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AcconmaTHBHBIE TIPABUJIa — THI 3aBUCAMOCTEH MEKIY JAHHBIME, KOTOpPHIE OTparKa-
0T, KaKue MPU3HAKY WA COOBITHS BCTPEUYAROTCS COBMECTHO W HACKOJIBKO JaCTO ITO
npoucxoauT. CTpOrue acCOIUaTUBHBIE TTPABUIA IIPEJICTABIAIOT HHTEPEC JIJIA TeX IPHU-
.)'[O}KQHI/IfI, rae Tpe6yeTC5{ BBICOKAd CTEICHb YBEPECHHOCTU B YCTAHOBJIEHHBIX 3aBUCHUMO-
CTSIX MEXJIY JAaHHBIMU, HAIpUMEpP, B UH(MOPMAITMOHHON 6€30MacHOCTH, aHAJM3E KOM-
OBIOTEPHBIX ceTeil u Memuimue. Upe3MepHo 60/IbII0e YUC/I0 BBISIBJCHHBIX TPABUJI CY-
IIIECTBEHHO YCJIOYKHSIET UX DKCIEPTU3Y U IpuMeHeHue. st pertennd 310l 1pobiieMbl
npemmoxer aaroputM MClose, pacmupstonuii BO3MOXKHOCTH M3BECTHOTO aJTOPUTMA
Close. Anropurm Close (bopMupyer MUHUMAKCHBIH 6a31C, B KOTOPOM KaXK0€ CTPOTOe
acCONMATUBHOE MPABUIO UMEEeT MUHUMAJJIBHYIO TIOCBLIKY U MaKCUMAJIBHOE CJIEJICTBUE.
OHaKO B MUHUMAKCHOM 0a3Kce 0CTaloTCA N30BLITOYHBIE CTPOTHE aCCOLIUATUBHBIE IIPa-
Buta. Anropurm MClose B mpotiecce TOCTPOEHUS MAHUMAKCHOTO GA3MCA PACIO3HAET
I/I36bITOquIe CTporne aCCONUaTUBHBIC TIPABUJIA U YCTPAHACT UX. Hpe}.‘[.}'[o)KeHHbeI aJI-
TOPUTM OCHOBAaH HA CBOMCTBAX BaMKHYTHIX MHOXKeCTB. JlOKa3aHbI BRIBOIUMOCTH, ap-
TYMEHTHPYIOINE KOppekTHOCTh aaropurma MClose.

KJimroueBble cjioBa: coomeemcmeus Faﬂya, 3AMEHYMBIE MHOMHCECTNEA, CINpo2Ue aCCo-
UUaAMuUBHdIE NPAGUAG, Heu36um0%Hocmb, MUHUMAKCHBT 6a3UC.

Bsenenue

[Ipu moucke accONMUATHUBHBIX TPABU aHAJUIUPYEMOE MHOXKECTBO JAHHBIX OOBIYHO OIH-
ChIBaeTCd OMHAPHBIM KOHTEKCTOM — MAaTPUIEH, CTPOKH KOTOPOi 0TBEYAl0T 00 beKTaM Hpe/I-
MEeTHOI 00J1acTh, & CTOJOIBI — TPpU3HAKAM THX 00bLEKTOB. FnHn4YHOE 3HAYEHUE JTIEeMEHTA
MATPHUIBI TPAKTyeTCd KaK HAJIU4Ine Y 00beKTa COOTBETCTBYIONIEr0 MPU3HAKA, & HYJIeBOe —
KaK ero OTCyTCTBHe. brHapHOe mpejcTaBieHne JAaHHBIX CYIIECTBEHHO PACIIUpSeT MaTeMa-
THYEeCKUH anmapar JJis uxX ucciaenoBanus. CoBpeMeHHble MeTOIbl MOUCKA ACCOMUATHBHBIX
npaBui 6a3UPYIOTC MPEUMYIIECTBEHHO Ha aHan3e (POPMAJIbLHBIX MOHITHII U TEOPUU BEPO-
araocteil [3, 4, 7|. Ananusz bopMaIbHBIX TOHATHIT, KAK IPUKJIAHASI BETBb aaredpanveckoii
TEOPUU PEIETOK, SBJIAETCA yJIOOHBIM MAaTEMaTHYECKUM aIlapaToM OMUCAHUS METOJOB IO~
HCKa acCONMATUBHBIX mpasui [2, 5, 10].

