Journal of Siberian Federal University. Mathematics & Physics 2008, 1(4), 410-431

VIIK 532.517

Symmetry Analysis of Equations for Convection
in Binary Mixture

Ilya I.Ryzhkov*
Institute of Computational Modelling SB RAS
Krasnoyarsk, 660036

Russia

Received 10.08.2008, received in revised form 10.10.2008, accepted 06.11.2008

The differential equations describing convection in binary mixture with Soret and Dufour effects are con-
sidered. The symmetry classification of these equations with respect to the constant parameters is made.
It is shown that a generator producing equivalence transformations of constants is defined accurately up
to a factor arbitrarily depending on these constants. The equivalence group admitted by the governing
equations is calculated. Using this group, a transformation connecting the systems with and without Soret
and Dufour terms is derived. In pure Soret case, it reduces to a linear change of temperature and concen-
tration. The presence of Dufour effect requires an additional change of thermal diffusivity and diffusion
coefficient. A scheme for reducing an initial and boundary value problem for Soret—Dufour equations to
a problem for the system without these effects is proposed.
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Introduction

It is well known that symmetry analysis provides a powerful tool for studying partial and ordinary
differential equations [1]. This method is especially fruitful in application to the equations of
physics and mechanics since many of them are derived on the basis of invariance principles.
Symmetries give important information about qualitative properties of differential equations
and provide a basis for their classification and simplification. Moreover, they can be effectively
used for constructing exact solutions of non-linear problems.

This paper deals with symmetry analysis of equations describing convective motion in a
binary mixture. Convection in binary mixtures has been an active field of research over the last
decades [2—4]. The flow dynamics in mixtures is more complex than that of one-component fluids
due to an interplay between advection and mixing, solute diffusion, and Soret and Dufour effects
(also known as cross-effects). The Soret effect (or thermal diffusion) is a molecular transport
of substance associated with a thermal gradient. It results in component separation in non-
uniformly heated fluid. The situation when a concentration gradient induces heat transfer is
called the Dufour effect. This effect is important only in gas mixtures.

We assume that the Oberbeck—Boussinesq approximation is valid. Then the deviations of
temperature T and concentration C (expressed as a mass fraction) from their mean constant
values Ty and Cy are relatively small and the mixture density can be written in the form

p=po(l = BrT — BcC).
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Here pg is the mixture density at the mean values of temperature and concentration, S and
B¢ are the thermal and concentration expansion coefficients respectively. It is supposed that C
is the concentration of the lighter component, so ¢ > 0. The equations of motion have the
form [2, 5]

1
u+ (u-V)u = —p—Vp +vAu —g(BrT + BcC),

0
T, +u-VT = (x + a’?DN)AT + aDNAC, (1)

Ci+u-VC = DAC + aDAT,
divu = 0,

where = (z!,22,23) is the coordinate vector; u = (u',u?,u?) is the velocity vector; p is the

difference between actual and hydrostatic pressure; g = (0,0, —g), where g is the gravitational
acceleration; v is the kinematic viscosity; x is the thermal diffusivity; D is the diffusion coefficient.
We suppose that all transport coeflicients are constant and correspond to the mean values of
temperature and concentration. The Soret effect is characterized by the parameter

a= Cy(1—Co)Dr/D,

where Dy is the thermal diffusion coefficient. The case a < 0 corresponds to positive Soret effect,
when the lighter (heavier) component is driven towards the higher (lower) temperature region.
In case of negative Soret effect we have o > 0, and the opposite situation is observed.

rmy 1
cp \OC Tl co

is responsible for Dufour effect. Here ¢, is the specific heat at constant pressure, i is the chemical
potential of the mixture. The expression in square brackets is taken at the mean values of

Thermodynamic parameter

N =

temperature and concentration.

Symmetry properties of two-dimensional equations describing free convection in one-
component fluid were studied in [6] (see also [7]). The case of stationary plane flows was con-
sidered in the earlier paper [8]. Symmetry analysis of equations for convection with Soret effect
was first performed in [9]. Invariant solutions of rank 1 and 2 were classified in [10,11] (the first
and second order optimal systems of subalgebras for the admissible Lie symmetry algebra were
constructed). Invariant solutions describing convective motion in binary mixture with Soret effect
in plane and cylindrical vertical layers have been recently studied in [12,13].

This paper is organized as follows. In section 1, symmetry classification of system (1) with
respect to the nine constant parameters is performed. The one-parameter transformation sub-
groups produced by the generators of the admissible Lie symmetry algebras are described. Section
2 is devoted to studying the equivalence properties of the governing equations. It is shown that
a generator producing equivalence transformations of constants is defined accurate to a factor
arbitrarily depending on these constants. In section 3, we use the equivalence group to derive a
transformation connecting the equations with and without Soret and Dufour terms. In pure Soret
case, the number of transformed variables is minimized to temperature and concentration. The
presence of Dufour effect also requires a change of thermal diffusivity and diffusion coefficient.
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A scheme for reducing an initial and boundary value problem for equations (1) to a problem for
the system without cross-effects is proposed.

1. Symmetry Properties of the Governing Equations

The equations of motion (1) contain nine constant parameters. Eight of them specify the proper-
ties of fluid, and one defines the gravitational acceleration. In this section, we consider the symme-
try classification of system (1) with respect to these parameters. It is supposed that a, N, 81, B¢
can take zero values (in this case, the corresponding terms in the equations are omitted). This
approach allows us to study the symmetries of different models that can be obtained from system
(1) by taking into account or neglecting Soret and Dufour effects or dependence of density on
temperature and concentration. Note that the case of zero gravity (g = 0) is equivalent to the
case Or = B¢ = 0 from symmetry analysis point of view. In what follows we assume that the
parameters pg, g, v, X, D are positive according to their physical meaning.

