrs.

Then the Christoffel symbols are

— _ 4 _ 3_ 4_ 4 _
wi = Cwh Wi =Wt wp = W Wy = Wy = w3 = 0.

Non-vanishing components of the curvature tensor of the quadratic form (5) are

i b ¢ ab ac éb
R%lQng R?B: b’ R%MZE» R%Q?,:_%a 3324:_%a R§34:—3~ (6)
Then
P . i
Rll—g'i‘*‘f'ga Rzz——g—i—%a
b ¢, ab ac
b ¢b ab ac ¢b
R33**g*@**b, R44****&*Cb7 (7)

) i b ab_a o
R:n”Rij:_Q g+,+g+&+%+i .
a b ¢ ab ac b

According to (3), we have b(;;) = 0 for i # j, and

a b ¢
-+ -4+- = 3b11—522—b33_b447 (9)
a b ¢
i ab ac
—+——+—— = by; — 3baa — bz — buu, (10)
a ab ac
b ab ¢b
Ty tap = bt ba2—3bs—bu, (11)
¢ ac ¢b
—+——+-- = b1 — by — b33 — by, (12)
c ac cb
. . : a b é
bao + b33 +bags = — (b1 + ba2) P (b11 + bs3) B (b11 + baa) e (13)
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Now we compute covariant derivatives of by : biiy1 =

: a b ¢
= 2bii, baay2 = —2(b11 + ba2) - bazyz = —2 (b11 + b33) B’ baiayja = —2 (b11 + baa) >

while all the other b, = 0. The second covariant derivatives of b;;) are

2 . o\ 2 .
a ca b )
bi1yj22 = 4 (b11 + ba2) (a) - 2b1157 bai1yj33 = 4 (b11 + b33) (b) - 2b1157

C - C
bai1yjaa = 4 (b11 + bag) (c) - 2b11-,
. b C e (14)
b(22)|11 = 2b22, b(22)|33 = *25225, b(22)j44 = *217225
) G e
b(z3)j11 = 2b33, b(33)|22 = —25335, b(33)44 = —253327
. @ A
b(agy11 = 2baa, b(ag)|22 = —25445, b(44)|33 = —25445-

The components b(;;y;; do not vanish but we do not need them since they do not appear in (1).
All the other b(ij)|kp =0.

It follows from these computations that if ¢ # j, then only the third summand in (1) does
not vanish. Therefore (1) turns into

277mnb[im] b[jn] =0.

Hence if i # j, then only the following pairs can be different from zero: either bj;5) and bjzy), or
bi13) and bjay), or bjiy) and bpa3). Without loss of generality, we may assume that b9 and byz4) do
not vanish, and bjy3) = bjo4) = bj14) = bj23) = 0. In this case the first group of Maxwell’s equations

. Y
(4) is reduced to the only equation bz4 + bsg (b + Z) = 0, where

N
b3y = —, N = const. (15)
be

The second group of Maxwell’s equations (4) is also reduced to one equation

: b ¢
bi2 + b1 <b+c> =0,

M
big = e M = const. (16)

Now we will consider the case ¢ = j. Let first ¢ = j = 1, then, taking into account (14), (13),
and (9), equations (1) lead to

where

a (- a\ b - b
—= (bag 4 (bi1 +baz) = | — -  bsz + (biy +bsz) 7 | +2(b12)* +
a a b b
) o) ¢ i
+2(b34)” — - <b44 + (b11 + baa) c) + b2z <a +bag — b11) + (17)

; .
+b33 (b + b33 — b11> + by (Z + bag — bll) =0.
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Similarly, when ¢ = j = 2,4 = j = 3 and i = j = 4 using identities (10)—(13) and expressions

(14) we see that
: a\’ : a\ (b ¢
(522 + (b11 + b22) ) + (b22 + (b11 + b22) ) (b + c> -

(512 -2 b34)2 + bn + bao — b11> (18)

+b33 <— — b33 — bm) + b44 —— — by — b44) =0,

) o)