['maBuas nmpobiemMa TpU MOUCKE aCCOTMATHBHBIX ITPABUI — 3TO OTPOMHOE YUCJIO MTPABUI,
BO3HUKAIONIMX [PU aHa/u3e OOJIbIINX KOHTEKCTOB. [ljig pelenus 310 npodieMbl UCIOJb-
3YIOTCS PA3IUIHbIE MEPBl 3HATUMOCTH TpaBua. C MX MOMOINIBIO TpaBuia (PUILTPYIOTCI U
JIIST aHAJT3A TPEIbIBIAIOTCI TOJIBKO Te, JIIT KOTOPHIX 3HAYEHUs MEP TPEBBINIAIOT 3a/aH-
HBbIe TOPOroBbIe 3HaUeHus. [lonobrasa buabTparus, KOHETHO, yMEHbITAeT YHCJI0 MPABUII, HO
He perraeT mpodJeMy pa3sMepHOCTH MOJTHOCTHIO. YacTo mocse hbuabTpanuu Bce PaBHO OCTa-
eTCsl 3HAYUTEbHOE YKMCJIO IPABUI, IIPU YTOM MHOI'ME U3 HUX M30BbITOYHBbIE. ACCONUATUBHOE
HPABUJIO CYNTACTCH U3OBITOTHBIM, €CJIU €r0 yIa/leHie U3 MHOZKECTBa MIPABU/I He TPUBOJIUT K
norepe nHMOPMAIUHT O CBA3AX MK/ JIAHHBIME B PaCCMAaTPUBAEMOI TPEIMETHON 00/1aCTH.
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MHOKECTBO aCCOIMATHBHBIX MPABILI, He COJeprKaliee H30bITOUHBIX (B HEKOTOPOM CMBIC-
Jie) TpaBWII, PHHSTO Ha3biBaTh OaszncoM. CyrmecTBytoT pasaudube (GhopMagbHbIe OMpee-
JeHusT H30BITOUHBIX ACCOIMATHBHBIX MPABII U MeTObI X ycrpanenus [14]. Hanbomnee pas-
BHTBI METO/Ibl yCTPaHeHUs H30bITOUYHOCTH JIJIsI CTPOTHX acCONMATHBHBIX IpaBuJI. g Takux
ACCOIUATUBHBIX IIPABUJ UMEETCs IJIOTHAS Mapasieab ¢ pYHKIIHOHAIbHBIMUA 3aBUCUMOCTSI-
MU U3 TEOPHH PEeISAIUOHHBIX 6a3 maHubix [6]. Crporme accoruaruBHbe MpaBHIA MMEIOT
JIOCTOBEPHOCTDb, PABHYIO €JMHUIE, U MPEJACTABJISIOT WHTEDPEC JJIsi ITPUJIOXKEHU, T/1e Tpe-
OyeTcs BBICOKAsI CTEleHb YBEPEHHOCTH B YCTAHOBJIEHHBIX 3aBHCUMOCTAX MEXKLY JAHHBIMU,
HaIpuMep, B HHGOPMAIMOHHON 6€30IIaCHOCTH, aHAIN3€ KOMIBIOTEPHBIX CeTell U MeIUIHHE
[1, 8, 11].