Let us introduce the following notation. If f(¢,x) is an arbitrary function, then its derivatives
are denoted as follows:

of of *f *f

ar o — Jiy - = Jtis - - = Jig» ‘v.:]-aQa'?)a ;< J.
ot v Gu =T e — T ggiam Tl B v=J

Using this notation, we rewrite equations (1) in coordinate form:

up +utug +utug +utug + pgtpr — vlugy 4 ug, +ugs) =0, (2)
u? +ulu? +uud + udud + palpg —v(u?] +udy +udy) =0, (3)
uf +utud + Pl +utud 4 pgt py = v(udy + udy +us) — g(BrT + BeC) =0, (4)

Tt + ulTl + u2T2 + u3T3 - (X + OéZDN)(Tll + T22 + ng)—

— OéDN(CH + Cos + 033) =0, (5)
Cy +u'Cy +u?Cy +u*C3 — D(Cyq + O + Cs3) — aD(Tyq + Tag + Ts3) = 0, (6)
u%+u§+u§:0. (7)

To find the admissible Lie symmetry group, we calculate the corresponding Lie symmetry
algebra of infinitesimal generators. The admissible generator for equations (1) is sought in the
form

;0 0 0 0
+772an +77p87p +77Ta7 +770% (8)

0 .0
_ ¢t %
X_gat—’—éaxi

supposing that its coordinates depend on all dependent and independent variables (summation

over i = 1,2, 3 is assumed). To derive the determining equations, we need to apply the prolon-

gation generator X to equations (2) — (7) and make the transition to the manifold given by this
2

system. However, the equations are not in involution, which makes it difficult to choose the ex-
ternal and internal variables. Let us supplement the system with its differential consequence [14]

(u)? + (u3)? + (u3)” + 2(ugui + uzuf + ujuy)+
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+p0" (P11 + P22 + ps3) — g(BrTs + BcCs) = 0 9)

obtained by differentiating equations (2), (3), (4) with respect to 2!, 22, 23, respectively, and by
using (7). When making the transition to the manifold, we also take into account the differential
consequences from (7)

gy + Uy + ujs =0, ui; + u3; +ug; =0, 1=1,2,3. (10)

Equations (2) — (7), (9), (10) are in involution, and now it is easy to choose the external variables:
uly, w3y, udy, pi1, Th, Chi, uls, us, s, uds, ui. Note that Th; and Cy; are expressed from (5)
and (6). These equations are linear with respect to the above variables, and the solution always
exists since the corresponding determinant x D is non-zero.

The determining equations are found by applying the prolongation generator é{ to the sys-

tem and substituting the expressions for external variables in the obtained equations. After a
considerable amount of calculations the solution is written in the form

& = 2¢4t + ¢, ¢ = eyt + era? + eox® + (1),

€ = —crat + cgr? + ezx® + (), & = —cox’ — c52® + cux® + f2(1),

n' = —cqut + cru® + cou® + (1), n? = —ciu' — cqu® + csu® + fE (1),

n® = —cout — c3u® — cyu® + 2 (1), (11)
n” = po(csgBra® + cogBoa® — fi(t)x' — fh(t)a® — fi(t)2®) — 2cap + fO(1),

nT =c7T + cgC + cs, nc = cgC + c10T + c5.

Here ¢y — c19 are the group constants and f;(¢), i = 0,1, 2, 3 are smooth arbitrary functions. The
group constants are connected with the parameters of system (1) by the classifying equations

Br(cr + 3cq) + Bocio = 0, Be(cs + 3ca) + Breg = 0,
aD(cg —c7) 4+ (x — D4+ a®*DN)cyg = 0, (12)
(x = D)(cg — Neyg) = 0, a(cg — Neiyg) =0,

Brea =0, Bres =0, Bcea =0, Bces = 0.

Using formulae (11) and equations (12), we can find the Lie symmetry algebras admitted by the
governing equations depending on the values of parameters. The results of symmetry classification
are given in Table 1. The values of parameters «, O, B¢ are specified in the first three columns.
The basic generators are given in the fourth column, and the additional generators admitted
in case of y = D are presented in the fifth column. Note that if & = 0, then N is considered to
be zero. In case of a # 0, B = B¢ = 0 the system admits the generator K7, which turns into
the generator K if N = 0. When a # 0, 8y # 0, B¢ = 0, the generator K is admitted only if
N = 0. Finally, when the parameters «, 81, ¢ are non-zero, the system admits the generator
R3 in the special case N = Ny, o # Or /B¢, where

No— Be(Br(x — D) + BcaD)
0 BraD(Br — fea)

If Ng = 0, then the generator Rz turns into the generator R, which is admitted when Sr(x —
D) + BecaD = 0.

(13)
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Table 1. Symmetry classification of the governing equations.

« Or  Bc Generators x=D
0 0 0 XO,Xij,Hi,HO,Z,Tl,T:g,01,03 T2,02
0 0 #O XOaXIQaHi7H07ZQ7U25T17T3 T2
0 #0 0 X07X127Hi7H07ZhU1501aC3 02
0 #0 #0 Xo, X12, H;, Hy, Z3,U1, Uz Ry, Ry
#0 0 0 XOaXijaHi7H07Z7RaT3aC3aK1
#0 0 #0 X03X123H’£7H07Z37U2aT
750 #O 0 XO,X12’Hi7H07Z37UlacgﬂK(N:O)
750 7&0 #O XOaX12aHi7HO>Z37U17U2
N = No, a # pr/Bc : Rs
0 .0 .0 .0 .0
_Y i Y5 Y i ¢ i Y
Xo=gp  Xu=T g~ an TG T g
’ i 8 8 0 . L
Hi(f (t)) f ( ) ( ) POCE ftt( >8p7 Z?] = 17273 (7’ <])7
0 0 0
Ho(f°()) = fo(t) = Z =25 - —2pa-
(0 = 05 +Z[ |~ 2
0 1 0 3 1 0
Uy = poga® 87+ﬂ737T Us = pogx Fp‘i‘ﬁ?%a
0 0 0
1—11 == T* T2 = B — T3 e 14
oT’ C@T’ oT’ (14)
0 0 0
1 _ v 2 _ T— 3 _ 7
¢ C(’)C’ ¢ oc’ ¢ oc’
R=T'+C' R=T'-¢ Ry=C' - e 2,
ﬂc Br
Z, =7 — 3T, Zy =7 — 301, Zs =7 — 3R,
BrNo 0 fBr 0 0
= |T— A K=\|aT+(1-x/D —
fis [ 5 C||ar " Boac) o+ (1= x/D)C 56,
1o} 9 0
Ki = aNCo + [aT+ (1-x/D—a N)c] 75
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Now, let us describe one-parameter transformation subgroups that correspond to the gen-
erators presented in Table 1. These subgroups are obtained by solving the corresponding Lie
equation for each generator.