+2 (b12)” + 2 (b3a)” + b1 3 + b33 — b11> (19)

ab bé
+boo | —— — b3z —bag | +baa | —— — b33 —baa | =0,
ab be

<b44 + (b11 + baa) Z) + <b44 + (b11 + baa) 2) (Z + b> +

+2 (1712)2 +2 (b34)2 + b1 g + bag — b11> + (20)
ac be
+ba2 < — bay — 544) +b33 | —— — b3z — b44> = 0.
ac be

These equations have been written down in [1] without a proof. Ounly three of them are inde-
pendent since summing up the last three and subtracting (17) we obtain identically zero.
Remark. To solve the system of equations (1) and (4) it is necessary to replace all the covariant
derivatives with their expressions through usual derivatives, and this is a very labour-consuming
procedure. In [1] equations (17)—(20) have been obtained using the algorithm described in [3],
which is based on differentiation of external forms. This algorithm is easier and more reliable to
use.

2. Solving Equations (17)—(20)

The system of equations (17)—(20) is rather difficult. We are able to solve it only in special
cases.

2.1. Caseb=c¢

Since the metric (5) is defined up to a factor, we can divide it by *>. Making a change of

. a a ) . .
parameter T = " and denoting 7= again as a, we rewrite the metric as
c
¢ = —dt®> + a® (dz1)? + (dzo)® + (dxs)” . (21)

Therefore, without loss of generality, we may assume that b = ¢ = 1 in this case; then equations

1 1 1
R S Y N R S Y
3a 3a 6a

— 44 —



Leonid N. Krivonosov, Vyacheslav A. Lukyanov Purely Time Solution of Yang-Mills Equations ...

follow from (8). Furthermore, the system (17)—(20) is reduced to two equations
2 - .
DA 1242 4 K2 =0, 241242+ K2 =0, (22)
a

where K2 = M? 4+ N? = const.
Integrating the difference of these equations, we find that
A= Pa, P = const. (23)
The first integral of the 2nd equation in (22) is

.2
A =443 - K2A - Q, Q@ = const. (24)

This means that A is given by the elliptic Weierstrass p-function A = p(t, K2, Q), and according
to (23)

1.
a= F@(thQaQ) (25)
Formula (25) makes no sense when P = 0, and in this case we deduce directly from (23) and
K .
(22) that A = Witk Consequently, by definition of A, g = 12A = K+v/12. It depends on the

sign of K which of the following three functions solves the equation:

a = Cisin <\/K\/ﬁt+02>, (26)

a = CreVEVI2 | Cyem VEVIZL (27)
a = Cit+Os. (28)

Formulas (25)—(28) give the complete list of all solutions to (17)—(20) in the case b = c¢. These
solutions are elementary; solution (25) is also elementary for some values of K and @. Namely,
the function g is elementary if the cubic equation

40— K?p—-Q =0 (29)

has multiple roots. A number « is a root of multiplicity 2 if it is also a root of the derivative, i.e.

the solution to the equation 12a? — K2 = 0. We may always assume that K > 0. Substituting
3

K K
a = +—= in (29), we find Q@ = F——=. For these values of @) equation (24) can be solved in

V12 3V3

KS
elementary functions. Let first Q = ——= then equation (24) turns into

3V3

Psar ) (- ).

_ 2K

24— 2k
Its solution is W arctan Ty‘? =t + (1, where C; = const. Therefore

A:p:m<3tan2\/wg(t+cl)+2>_

6 V2

V3VK
V2

Denoting = Cy we find A; substituting it in (25) we get

o= sin Cq (t + Cl)
~ Pcos3Cy (t+Cy)’

C4,Cs, P = const.
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3
Similar calculations for Q = ———= give

3v3
. sinh Cy (t 4 C1)
Pcosh® Cy (t + C)’

C4,Cs, P = const.

If equation (29) has a root of multiplicity 3, then K? = @Q = 0. In this case equation (24)

implies A = p = ————— and, consequently,
P & (t + 02)2 q Y.
A Ch
a=—==— C1,Cy = const. 30
P (t+0y)° b (30)

Let us find out now which metric among (25)-(28) gives the Einstein metric, i.e. R;; = s,
or a metric conformally equivalent to it. As it was proved in [1, p. 445], the Einstein metric
(and a metric conformally equivalent to it) does not allow an electromagnetic field, therefore
such solutions should be among (25)—(28) with K = 0, i.e. they must be

1.
or a = C1it+ Cs.