B nacrogiee BpeMsa u3BecTeH psi aArOPUTMOB, MO3BOISIONIAX CTPOUTD PA3JIHIHbIE Oa-
3UCHI JIJIsi CTPOTUX aCCONMATUBHBIX NpaBu/i. Hanbosiee 3HadMMbIMU Oa3uCaMu sIBJASIIOTCS Ka-
HOHUYECKH 1 MEHUMAaKCHBIH. Kanonndecknii 6azuc (nau 6a3uc /Tokena-T'ura), cocront u3
MWHUMAaJILHOTO YNCJIA CTPOTUX ACCOIMMATHBHBIX MPABUJI, PEKYPPEHTHO OIMUCHIBAEMBIX B TEp-
MuHAX TceBocogepkanuii [9]. Kanonnaeckuil 6a3uc MaTeMaTH4ecKu T1y6OKO HCCIIe0BaH,
OJIHAKO BCe MPEJIJIOKEHHBbIE Ha CerOTHSIIHUN JeHb aJrOPUTMBI €r0 MOCTPOEHUsT B OOJIbIIe
CTEIIeHH HPEJICTABJISIOT TEOPeTUIeCKuii, YeM npakTudeckuit uarepec 15|, Munumakcubiit
6a3uc COCTOUT M3 CTPOTHX ACCONMMATHUBHBIX MPABII, UMEIOINX MUHUMAJIbHYIO MOCBHLIKY U
MakcumasbHoe ciezctsue [13]. s MuHIMAKCHOrO Ga3nca HMEIOTCs XOPOTITO ampOOGHPOBAH-
Hble AJTOPUTMbI, K KOTOPBIM oTHOCHTCs ajqroputm Close [14, 16]. Vcceqosanust moka3aJi,
YTO B MOCTPOEHHBIX KAHOHUYECKHX U MHUHHUMAKCHBIX 0a3Hcax OcTaeTcs HeKoTopas u30bl-
TOYHOCTH, KOTOpasd MOxKeT ObITh yCTpaHeHa Ha OCHOBE BbIBOJMMOCTEH, 110/I00HBIX aKCHO-
MaM AMCTPOHTa, U3BECTHBIM B TEOPHH PEISIUOHHBIX 0a3 JAHHBIX A1 DYHKIIHOHAJIHHBIX
3aBACHMOCTEN.

B nanHoit ctaTbe JIiji CTPOTHX acCONMATHBHBIX HpaBuJl npejioxen ajropurm MClose,
pacimpsomunii BosmoxkHoctu aaropurMa Close. Anropurm MClose mo3Bosser B mpomecce
HOCTPOEHUST MEHUMAKCHOIO 0a3uca yCTPAHSITh U30BITOYHOCTD ¢ COXpaHEHUEM MO IIePIKKH
U JIOCTOBEPHOCTH 0e3 JIONOJTHUTEIbHOIO O0OpalleHns K MCXOJHOMY OMHAPHOMY KOHTEKCTY.
JlokazaHbl BBIBOAMMOCTH, 0DOCHOBBIBaIOINE KoppeKTHOCTH ajaropurMa MClose. lokasa-
TeJbCTBO 3TUX BbIBOAUMOCTER — OCHOBHOH pe3y/bTaT JaHHOI CTaTbhbH.

1. OcHOBHBIE TEPMUHBI 1 0003HAYEHNHA aHAJIN3a (POPMAJILHBIX MOHATHI

[Ipusenem TepMunbl 1 0003HAYEHUSI, TPAMAUIUOHHO TPUMEHSIeMble B aHan3e (POPMaIb-
HBIX moHaTHii [2, 5, 10].

[lycrs a1 mpeaMeTHol 061acTH OIpe/IeIeHbl /IBa HEIYCThIX KOHEYHBIX MHOKecTBa (7
u M o0beKTOB W HPU3HAKOB COOTBETCTBEHHO (OT HeMeNKuX cjioB Gegenstinde — OOBEKT,
Merkmale — npusnak). Ilpenmonaraem, 9to Bce 00beKTh B GG u npusHaku B M paszimd-
uel. [lycrs 3amano orwomenne [ C G X M wmamumentHoctu mexjiay G u M. Tpoiiky
K = (G,M,I) npuaaro Ha3eiBaTh (GOPMATLHBIM KOHTEKCTOM (HJIH MPOCTO KOHTEKCTOM )
npeaMernoit obsactu. CauraeM, YTO OTHOIIEHUE UHITHJICHTHOCTH | CHMMETPUYHO OTHOCH-
resbHo G u M: cymecrsoBanue B I mapsl (g,m), g € G um € M o3Hadaer, 9T0 0ObEKT
g UMeeT TMPU3HAK M U HA0OOPOT, MPU3HAK M MPUCYTI, OOBEKTY (.

Beibepem B K = (G, M, I) aBa upousBosibHbIX 3jieMenta g € Gum € M. Oupegennm
JIJIS HUX JIBa OTOOpaKeHusd ¢ u 1):

¢(g) = {m € M|(g,m) € I},
Y(m) = {g € G|(g,m) € I},
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rie ¢(g) — MHOYKECTBO MPU3HAKOB, MIPUCYIIUX O0BEKTY ¢, & 1)(m) — MHOKECTBO 00HEKTOB,
obJtaIatonuX MPU3HaAKOM M.
Orobpaxkenus ¢ u 1) obobmawrces Ha A € Gu B C M ciuenyromum o0pa3oM:

p(A) = Ngeaplg) = {m € M|Vg € A(g,m) € I},

W(B) = Npmept(m) = {g € G|Vm € B (g, m) € I}.