X1 t~:t+a;

X :;i:xicosaijsina, a?j:xisinaerjcosa;

Hi(fi(t): o' =o' +af'(t), w=u' +afi(t),

P=p—apo fiy(t) (z' +af'(1)/2);  Ho(f°(t)): D=p+af(t);
Up: p=p+apge®, T=T+abr";

Up: p=p+apogr®, C=C+afy';

T': T=eT; T?: T=T+aC; T8: T=T+a;
Ccl: C=eC; c?: C=C+al; c? C~’:C+a;
R: ’f:eaT, 5:6‘10;

Ry : T:eaT, 5:C+5Tﬂal(l—e“)T; (15)
Ry : ézeaC, f:T—FﬁcB;l(l—eG)C;

Ry: C=0C+ Br(BcT — BrNoC) [1 — exp((l + Noﬂ%/ﬂ%)a)]

NoBZ + % )
7o BrNo(BrT + BcC) + Bo(BcT — BrNoC) exp((1+ NoB7./6)a)
Noﬂ% +5% )
K: C= oD (1 - e(l_X/D)a) T 4 ¢(1=x/D)a cr.
x—D )
K 1’: (81 682a — S9 esla) T + (esm _ 632a> aNC
1 - = ’

S1 — S2

G (e51% — e%2%) T + (81 %1% — 59 €%2%) C’.
51 — 82
Here a is a real parameter (every subgroup has its own parameter!), and the value a = 0 cor-
responds to the identity transformation. The variables that are not mentioned in the above
formulae remain unchanged.
The transformation generated by K7 contains two parameters s; and ss that are roots of the
quadratic equation

s>+ (a®N + x/D — 1)s — a’N = 0.

— 415 —



Ilya I.Ryzhkov Symmetry Analysis of Equations for Convection in Binary Mixture

This equation always has two different real roots except for the case « = 0, x = D, in which
K7 = 0. Finally, the transformations generated by Z1, Zs, Z3 are obtained by extending the
one-parameter subgroup corresponding to the generator Z by the following transformations:

Z1: T = e 3T Zo : C= e 30 Zs : T= e 3T, C =e3C.

The Lie symmetry algebra admitted by equations (1) in every case presented in Table 1
generate the transformation group that acts in the space of dependent and independent vari-
ables and leaves the equations invariant. The basic generators of the admissible algebra generate
one-parameter subgroups of this group. Every transformation of the admissible group can be
represented as a composition of transformations belonging to one-parameter subgroups.

Note that the generators Xo, X;;, H;, Hy are admitted by many models of continuum me-
chanics, while the generators Uy, Uy, T%, C', R, R;, Z, Z;, K, K1 (i = 1,2,3) are specific
for the equations of convection with Soret and Dufour effects. When the Dufour effect is not
allowed for (N = 0), the results presented here agree with those reported in [9]. It can be
shown that symmetry classification of two-dimensional equations (1) is obtained by restricting
the action of the admissible Lie algebras and the corresponding Lie groups to the space of vari-
ables t, z', 23, u!, u3, p, T, C. The case of plane Oberbeck-Boussinesq equations corresponds to
C =0,a=0,08r #0,8c =0, and the admissible generators are X¢, X12, H1, Hs, Hy, Z1, U;.
Tt is consistent with the previous results [6,7].

It should be noted that the equivalence transformations of parameters are not taken into
account when performing the symmetry classification (they will be calculated in the next sec-
tion). These transformations are usually used to simplify the arbitrary elements (parameters or
functions) entering into the equations [1]. When arbitrary elements are constants, the aim is
to set as many constants as possible to zero or to unity. However, the so-obtained equations
do not possess the necessary physical parameters, and using them for constructing physically
meaningful solutions with a help of symmetries is not convenient. In contrast to this approach,
the classification presented here shows the dependence of symmetry properties on physical effects
incorporated in the model.

In this section we also calculate the admissible reflections of dependent and independent
variables for system (1). Let us introduce new variables

t= (=1t  zfi=(-1)%'  wui= (=1,  i=1,2,3,

p=(-)"p, T=(-1)°T, C=(-1)°C,

where aq,...,a3,71,...,7% € {0,1}, and substitute them into equations (2) — (7). Multiplying
equation (2) by (—1)" gives

(~D)%u} + (D)t 4 (-l 4 (1)t =

= —(=1) o tp + w(ugy + udy + uds).

This equation remains unchanged if all the powers of (—1) are zero. Applying a similar procedure
to the other equations, we obtain the conditions

=1+ =a+r=a3+7B3=T=73+B=73+7%=0 (16)
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for the invariance of system (1). As there are 10 parameters satisfying seven equations (16), the
three parameters ag, as, az can be considered arbitrary. Successively setting one of them to unity
and the remaining ones to zero, we find the admissible reflections

dy: ozl =—2' wl=—ul; dy: 22=-2% u2=-u

dy: 23=-2° w=-u3 T=-T, C=-C. (17)
These reflections are discrete transformations of the governing equations. Note that the trans-
formation dg is physically meaningful since 7" and C' are the deviations from the mean values,
and these deviations can be negative.