Equalities (7) show that for b = ¢ = 1 the Ricci tensor components are

i
Ry =—

a
s Roy = ——, R33 = Ry = 0.
a a

For that reason, solution (28) provides the Einstein metric, while solutions (31) do not.
It is known that the metrics

P = —dt? 4 cos? w - (tanw - (dzy)® + (dws)® + (dx3)2) ,

32
Wy = —dt? + sind w- (cot?w - (dz1)? + (dz2)® + (d1'3)2) , (32)
3 [x
where w = 3 gt, 2 = const, » > 0, and
3 = —dt? + cosh? w - (tanh?w - (dzy)? + (da2)® + (d.’IJ3>2) , (33)

Wy = —dt? + sinh? w - (coth?w - (aixl)2 + (dx2)2 + (dm3)2) ,

3/
where w = 3 —gt, »x = const, » < 0, are the Einstein metrics [2, p. 230]. Here s is the

Einstein curvature R;; = sn;;. The coefficients at (dz2)? and (dzs)® in these metrics are equal,
therefore they are of the form (5) with b = ¢, which is the case we consider in this section. As it
was noted in [3, p. 73|, the Einstein metrics automatically satisfy all the Yang-Mills equations.
Hence these metrics are conformally equivalent to some of the solutions (31). It remains now to
establish the parameters P and Q.

For this purpose we will rewrite the metric ¢ in the form (5) with b = ¢ = 1. To do that, we

dt
divide the metric by cos’ w, change the time parameter 7 = —5 3 = and let a be the
cos? (3/5)

3 .
composition of functions a = tanw and w = 2/ gt (7). Let the function (7,0, Q) = Pa satisty

the differential equation
27

®)' =5 ((©)°+Q)

2
)
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which follows from the equation (p)2 = 493 — @Q for the Weierstrass function p(7,0, Q). This

brings us to
TGN 108 w

The same result holds for the metric 5.
Analogously, for the metrics ¥3 and ¥4 we come to the similar result

P e ®

From this it follows that the metrics 3 and 4 are conformally equivalent. The metrics v and

1o are not just conformally equivalent but isometric because we may obtain one from another
by the ti hange t -~ — 1, A=>./%
y the time parameter change ¢t — o b =5\ 3

Up to an isometry, there are no other Einstein metrics of the form (5) with b = ¢ and s # 0,
except for (32) and (33).

Let us summarize this in other words. A metric in a space with conformal connection is
given up to a factor, therefore a numerical value of the parameter s is unimportant, only its
sign matters. It follows that all the Einstein metrics of the form (5) with b = ¢ and s # 0 are
conformally equivalent to two specific (not Einstein) metrics of the form (5) with b=c¢ =1, and
a=p(t0,1) or a=p(t,0,-1).

There are two series of the Einstein metrics of the form (5) with b = ¢ and 3 =0

a = a(ft+7)7F,  b=c=(Bt+)"; (36)
a = pft+7, b = ¢ = const,

where «, 3,7 are const ant. All metrics in the first of these series are conformally equivalent to
1
the non-Einstein metric with the coefficients a = & b=c=1.
Metrics in the second series are isometric to the Einstein metric with the coefficients a =
t,b=c=1.
Remark. According to (15) and (16), for b = ¢ = 1 we have bjo = M = const, b3y = N = const,
but this does not mean that the electromagnetic field is constant, since (4) implies that

B = 2Mw' Aw? —2Nw? Aw* = —2Madt A dzy — 2Ndxo A das, (37)

and we see that the coefficient at dt A dx; depends on time.

2.2. Case a=1b (or a =c)

The same reasoning as above allows us to assume a = b =1 (or a = ¢ = 1). It turns out that
such a metric is incompatible with the electromagnetic field with byi3) = bjayg) = bj14) = b23; = 0.
In this case we may have only solutions of the form (31) or (28) with a replaced by the function
¢ (or b).