Orcroga ¢(A) — MHOXKeCTBO PH3HAKOB, 00IMUX /it BCeX 00beKToB u3 A, a ¢(B) — MHO-
JKeCTBO 00BEKTOB, KOTOPBIE 00J1aJaI0T BceMu Tpu3HakaMu u3 B. OTobpazkenus ¢ u ¢ ornpe-
JesieHbl Tak, uro ecin A, Ay € G u By, B C M, To

(A1 U Az) = ¢(A1) N p(Az),

Y(By U By) = (By1) N Y(Bs).

[lesecoobpasHo moI0kuTh, 910 ¢(F) = M u (D) = G: mycroMy MHOKECTBY 0Ob-
eKTOB IIPUCYINU BCe NpU3HAKH U3 M M KazKIblii 0ObeKT paccMaTpUBaeMOro KOHTEKCTA
K = (G,M,I) obramaer mycTBIM MHOYKECTBOM MPU3HAKOB. Ecam st oTobparkenuit
u 1) upuMmenutsh eaunoe obosnauenne (-), To dopmyan mus p(A),W(B), p(A; U Ay) n
(By U By) 3a0HCBIBAIOTCS TaK:

A" = Ngeayg = {m € M|Vg € A(g,m) € I}, (1)
B = Nyegm' = {g € G|Ym € B(g,m) € I}, (2)
(A4, U Ay) = A n A, (3)
(B U By) = B/ N By. (4)

Ecmn g € Gum € M, 1o obo3nadenus ¢’ u m’ TPaJuIMOHHO CIyZKAT COKPAIIEHHOMI
dopmoit zamacu muoxects p(g) = {g} mw(m) = {m} coorsercTBenmo.

3 onpeenennst orobpazkeHuii ' BBITEKAIOT CBOHCTBA, KOTOPHIE (hOPMATBHO MOYKHO BbI-
Pa3uTh B BUJE CJEIYIONINX yTBEPKICHUI.

YrBepxkaeune 1. [lns Beakoro koutekcra K = (G, M, I) n mobwix By, By, € M
BEPHBI CBOHCTBA!

— anmumonomonnocme: ecin By C By, To By C By;

— oxemencusnocmy: By C By e B)” = ((By)) C

VrBepxkaenue 2. st Beskoro kourekcra K = (G, M, I) u jqwobbix Ay, Ay C G
BE€PHBI CBOWCTBA!

— anmumonomonnocmo: ecin Ay C Ay, To Ay C Ay

— axemencusnocmv: Ay C A", rne A" = ((Al)/)/ C G.

B cuny yreepxkaenuit 1 u 2, orobpazKeHus ¢ u 1) COCTABJLAIOT Mapy cooTBercrBuii [a-
aya mexay 2¢ u 2M — cucremamn Bcex moaMHOMNKeCTB MHOKecTB G 1 M COOTBETCTBEHHO,
YACTUYHO YIOPSJIOYEHHBIMHE 110 TEOPETUKO-MHOXKEeCTBEHHOMY BKJIIOUeHuto |2, 5|. V3BecTHo,
qTO JIJIsl COOTBETCTBUH [ajtya ¢ u 1) cupaBeTUBbI paBeHCTBa [5:

WM, TO K€ CaMOe, B eJIMHbIX 0003HAYEHUIX

(A = Ay = A, (B)) = (B" = B. (5)
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JlBoitHoe TpuMeHeHHe oTOOpasKeHus ' ompejenser onepaTop 3aMblkanug Ha 2M B an-
rebpamdeckoM cMmbicse [2]. Emy cBoiicTBeHHbI

— pedaercusnocme: pag moboro B C M scernaB C B,

— monomonnocmu: ecn By C By C M, 1o By" C By C M;

— udemnomenmmocmy: aaa moboro B C M seerna (B")" = B”.

CrpaBeJIUBOCTD 3TUX CBOWCTB BBITEKAET U3 YTBepXKaeHuit 1 u 2.