2. Equivalence Transformations

Let us now turn to studying the equivalence transformations of the governing equations. First of
all, we prove a statement that will be widely used in the further analysis. Consider a system of
differential equations

E(m,u,zf,...,%,c) =0. (18)

Here z = (2!,...,2") and u = (u!,...,u™) are vectors of independent and dependent variables

respectively, ¢ = (c!,...,c9) is a vector of constant parameters, u is a collection of derivatives of
ks

u with respect to x of order r =1,...k:

j=1....m;i1,...,4.=1,...,n},

j aT’UJJ
Gede T it Qgin

Suppose that system (18) admits a one-parameter group of equivalence transformations

T =z(x,u,ca), u=u(z,u,ca), ¢=¢(c,a)

with the group parameter a. This group preserves the differential structure of system (18) and
acts on the parameters c only. Since the transformed parameters ¢ should be constant magnitudes,
the corresponding transformation can only depend on the original parameters ¢ (but not on z
and u). The infinitesimal generator of the equivalence group can be written in the form

) 0 ) 0 0
_ ¢l J l
X_£<x’u’c)axl+n ($7u70)auj+7-(c)acla
where : = 1,...,n, 7 =1,...m, l = 1,...,q. Further, we suppose that indexes i, j, [ possess

the above values and summation over a repeating index is assumed.

Statement 1. If system (18) admits the generator X , then this system also admits the generator
FX with an arbitrary function F(c).
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Proof. Suppose the condition of the statement is satisfied. Then the following relation holds

XE|,_, =0, (19)

where )k( is the k-th prolongation of the generator X:

5 9
S J
)k( §axi+778 +Z i1.. Zraj

S

The symbol | ,_  means that the equality )k( FE = 0 is satisfied on the manifold given by equations

(18). Let us introduce the operator of full differentiation with respect to z*:

The coordinates of the prolongation generator are given by the formula [15]

zjl...ir =D, '-~Dir(77j - 5%) + 1“51“1 (20)
Consider a generator
9 9 9
FX =F¢&¢— + Fp— + F7
§gg I g T FT 50

The coordinates of the k-th prolongation (FX) are calculated by substituting F¢' and Frn?
k
instead of ¢ and 7’ in formula (20). Then it is obvious that the relation (FX) = F )k( holds.
k

Now, using (19), we have

(FI;X)E|E=0 = F(XE =0,

)’E=O
from which it follows that the generator F X is admitted by system (18). O

According to statement 1, a generator producing the group of equivalence transformations
of constants is defined accurate to a factor arbitrarily depending on these constants. It should
be noted that this fact was established earlier for the equivalence groups admitted by some
equations, namely, Navier—Stokes equations [16] and modified Burgers equation [17]. The general
proof is given here for the first time.

Now, we proceed to calculating the equivalence group of system (1). The corresponding
infinitesimal generator is written as

P P
N
TN 96r

0 0 0

T g T T g T 3 T g T ey

X=X+ n“aﬁ + nPr
where X is given by (8). The coordinates of X are assumed to depend on all independent and
dependent variables as well as nine parameters entering the equations. These parameters are
considered as additional variables that do not depend on t,z%, u?,p,T,C, i = 1,2,3. To ensure
this, the conditions for zero derivatives of a, N, Br, B¢, x, D, v, po, g with respect to the
above variables are added to equations (1). The coordinates of the prolongation generator are
calculated by the formulae obtained in [18]. Applying the prolongation generator to the system
and making a transition to the corresponding manifold, we obtain the determining equations. It
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follows from them that the coordinates of X that correspond to the parameters do not depend
on t,z%, u?,p, T, C. The solution of the determining equations is written as

€' = (2ca +n"v™ 1)t + co,

e = (ca + n”zfl)xl + 12?4 cor® + j"l(t)7

& =—cz' + (ca+ v a? + esa® + f2(1), (1)
€ = —cort — czx? + (ca + v )2 + f3(1),

nt = —cqut + cpu® + cou + (1),

n? = —ciut — cqu® + csu® + fE(t),

0’ = —cou' — czu® — cqu® + f1 (1),

nP = po(csgBra® + cegfox® — fr(t)a' — fL(0)x* — fi(t)a®)+
+(0py " = 2ea)p+ fO(1),
77T =c7T + c9C + c5, nC = cgC + 10T + cs.

The coordinates that correspond to the parameters are given by

n® = (cs — er)a + coa® + c1o(xD ™' — 1), (22)
an™ =2(c; — cg)aN + (1 — xD™' — a®N)(co + c10N), (23)
0’ = —(3es + cr + vt + 08¢ 1) Br — ciofc, (24)
n%¢ = —(3ca + s +n'v ' + 08¢ B — cofr, (25)
X =xn'v "+ (cg — c10N) vy, (26)
n? =Dn'v=' — (cog — c1oN)aD. (27)

The following conditions must be satisfied:

Brea = Bres = Boca = Beez = 0. (28)

In the presented formulae the quantities ¢;, i = 1,..., 10, the functions f7(t), j = 0,1,2, 3, and
the coordinates 7, n°°, n® arbitrarily depend on the parameters a, N, 37, B¢, X, D, v, po,
g. It follows from statement 1 that without loss of generality we can consider c¢; as arbitrary
constants and choose undefined coordinates as ¥ = c11v, n°° = ciap9, 178 = c13g, where c11,
c12, €13 are arbitrary constants. It is convenient to eliminate ¢4 from the expressions for nﬁT, 77'80
by introducing new group constants ¢; = 3¢y + ¢7, Cg = 3¢4 + cs.

It follows from (21) and (28) that the governing equations admit the generators Xy, X,
H;, Hy, Z3, Uy, Us (see (14)). If Bt = B¢ = 0, then X153 and X3 are also admitted. Note that
in case of By = 0 (Bc = 0) the generator 72 (C?) is admitted instead of Uy (Us). The above
generators do not produce equivalence transformations of parameters. To obtain the generators
producing equivalence transformations, we successively set one of the constants ¢z, ¢s, cg — c13
to unity and the remaining ones to zero. Note that if some parameters are equal to zero, then
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the corresponding coordinates of the generator X should be also set to zero. In what follows we
consider the following three cases.