2.3. Second Representation in the Case b = ¢

dt
If we divide metric (2) not by b2, as in Section 2.1, but a?, change the parameter 7 = [ —,
a

b c b ¢
and denote — = — by b, then we obtain a = 1, b = ¢. Writing B = T we rewrite system
a a c
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(17)—(20) as follows

1 .. 1.2 2 .. 2K?
“BB—--B +-B?B+4+=—— =0,
Y54 28B4 28" 1 om2 287 =0
3 3 6 oo

where K2 = M? + N? = const as above. This system is much more difficult to solve than (22).
It would not be clear how to proceed with solving it if we did not know that the system was

1 dt
obtained from (22) by change of the unknown function b = — and the time parameter 7 = | —.

a a
For us, there are two reasons to write down this system of equations. First, to illustrate how
much the choice of the gauge transformation (renormalization of the quadratic form (5) in this
case) is important to find a solution to the Yang-Mills system of equations. Second, the form of
the solution may have advantages or disadvantages, and this depends on a choice of the solution
representation. In particular, solutions (26), (28), and (30) attain the form

1 /
b = c= o cosh (Cl —KV12t + 02) ) (39)
1

b = c=Che 9, (40)
b = c=C (t+Co)t. (41)

In order to write down solutions (27) we first rewrite them

a = Cscosh ( KV12t + c4> . (if C1Cy > 0), (42)
a = C(Cs3sinh ( K\/ﬁt + C4> s (lf CCy < 0), (43)
a = CeVEVI2  (if 0y =0), (44)
a = CeeVEVI2  (if Cy =0). (45)

After the gauge transformation these solutions become

b = c¢=Cicos <” Iél/ﬁt + C’2> , (46)

b = c¢=Cysinh (”Ié:/ﬁt + C’g) , (47)
b = c:cl—\/ﬁt, (48)
b = c=\/KV12t+ Cs. (49)

A direct substitution easily shows that (46)—(49) and (39)—(41) are solutions to (38) (the last two
are for K = 0). The metrics of solutions (26) and (28) have singularities but the corresponding
metrics for (39) and (40) do not. On the contrary, the metrics of solutions (42), (44), and
(45) have no singularities but acquire them in the new gauge, as we see in (46), (48), and (49).
Moreover, metrics (32) and (33) are given by elementary functions but the same metrics after the
gauge transformation are given by formula (31) with conditions (34) and (35). These functions
are not elementary.
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3. Solutions of the Monomial Type
Let us now study solutions to system (17)—(20) of the form
a=t", b=t c=1%3, (50)
where a1, as, a3 are constant; i.e.
= —dt® + 121 (dy)® + 1292 (dag)” + 1293 (das)” . (51)

Solutions (28), (30), and (41) for C; =1, C; =0 and (36) for @« = 8 =1, v = 0 are of this form.
Moreover, Kasner showed that if

a1+ as 4 as = (a1)® + (a2)? + (a3)? =1, (52)

then (51) is the Einstein metric [4, p. 491]. Hence all functions (50) with condition (52) are
solutions to system (17)—(20). In particular, solutions (28) and (36) satisfy this condition. It is
natural to try to find all the solutions of form (50) but it is a difficult problem. A straightforward
substitution of (50) in equations (17)—(20) leads to severe technical difficulties because the alge-
braic equations obtained in the result are too difficult, and it is impossible to see what algebraic
variety they define. We may overcome these difficulties introducing auxiliary parameters

u= ()’ + ()’ +(a3)® =1, v=a;+as+as—1. (53)

This allows to obtain elegant and unexpected solutions, which include all the solutions mentioned
above.
Using formulas (8) we express b;; via introduced parameters

oo L5, L LN L
N\ 2" Y ) T e Ty T RYTRY )¢

USSR U U SRR O 06 SIS DU B
B 2T RYTRY ) T e ™ T R TR )
Then equations (17)—(20) turn into

AO + 2K2t472(a2+a3) =0, ]Al _ 2K2t472(042+a3) =0,

Uy 4 2K -2N0stas) 20 Ay 4 9K2I-2aztas) _ () (54)
where K2 = M? + N2 = const, and Ay, A; are defined by
0 = 7%1)4 + D] 2 %uQ — 61)3 + gqur 6112 — éu,
A; = —%uQ + %v‘l - %uv2 + 30uUY gazv3 - %v?’—i—
—|—§uv — %aiu + %aivz - évQ + éu, 1=1,2,3.
Subtracting in (54) the 3rd equation from the 2nd and the 4th from the 3rd, we get
(2u —v2) (v — 2) (@1 — a) = 12K ?¢A-2(02tes), 5

(2u —v?) (v —2) (a2 — a3) = 0.