Ecmn B = B”, 1o muOX)ecTBO npusHakos B C M HasbiBaeTcst 3aMKHYTBIM OTHOCH-
TesibHO onepatopa ” B koutekcre K = (G, M,I). Muoxectso B” = ¢(¢(B)) M0oxKHO
TPAaKTOBAThL KaK HADOP IPHU3HAKOB, KOTODBIE BCEIJIA ITOSBJIAIOTCH B O0BEKTAX KOHTEKCTA
K = (G,M,]I) Bmecte ¢ mpu3HakamMu U3 B, TpudYeM 3TO MHOMKECTBO SBJSETCS HAMOOb-
M TI0 BKJTIOUermio B npeaenax K = (G, M, I). Ogesmuano, ato (@)" = p(¢(2)) = G’
rae G' — MHOZKeCTBO MPU3HAKOB, CBOMCTBEHHBIX BceM 0O0bekTaM Kourekcta K = (G, M, I).
Ecmm B' = @, 10 Bcerma B” = ¢(¢(B)) = ¢(@) = M. Ecmm B’ # @ to ucxond
u3 (1) — (4) sampikanue gis B C M MOKHO BBIYHCJIWTH 32 OJWH IPOCMOTD KOHTEKCTA
K = (G,M,I) no dbopmye:

B" = Ngec{d|B C ¢'}. (6)

B ananuze popmaabHbix nonsaTuii napa muoxkects (A, B),A C G,B C M, takux, 910
A" = Bu B = A, nassiBaercs ¢popMaabibiM nonstreM Koutekera K = (G, M, I) ¢ 00b-
emoM A u copepxkannem B [10]. B dopmanbnom nonsitun (A, B) muoxkecrsa A u B Beeria
3aMKHYTHI OTHOCHTEIbHO " B 3T1OM KOHTeKkCcTe: A = A" u B = B”. C nomompbio popmMasib-
HBIX MOHITHI BO3MOYKHO KOHIENTYa bHOE (MM MOHATHIHOE) MOJEJINPOBAHNE DABJIHIHBIX
npeaMeTHbIX obsacteit [7, 10]. 3aMKHYTBIE MHOZKECTBA TAKZKe HAIILIU ITHPOKOE IPHUMEHeHUe
B MOMCKEe aCCONMATUBHBIX npasui [13, 14, 16].

2. ACCOI_[I/IaTI/IBHbIe Inmpasmnjia 1 OCHOBHbBIE€ Me€Pbl NX 3HAYMMOCTHI

AcconpmaTiBHBIM TTPABIJIOM HA MHOYKECTBe MpU3HakoB KoHTekcta K = (G, M, I) Ha3bi-
BaeTcs ynopsijiodennas napa muaoxkects 1 = (X,Y), X|Y C M. IIpunsaro accoluaTuBHoe
npaswio 1 = (X,Y) samuceiBath B Buge X = Y. B acconmarusnom mpasuie X = Y
MHOZKeCTBa X 1 Y Ha3bIBAIOT HOCHLIKOW (M/IM PUYUHON) U 3aKJIIOUeHneM (UM CJIe/ICTBU-
eM) coorBercrBeHHo [17]. B ananmnse acconuaTuBHBIX IPABUJ YACTO HOJATAIOT, YTO HOCHLIKA
U 3aK/II0UYEeHNe — HEMyCThie Hemepecekarornecss MEOKecTBa. C (HopMaIbHBIX TO3UIHI 3TH
OrpaHWYEHUs] HECYIIECTBeHHBI. [IpUMeHuTebHO K 3aanHoMy KoHTekery K = (G, M, 1)
BCSIKOE acCONMATHBHOE NPpaBuyio X = Y KOJIUYIECTBEHHO XapPaKTEePU3YETCs ¢ IIOMOIIBIO TO/I-
nepxkkn 0(X = Y) u gocrosepuoctu ¥(X = Y) [12]. D1u uncioBbie dbyHKINH OMpeIesi-
I0TCsI 9epe3 MOHSITHE TO/JIEPKKH MHOKECTBA MPU3HAKOB.