Table 2. Equivalence transformations.

Generator Transformation

E, T=s1T, &= sa, N =s"2N, Br=shr

E, 5:5’107 a=s"ta, N:SQN, B?;:sﬂc

E; T=T+(1-s)a"'C, X = s, D =sD,
a=s1la, N =sN+(s—1)(xD ! = s)a"2,
B = Be + (s — Do~ fr

E, C=C+al, xX=x(14+aNa)~', D=D(1+aNa),
a=a—-a+ax(D(1+ aNa))_l,
N = aDN (D(a —a)(1+ aNa) + ax)_l, Br = Br — aBc

Es t = e, zi = et 6’; =e *Br, ﬂ,\c/ =e *fc,
X = e*x, D =eD, v=e%

Es p=e"p, po=epo

Er Br=e"fr, fo=e"bc, E=e g

1. Let  # 0 and N # 0, so the Soret and Dufour effects are allowed for. Then it follows from

(22) — (27) that

n® = (cs — cr)a+ coa® + clo(XD_1 - 1),
N = 2(¢7 —cs)N + (a_l — X(ozD)_1 — aN)(09 + c10N), (29)
nPT = —(é7 + e11 + 13)Br — cr0Bc,
Bo _ _ (A _
n”¢ = —(¢s + c11 + c13)Bc — cofr,

17X =C11X —+ (Cg — CloN)OLX, T]d = CllD — (Cg — CloN)OLD.

The admissible generators are written as

0
El_Ta—T—
C o
Es= L ar
0
E4—T%

P P P P 9 P P
TN s 5,2 B=0cL yal oN T .
o TGN " P50 B2=C%a 5. 2NN ~Pogse
o [D-y o Br o P )
woT T %%a [azp _N}aN w950 Ty Pap (30)
9 [D-x P a P 9
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I R R NN S N I R )
Bs=tg o gt T g T g ~Prgg, ~Pogas Ty T Pap e
9 9

E6=PE+P0i, +Bcs— — 84

op 9po 85T fc ~0g
The corresponding equivalence transformations are given in Table 2. In the presented formulae a is
a group parameter and s = e~ %. Every transformation has its own independent group parameter.
The omitted variables remain unchanged. In what follows the transformation corresponding to

=Bra—

a generator will be denoted by the same symbol as this generator for simplicity.

Remark 1. The generator Es is obtained by setting co = o' while the remaining group con-

stants are zero. This choice allows to present the corresponding transformation in a convenient
form.

Table 3. Additional equivalence transformations.

Generator Transformation
El T=s"1T, @a=sa, PBr=sPr
E? T=s"1T, Br=spBr
El C=s"1C, a=s1ta, Bc=sbc
E2 C=s"1C, Bc=sBc
El T=T+aC, Bc=pSc—afr
E} C =C+aT, a=a+a(xD !t -1), ﬁ?:ﬂT—aﬁc
E} C=C+al, Br=pr—abc

Table 4. Admissible equivalence transformations.

« N Equivalence transformations x=D

# 0 7& 0 E17 E27 E37 E47 E5> EG; E7
70 0 B}, Ej, Ej, Es, Eg, Er

0 0 E? E2 Es, Eg, E; Ei E2?

2. Let @ # 0 and N = 0, so the Dufour effect is neglected. Then " = 0, and from (23) it
follows that (y —d)co = 0. If x # D, we have ¢y = 0. Otherwise, the equality nX = n®, where nX
and P are given by (26) and (27), leads to cg = 0. The coordinates n®, nX and n” become

n*=(G—c)ateoxD ' =1), n¥=cux, n”=cuD,

while 7°7 and 7°¢ are given by (29) with cg = 0. In this case the system admits the generators

0 0 0
a- %» C%-i— 50 5
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0 0 0
E; =T— D' —1)— — Bo=
4 ac+(X )801 ﬂcaﬁTv
and Es, Eg, E7 from (30). The transformations generated by Ei, EX, E} are presented in Table
3.
3. Finally, when « = N = 0, the Soret and Dufour effects are not allowed for. Setting
n® =n" =01in (22) and (23), we have co(x — D) = c10(x — D) = 0. The admissible generators
are

0 0 0 0
E?=T— — Bp—o E2=C— — Bo——ro
1=~ Praey 2= C0%¢ ~Pogpy
and E5, Eg, E7 from (30). If x = D, then the additional generators
0 0 0 0
Fi=C— - fBr—o E?=T— — Bc——
3= C%7 ~ g5 1=T56 ~Pegg,

are admitted. The transformations produced by E?, E2, Ei, E? are given in Table 3.

The three cases considered are summarized in Table 4, where the values of @ and N are
presented in the first and second columns and the admissible transformations are given in the
third and fourth columns.

To complete the study of equivalence transformations, let us find the admissible reflections of
parameters. Applying the scheme similar to the one described in Section 1, we find the following
reflections

dy: t=—t, vi=-u', Y=—x, D=-D, v=—u, 1=1,2,3;

ds: p=-—p, po=—po; de¢ :  Pr = —Pr, [Tc:*ﬂca g=—g; (31)
d7: T=-T, Br=—-Br, a=—-a; dg: C=-C, fBo=—Pfc, a=-a

in addition to dy, da, d3 from (17). Note that transformations d4 and ds are physically meaning-
less.

Remark 2. The parameter s in transformations E1 and Es is positive. Applying the reflections
d7 and dg, respectively, we can consider the above transformations with negative s also. The same
is true for B}, E? and E3, F3.

3. Influence of Soret and Dufour Effects
on Temperature and Concentration Fields

3.1. Transformation of the Governing Equations

As it was shown in the previous section, the governing equations admit an extensive equivalence
group. In what follows, we show that with a help of this group system (1) can be transformed
to the system with a = 0 and N = 0. In other words, a transformation connecting the equations
with and without Soret and Dufour terms is derived.