The 2nd of these equations presents three possibilities. If the 1st factor is equal to zero, that is

1
u= 57)27 (56)
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then it is easy to check that all A; vanish. The 1st equation of (55) yields K = 0,i.e. M = N = 0.
From (37) we deduce that ®3 = 0, hence (56) gives a purely gravitational solution to the Yang-
Mills equations. We see that if A; = 0 and K = 0, then all equations (54) become identities.
Equation (56) in parameters «; assumes form

(a1)2 + (a2)2 + (a3)2 — 2109 — 2001003 — 200003 + 2001 + 2009 + 2003 — 3 = 0. (57)

In the space of parameters «y, as, ag this surface of 2nd order is a cone with its apex in the
point (1,1,1). The circle (52) lays on this cone because its equation can be written down as
u = v = 0, which, obviously, satisfies equation (56).

If in equations (55) v = 2, then again K = 0, and the first of equations (54) becomes

1
A0:—§u2+2u—2:07

which is equivalent to u = 2. But the pair u = 2,v = 2 satisfies equality (56), therefore we get a
special case of solution (57).

Let us now put as = a3 in the 2nd equation of (55). From (54), for K # 0 it obviously
follows that as + a3 = 2 because all A; and K are constant. Consequently, as = a3 = 1. From
(53) we have u = (a1)”> + 1, v = oy + 1. For these values of u and v all equations (54) turn into

(a1 —1)* = 12K2 = 0, hence oy = 1+ VK/12.

Thus, we get the solution
a=tEVEVIZ b=c=t. (58)

The last possibility for the 2nd equation of (55) is s = a3 and K = 0. The first equation
then becomes (2u — v?) (v —2) (@ — az) = 0.

To derive a result different from (57), we put a3 = ag, so that a; = as = a3. We have
uw=3()* =1, v=3mn +1.

With such u and v equations (54) are satisfied identically. Thus,

o] = Q3 = a3 (59)

and, with (50) in mind, ¢ = b = ¢. This gives a new solution to the system of the Yang-Mills
equations, but it is of no interest to us since dividing the metric (5) by a? and changing the

dt
parameter T = / — brings us to the Minkowski metric.
a

Conclusion. We obtain two series of solutions of monomial type (50): one is purely gravitational
(57) and another with non-zero electromagnetic field (58). The last solution is of the form (5)
with b = ¢ and not a new one. It is conformally equivalent to a special case of solution (27).

4. Solutions of Exponential Type
Let us study a metric of the form
= —dt? + 21 (dxy)” + €22t (dag)® + €23t (da3)”, (60)

where a1, aa, a3 are constant, that is a = e*?, b = e*?!, gc = e*s!.

Solutions to equations (17)—(20) can be found after a suitable gauge transformation of the
given metric to a metric of monomial type. Namely, we will multiply metric (60) by e** and
introduce the new time parameter 7 = e’. We get

= —dr? + 72O (day)? 4 202D (day)? 4 720D (dg)?
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precisely like we have already examined. As proved above, this metric satisfies equations
(17)—(20) either if indexes oy, ag, ag are related by the equation similar to (57)

(a1)” + (a2)® + (a3) — 20109 — 20103 — 209003 = O,

or a1 = ag = ag, or if ay, g, a3 give a solution equivalent to (58), i.e.

Ck1::|: KV12, 04220[3:0.

All metrics of the monomial type (51) have a singularity at ¢ = 0 that can not be removed
within the framework of Riemannian geometry. However, the metrics of exponential type (60)
conformally equivalent to them have no singularities. That is why there is no sense in relating
singularities of a metric to singular states in the Universe development as it is done in numerous
cosmological models, for example, in the Kasner or Friedmann models. That is, the authors
do not agree with Landau and Lifshitz’s point of view asserting that "...the very fact of the
appearance of a singularity in the solutions of the Einstein equations (both in their cosmological
aspect and for the collapse of finite bodies) has a profound physical meaning" [4, p. 423].