[Mognepxkka 6(X) muoxkecrsa npusnakos X C M B kontekcre K = (G, M,I) —
OTHOIIIEHUE YHCJIa 00bEKTOB, KOTOPBIM HMPUCYIU Ipu3HaKu X, K 00IIeMy YHCJI0 O0bEKTOB,
IIPE/ICTABJICHHBIX B 9TOM KOHTEKCTE:

0(X) = [X/IG]. (7)

Takum obpasom, §(X) — gacrora Becrpedaemoctu B Kourekcre K = (G, M, ) 06beKTOB,
nmeromux npusuaku X . 13 dopmyiast (7) caemyer, uro miaga jgoboro X C M 3Hauenue
0(X) HEM3MEHHO HAXOAUTCS B €CTECTBEHHBIX MPAHUIAX

0<d(X)<1. (8)
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Hewm bommzke 3nadenne §(X) K 1, Tem Gosbiee Iuca0 00HEKTOB PACCMATPUBACMOTO KOHTEK-
cra obmajaer Bcemu npusHakamu u3 X. B cuy aHTHMOHOTOHHOCTH OTOOpaskeHust ', 10
AEPKKa MHOXKECTBa IIPU3HAKOB TaK2XKe YAOBJIETBOPAET CBOIU/ICTBy AHTUMOHOTOHHOCTH: IJIA
Bestkoro kourekcra K = (G, M, I) u m06eix X, Y C M npu X C Y BepHO HEpaBEHCTBO:

5(Y) < 3(X), (9)

Corytacto (9) mo/iepzKKa MHOXKECTBA IPU3HAKOB HE MOKET [PEBBIIIATD I10/[JIEPKKH JIIOOOr0
u3 ero rnoaMHuoxKecTB. Tak, js npoussosbaoro X C M Bcerma

0 < 3(M) < 8(X) <8(2) = 1.

Mmuozxectso nmpusnakoB X C M maszsiBaercs 4acTbiM B KouTekcre K = (G, M, T),
ecIM ero Tojep:KKa GOJIbINe WM paBHA 33JAHHOMY MOPOTOBOMY 3Hadenuio &y € [0, 1].
Ecmu §(X) > 0o u X = X", 7o X HasbBaercst 4aCTHIM 3aMKHYTHIM MHOXKECTBOM IPU3HA-
koB B K = (G, M,I). HacTele MHOXKeCTBA M 9acThle 3aMKHYTBIe MHOXKECTBa TPH3HAKOB
TPAJIMITMOHHO CJIYKAT OCHOBOH JIJIsl MOUCKA aCCOIMATUBHBIX MPABUJI B 33/ IaHHOM KOHTEKCTE.
CremyeT OTMETHTD, UTO B XY/IIEM CIydae IUCTO0 TACTHIX 3aMKHYTHIX MHOXKECTB MMPU3HAKOB
koutekcta K = (G, M,I) coBmagaer ¢ IUCIOM YACTHIX MHOYKECTB MPU3HAKOB M IKC-
noHeHnua Lo 3asucut ot [M|. OjHako Ha HNpaKTHKE OOBIYHO YHUCJIO YACTHIX 3aMKHYTHIX
MHOYKECTB 3HAYUTE/THLHO MEHBIIE TUCIa YaCThIX MHOXKeCTB. [IpuMepbl KOHTEKCTOB € TIOJIMHO-
MHATBHBIM OTHOCHTEJIBHO | M| 9HCIOM 9aCTBIX 3aMKHYTBIX MHOKECTB MOKHO HaiiTu B [16].
Vcnonp30BaHue CJIeIYIONETO YTBEPKIEHUS TTO3BOJIseT MPH TOUCKe aCCOIUMATHBHBIX Mpa-
BHJI BMECTO YAaCTHIX MHOYKECTB NMPW3HAKOB MPUMEHATh YacThle 3aMKHYThIe MHOZXKECTBA, W
TeM CaMbIM COKPAIATh IIPOCTPAHCTBO HOMCKA ACCOIMATUBHBIX HPABUIL.

VYrBepxkaeuune 3. [las Beskoro koutekcta K = (G, M,I) u 1060ro MHOXKeCTBA
X C M nopuepxxkka X" coBnagaer ¢ moagep:KKoii MHOXKeCTBa, X :

J(X") = §(X).

oxazameavcmeso. llycts X C M — nponsBobHOE MHOYKECTBO TPU3HAKOB KOHTEK-
cra K = (G, M,I). Torna, ucxong u3 (5) u (7), uMeeM paBeHCTBO

§(X") = [(X)]/IG] = IX'I/|G] = 8(X).
Orcrona, ecan 6(X) = &g, To Takxke §(X") = g, T. e. 3aMBbIKAHHE YACTOTO MHOXKECTBA
IPU3HAKOB TaKKe sIBJIFETCs] 1acThiM. W