Consider system (1) with @ # 0 and N > 0. To vanish the Dufour terms in the heat equation,
we apply the transformation Fs5 (see Table 2) with the parameter s that satisfies the quadratic
equation

Ds* — (a®’DN + x + D)s + x = 0. (32)

— 422 —



Ilya I.Ryzhkov Symmetry Analysis of Equations for Convection in Binary Mixture

Note that this parameter should be positive since s = e=*. When x > 0, D > 0, and N > 0,
equation (32) always has two different positive roots except for the case N = 0, x = D, where
these roots coincide (s = 1). As a result, we have

1 51
807 66':8 ﬂT"‘ﬁCa

X=s 1y, D =sD, a=sla, N=0

T=T+
«

(the other variables are unchanged). Now, we can use the transformation E} (see Table 3) with
the parameter a = &D(D —X) ™! to vanish the Soret term. It is admitted since & # 0 and N = 0.
The transformed variables are written as

= 1- _ aDsT + (Ds— — (x-D D

T 807 & aDs + (Ds X)C" 3 :(x s)Br + « sﬂc7
Ds? — x — Ds?

— s—1 _ 1 _ -

Bc = 5 Br + Be, X=5 "X, D =sD, a=N=0.

So, the successive action of transformations E? and E} makes a and N vanish. Finally, let us
apply the transformations E? and E2 (see Table 3) with the parameters 8r/Br and SB¢/Bc
respectively (they are admitted since @ = N = 0, see Table 4 and Remark 2). Then system (1)
becomes

1
u+ (u-Viu= —p—Vp + vAu — g(BrT" + BcC'),
0

T +u-VT' = x'AT’, (33)

Cl+u-VC' =D'AC,

divu = 0,
where
T ﬁT(Xﬂ;(I;S_) ;520)0‘% [T 41 ; i 0}7 (34)
=Bt oo,
x'=s', D'=sD. (35)

So, systems (1) and (33) are connected by transformation (34), (35). Note that substituting the
expressions for 77, C’, x’, D’ into (33) does not give the heat and mass transfer equations in the
form (1). After changing the variables, it is also necessary to make two linear combinations of
equations for T and C with appropriate coefficients (the systems connected by this transformation
are, in fact, identical).

Transformation (34), (35) is invertible if the corresponding Jacobian

_ xD(Br(x — Ds) + BecaDs) (Br(s — 1) + Bea)
afrfc(x — Ds?)

is finite and non-zero. First of all, x — Ds? # 0 when N > 0 (the case N = 0 will be considered
below). It follows from the fact that equation (32) does not have the roots s = +/x/D for

J
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positive N. Then J # 0 if and only if

Bea XBr
s#l—ﬁ—T and s#m.
It can be shown that equation (32) does not have these roots if and only if N # Ny, where Ny
is given by (13).

Since equation (32) has two different roots, there are two ways of transforming system (1)
into system (33). The resulting equations will differ in the values of x’ and D'.

If the Dufour effect is not allowed for (N = 0), then equation (32) has the roots s = 1 and
s =x/D. In case s = 1, formulae (34) become

r_ 5T(X_D)+ﬁCaDT aD

T . O =
Br(x — D) D—x

T+C, (36)

while ¥’ = x and D’ = D. This transformation is invertible if and only if ¥ # D and a #

Br(D = x)(BcD)~".
The inverse transformation for (34), (35) has the form

Y _
T s 18D T B D3 foa 7
/
€= Br(x’s _ﬂT;/l))+ BeaD’ o Br(s —ﬂf)a-% Boo ¢
x = sx’, D=s"'D’. (38)
Here s is a root of the equation
x's* = (x'+D")s+ D'(a*N +1) =0, (39)

which is obtained from (32) by substituting the expressions for x and D from (38). This equation
has two positive roots if

2 (x'-D')?
Otherwise, the roots are complex numbers. The above transformation is invertible if and only if

D'(Br — Bca)

VAD,  sA1-P0Y
Brx’

Br’

In case N = 0 equation (39) has the roots s =1 and s = D’/x’. If we put s = 1, then formulae
(37) become

_ Br(x — D) , B BraD , )

and the inverse transformation for (36) is found.

The obtained formulae can be used for transforming solutions of system (1) into solutions of
system (33) and vice versa. Suppose that the functions u, p, 77, C’ depending on x’ and D’
provide a solution of equations (33) (the dependence on the other parameters is not important
here). If we introduce new variables T and C' by formulae (37) and express x’ and D’ in terms
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of x and D according to (35), then the functions u, p, T, C' will provide a solution of equations
(1). Note that s should be chosen as a root of equation (32).

Now, let the functions u, p, T, C depending on x, D, «, N form a solution of system (1). The
corresponding solution of system (33) can be easily obtained by setting &« = N = 0. On the other
hand, we can introduce new variables 7" and C” by formulae (34) and transform the parameters
according to (38). In this case, s is a root of equation (39). The functions so obtained provide a
solution to system (33), but it is defined for all x ' and D' satisfying condition (40).

If the Dufour effect is neglected (N = 0), then the solutions are transformed by formulae (36)
and (41).

3.2. Dimensionless Formulation

In practice, it is convenient to present a solution of a concrete problem in dimensionless form.
Non-dimensional equations and boundary conditions are also used in numerical simulation. In this
subsection, we derive the formulae connecting systems (1) and (33) in dimensionless variables.
Using these formulae, we will show that an initial and boundary value problem for Soret—-Dufour
equations can be reduced to a problem for the system without cross-effects.