Among the solutions of exponential type the Einstein metric occurs only if a; = as = ag,
and the metric conformally equivalent to the Einstein metric is obtained under the conditions
that are equivalent to (52):

a1+ ag +az = —2, ((11+1)2+(042+1)2+(063+1)2:1-

5. Conformally-flat Solutions

Any conformally-flat metric automatically satisfies the Yang-Mills equations. As shown in
[1, p. 444], a conformally-flat metric does not permit an electromagnetic field. We shall now
establish conditions for the metric (5) to be conformally-flat. Dividing the metric (5) by a and
changing the time parameter, we can achieve a = 1. Hence from (8) we get

po_ 1 B+é 1éb p 1 B+é+'cl5
T3 e e 6eb” 2 6\b ¢ cb)’
L . L . (61)
B30 " cb 67 M " 3\c b 60
Since there is no electromagnetic field in this case, then all nonzero components of Pfaffian forms
wj (j=1,2,3,4) consist of (61).
Let us calculate the external forms (I>§-, the components of conformal curvature matrix, using
the formula @} = dw’ + wj, A wf +w' Awj + 0 jpwm A w™:
b

(I)% = (b22 — bn)wl /\w2, @? = <b + b33 — b11> w1 /\wg, (I)LlL = <Z + b44 — b11> w1 /\w4,

, be\ .
(I)g = (7()22 — b33) (.L)2 A (.L)S, '1)% = (71)22 — b44) cu2 A w4, (I)g = <b33 — b44 — bc) CL)3 A w4.

The components of <I>§» form the Weyl tensor of conformal curvature of metric (5). In view of
(61), there are only three different coefficients. Setting them to zero, we get three equations
1b 1¢ 1be 1¢ 1b  1be 1be  1b 1¢

- == —=—-—— =0, c—-—=--——-— =0, -— — -— — —— = 0. Subtracting the third
3b 6c 6bc  3c Gb 6bc  3bc 6b G HoHacting The T
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b be ¢ be

equations from the first two, we obtain two equalities — = —, — = —, which make all three
¢’ ¢

previous equations into identical zeroes. The last system can easily be solved, and we get

two conformally-flat solutions: a = 1, b = Cysinh (Cyt + C3), ¢ = Cscosh (Cyt + Cs), and
a=1, b=Cysin(Cat 4 Cy), ¢ = Cscos(Cyt + Cy).

6. The Solution Obtained in [1]

At first sight, the purely time-dependent solution obtained in [1, p. 448]

2P? T— Lt M N Lt
— b=c= """ bhio= """ bag—=-—. M?*+N?2=
T— Lt C=T9p 0 2T BT + 12P4"

T
is different from all the solutions of the present paper. However, the substitution 7~ t — t,
2pP? L L

Tx12—> 1, ﬁl’g — X9, ﬁl‘g — x3 makes it into a special case of solution (58) for
K=" a=t"1, b=c=t.
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Yucro BpeMeHHOe penieHne ypaBHeHuit fdnra-Mmusica
Ha YeThbIpeXMEPHOM MHOT000pa3um KOH(POPMHOI CBI3HOCTU
0e3 Kpy4deHus

Jleonun H. KpuBonocos
Bsiuecnas A. JlykbsiHOB

IIpuseden 661600 wucmo epemennviz ypasrerutl Anea-Munaca 8 npocmparcmee KonPGopMHOT C8AZHOCTIU
be3 kpyuenusa. Hatidenvr mpu cepuu pewernuds smux ypasherut, 6vACHEHO, KAKUE U3 IMUL peuenuli da-
10M MEMPUKY ITHWMETHOBY UAL KOHPOPMHO IKGUBAAEHMNHYIO ITHWMETH080U. YKA3aHbL PA3AUMHbLE
npedcmasietus IMUT PEULEHUT, OMAUNAIOULUECH HAAUYUEM UAL OTCYTMCMEUEM CUHYAADPHOCTET Y CO-
0MBEMCMBYIUUL MEMPUK.

Knmoueswie caosa: ypasruerua HAnea-Muaaca, ypasrnenus Surnwmetinag, ypasuenua Makceeanra, npocmpan-
CME0 KOHPOPMHOT CEAZHOCTIU.
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