Let us introduce the scales of length L, time L?/v, velocity v/L, pressure pov?/L?, temper-
ature O, and concentration Sr©/fc. Non-dimensional governing equations have the form

us+ (u-V)u=-Vp+ Au+ Gr(T + C)e,

T, +u-VT =Pr 'AT — ¢QSc™ ' (AC — $AT), (42)
Ci+u-VC =Sc ' (AC — pAT),

dive = 0,

where e = (0,0,1). The system contains five non-dimensional parameters: the Grashof num-
ber Gr = gB7Oh%/1v?, the Prandtl number Pr = v/, the Schmidt number Sc = v/D, the
separation ratio ¢ = —af¢/fr, which characterizes the Soret effect, and the Dufour number
Q = NB%/B2% > 0. The cases ¢ > 0 and ¥ < 0 correspond to positive and negative Soret effect,
respectively.

Equations (33), where the Soret and Dufour effects are not allowed for, in dimensionless form
are written as

u + (u-V)u=-Vp+ Au+ Gr(T' + C')e,

T +u VT =Pr' AT, (43)
Cl+u-VC' =S AC,

divu = 0,

where P’ = v/x’ and S¢’ = v/D’.
The transformation connecting systems (42) and (43) is readily obtained from (34), (35) by
a formal change of parameters

ﬁT - GI‘7 ﬁC - Gr7 X Pr_17 D — SC_1>

a— —1, N —Q, x' — Pr' 7 D' — 871
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As a result, we have

,  Sc—sPr(y+1) s—1

r= Sc — s2Pr [T + P C] ’ (44)
;o P+1-—s _

C'= D(Sc — 52P1) [sw PrT + (Sc — sPr) C},

Pr’ = sPr, S¢’ = s71Sc. (45)

where s is a root of the quadratic equation
Prs? — (¥?QPr + Pr + Sc)s + Sc = 0. (46)

Equation (46) always has two different positive roots except for the case @ = 0, Pr = Sc, in
which these roots are equal (s = 1). We suppose that ¢ # 0 (otherwise the above transformation
is identical). So, there are two ways of transforming system (42) into system (43). The resulting
equations will differ in the values of Pr’ and Sc’.

The inverse transformation exists if and only if

Pr(yp+1) —Sc
Pry(y +1)
Note that Sc — s?Pr # 0 since equation (46) does not have the roots s = £/Sc/Pr for positive
Q.
If the Dufour effect is not allowed for (@ = 0), then the roots are s = 1 and s = Sc/Pr. In
the former case formulae (44) become
_ Sc —Pr(y +1) o YPr
Sc — Pr ’ Sc — Pr
where the conditions Sc # Pr and Sc # Pr(¢) 4+ 1) must be satisfied.
The inverse transformation for (44), (45) is written as

Q#

T/

T+, (47)

5S¢’ — Pr’ y s—1
= C’ 48
5S¢’ — Pr' (v + 1) +s—1—¢ ’ (48)
C= il T LG
Pr'(¢ + 1) — sSc/ vp+1—s5
Pr = s"'Pr/, Sc = 5S¢/, (49)
where s is a root of the equation
Sc’ s* — (Pr’ + Sc’)s + Pr'(v?Q + 1) = 0. (50)
This equation has two positive roots if
Pr’ — Sc’)?
2y <
Qs 4P1’ S¢/

Otherwise, the roots are complex numbers. So, system (43) can be transformed into two systems
(42) with different values of Prandtl and Schmidt numbers. The transformation is invertible if
and only if

Py () + 1)

Pr’ # Sc/, s#EY+1, s # ST
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In case of Q = 0, equation (50) has the roots s = 1 and s = Pr’/Sc’. Taking s = 1, we obtain the
inverse transformation for (47):

Sc — Pr ,

_ _ ¥ Pr
T_ScfPr('t/)Jrl) ’ ¢

_ﬁ@:3j§T+d. (51)

It should be noted that a linear change of temperature and concentration, which vanishes the
Soret and Dufour terms, was found in [19] without using symmetry methods. The momentum
equation was written in terms of vorticity, so the pressure term was excluded. The transfor-
mation also involved changing time, velocity, and several dimensionless parameters (Prandtl
number, Lewis number, and temperature and concentration Rayleigh numbers). In this paper,
the equivalence properties of governing equations allowed us to minimize the number of trans-
formed variables to temperature, concentration, thermal diffusivity, and diffusion coefficient (or
the Prandtl and Schmidt numbers in dimensionless formulation). In pure Soret case, only linear
change of temperature and concentration is required. A detailed study of conditions, under which
the derived transformation is invertible, has been also performed.

3.3. On Initial and Boundary Value Problems
for Soret—Dufour Equations

The formulae obtained in previous section can be used for reducing an initial and boundary value
problem for Soret-Dufour equations (42) to a problem for system (43), which has a simpler form
due to the absence of Soret and Dufour terms. The following scheme of three steps is proposed:

1. Boundary and initial conditions for system (42) are transformed to those for system (43)
by using formulae (45), (48) or (51) (in pure Soret case).

2. The obtained problem is solved numerically or, if possible, analytically. Note that if the
Dufour effect is present (Q # 0), then the values of Pr’ and Sc” are required. They can be
found from (45).

3. To obtain the solution of the original problem, the temperature and concentration fields
are transformed according to (45), (48) or (51) (if there is no Dufour effect).

Let us consider these steps in more detail. Suppose that we have a problem on finding the
functions u, p, T, C that should satisfy equations (42) with ¥ # 0, @ > 0 and some initial and
boundary conditions. These conditions can be considered as relations on the unknown functions
and their derivatives that should be satisfied on some manifolds in the space of ¢, x:

F; (u,p,T,C =0, i=1,...,n. 52
Jwn O j n 52)
In general, F} is a differential operator that acts on the unknown functions.

The described problem can be reduced to the problem on finding the functions u, p, 7', C’
that satisfy equations (43) and the transformed imposed conditions. The latter are obtained from
(52) by expressing T' and C' in terms of 77 and C’ according to the formulae (see (45), (48))

5:S¢/(s;) — Pr'(s;) T s;— 1

T(T',Cl,si) = SiSCI(Si)—Pr/(Si) (,(/}+1) 81_1_1/}

c, (53)
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T _ "/)Pr/(si) / Y 4
O, ¢ si) = Pr'(s;) (¥ + 1) — s; S/ (s;) e P+1-s <

Pr'(s;) = s;Pr, Sc’(s;) = s; 'Sc. (54)

K3

Here s; is a root of the quadratic equation (46), i = 1,2. For ¢ # 0, Q > 0, and positive
numbers Pr and Sc, this equation always has two different positive roots except for the case
@ = 0, Pr = Sc, where s; = 1. In this case, transformation (53) is not invertible, so these values
of parameters are not considered below.

We see that the original initial and boundary value problem for equations (42) can be reduced
to two problems for system (43) that correspond to different roots of the quadratic equation. Let
u(s;), p(si), T'(s;), C'(s;) be a solution of the problem

u+ (u-V)u=-Vp+ Au+ Gr(T" + C')e,

T, +u- VT =Pr'(s;) AT,

Cl4+u-VC' =8 (s;) T AC, (55)
divu = 0,

Fi(u,p, T(T',C",s;), C(T',C",5;))

Q; (t,x)=0

)

where T, C, Pr’, Sc’ are given by (53), (54).

Statement 2. The solutions of problem (55) corresponding to the roots s1 and sy are connected
by the following relations:

u(s1) =u(sz), p(s1) =p(s2), T'(s1) =C'(s2), C'(s1) =T'(s2). (56)

Proof. Consider problem (55) in case of ¢ = 1. Taking into account that s1s2 = Sc/Pr (see
(46)) and using (53), (54), we have
Sc — s1Pr y s1—1

(T’ ! = T [
(T, s1) Sc — s1Pr(¢ + 1) +51—1—w0

sy —1 , Sc — soPr ,
sy —1—1p Sc — soPr(y + 1)
B 52.5¢'(82) — P1'(s2) o so—1
599 (s2) — Pr'(s2) (¢ + 1) so9—1—4
The relation C(T",C’,s1) = C(C’,T’,s3) can be established in the same way. Now, using the

equalities P1’(s1) = s1Pr = s5 'Sc = Sc/(s2), Sc/(s1) = P1’(s2), and the relations obtained above,
we can rewrite problem (55) for ¢ = 1 in the form

T = T(C', T, s0). (57)

u+ (u-V)u=—-Vp+ Au+ Gr(C' +T')e,
C)+u-VC' =Pr'(sy) tAC,
T, +u- VT = Sc(s2) AT, (58)

divu =0,
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Fj(uv b, T(ClvT/aSQ)v C(C/aT/aSQ)) =0.

Q;(ta)=0

Here the second and third equations from (55) are written in a reversed order. Comparing
problems (58) and (55) for i = 2, we see that the latter can be obtained from the former by
replacing 77 with C” and vice versa. It follows that the solutions of these problems have the same
relation, so equalities (56) hold true. O

As soon as the solution of problem (55) is found, the solution of the original problem for
Soret—Dufour equations is given by formulae (53). It should not depend on the choice of the root
s;- The equality of velocity vectors and pressures corresponding to different roots directly follows
from Statement 2. Using (56) and (57), we have for temperature fields

T(T’(Sl), C’(sl), 81) = T(Cl(sl),Tl(Sl), Sg) = T(T’(SQ), CI(SQ), 32).

The equality of concentrations corresponding to the roots s; and s» can be established in the
same way.

Note that we can also use dimensional equations and boundary conditions when reducing a
problem for Soret—Dufour equation to a problem for the system without these effects (see section
3.1). In this case, it is easy to show that the resulting solution does not depend on the choice of
the root as well.

Here we do not discuss the variety of initial and boundary conditions on the velocity, pressure,
temperature, and concentration fields (see [2—4,20]). However, it would be useful to consider an
example of such condition and to see how it is changed under the transformations derived above.
Suppose that the Soret effect is taken into account. Then the mass diffusion flux is driven by
concentration and thermal gradients:

j= —po(DVC + aDVT).

It is often assumed that the mass diffusion flux through a rigid or free boundary I' is zero:
J-mn| =0, where n is the unit normal vector to I'. In dimensionless variables introduced in the
previous section, this relation can be written as

oC or
(871 B wa,n) |F "

The corresponding condition for system (43) is obtained by applying formulae (48):

o’ | Sc'(p+1—s) OT' 0
on  Pr'(p+1)—sSc’ on 7

The other possible initial or boundary conditions for system (42) can be easily transformed to
those for system (43) by applying (48), (49) or (51) (in pure Soret case).

Conclusion

The equations describing convection in binary mixture with Soret and Dufour effects are consid-
ered. The symmetry classification of this system with respect to the nine constant parameters is
made. The one-parameter transformation subgroups produced by the generators of the admissible
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Lie symmetry algebras are described. It is shown that a generator producing equivalence trans-
formations of constants is defined accurate to a factor arbitrarily depending on these constants.
The equivalence group admitted by the governing equations is calculated. This group is used to
derive a transformation connecting the systems with and without Soret and Dufour terms. In
pure Soret case, it reduces to a linear change of temperature and concentration. The presence of
Dufour effect requires an additional change of thermal diffusivity and diffusion coefficient. It is
shown that there are two ways of transforming the systems into each other. They correspond to
different values of parameter, which solves the quadratic equation. The transformation is present-
ed in dimensional and non-dimensional forms. The conditions, under which the transformation
is invertible, are investigated. A scheme for reducing an initial and boundary value problem for
Soret—Dufour equations to a problem for the system without cross-effects is proposed. These
results are useful for analytical and numerical modelling of convection in binary systems with
Soret and Dufour effects.

This work is supported by the INTAS YS Project 06-1000014-6257 and the Russian Founda-
tion for Basic Research Project 08-01-00762-a. The author is grateful to Prof. Victor K. Andreev
for helpful comments and discussion.
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