[ommepxkkoit 6(X = Y') acconmarusnoro mpasuia X = Y OTHOCHTENIHHO KOHTEKCTA
K = (G, M,I) naspiBaercs BeJTHIHHA

S(X=Y) = §(XUY) = [(XUY)|/|G], (10)

yKa3bIBalolasl, Kakas JI0Jsi OObeKTOB 3TOro KoHTekcta uMmeer mpusnaku X U Y. Jlo-
croepuocth (X = Y) accommarmpuoro mpasuia X = Y OTHOCHTEJILHO KOHTEKCTA
K = (G, M,]I) onpenesnsieTcss KAK OTHOIIECHHE IUCIA O0BEKTOB, 0OJATAIONINX BCEMH TIPHU-
3nakamMu u3 X UY, K yucjtyy o0'beKTOB, KOTOPbIM CBOMCTBEHHbI TOJIbKO HPU3HAKU X :

YX =Y) = |((XUY)|/1X.

JlocTOBEPHOCTDH ACCOMMATHBHOTO MPaBWIa depe3 (DYHKIHUIO MOAAePKKH BhIpazkaeTcd (hop-
MYJIOM:

YX =Y) = §(X = Y)/6(X) = §(XUY)/8(X). (11)
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3aMeTuM, UTO JOCTOBEPHOCTD onpesessaercsa ¢hopmytoi (11) ToNbKO 11 TeX acConnaTuB-
ubix paBust X = Y, agst kotopbix §(X) # 0. Ecaun 6(X) = 0 (B KOHTEKCTe HET HU OJHOTO
o0bekTa, obaanaoniero npusnakamu X ), To cornacuo (8) u (9) rakxke J(X UY) = 0.
B stom ocobom caayuae momaraior y(X = Y) = 1. Uexona uz (7)—(11), mocToBepHocTsb
acCONMATUBHOTO TpaBuiaa X = Y mpu npoumsBoabHBIX X,Y C M Bcerga HaxoauTcs B
TPAHUTIAX

0<y(X=Y)<1. (12)

Yem Ommxe sunadenme y(X = Y) x 1, TeM ¢ Gosblmeil yBePEHHOCTBIO MOXKHO CKa-
3aTh, 9TO HPHU3HAKK Y MOABJIAIOTCS B OODBEKTAX PACCMATPUBAEMOIO KOHTEKCTa BMECTE
¢ mpu3HakamMu X.

Acconmarusnoe mpasmwio X = Y Ha3bIBaeTCss MUHIMaKCHBIM B KouTekcTe K = (G, M, 1),
ecou g K = (G, M, I) He cymecTByeT JApyroro acCcouuaTuBHoOro npasuia X* = Y*
takoro, uto X* C XuY C Y*nu

S(X*= YY) = §(X = Y),

V(X = Y") = y(X=Y).

[Tycrb 3agansr koureker K = (G, M, I) u 0y, o — BemecTBernbie dncia us [0, 1. Byaem
roBOpHUTh, 4T0 X = Y saBisiercs (g, Yo)-acconuarusabiM npasusiom 8 K = (G, M, I), ecin
BBLITIOJIHSIIOTCA JIBA, YCJIOBHS:

o <X =Y) <1, (13)
< <1

(14)

Besuaunst §yp u Yy UrpaioT posib MOPOTOBBIX 3HAYEHUN /TSI MO/JIEPKKN U JOCTOBEPHOCTH
coorBercrBerno. [Ipu 0y = 0 ycaoBue (13) orpazkaeT ecTecTBeHHbIE IPAHUIBI O/ IEPIKKH.
JlanHasi cuTyalus CBHJIECTEJIbCTBYET O TOM, YTO HET OIPAHUYEHHI HA YACTOTY IMOSIBJICHUSA
npusHakoB X UY B K = (G,M,I). llpu 7y = 1 ycnosue (14) npuBojuT K PABEHCTBY
(X = Y) = 1. B arom cayuae 6ynem umers (Jg, 1)-accoruaruBHoe MpaBuio, KOTOPoe
Oy/ieM Ha3bIBaTh CTPOTHM aCCONMATHBHBIM MPABUIOM. TakuM 00pa3zoM, CTPOroe accolua-
THBHOE IIPABUJIO — IIPABUJIO C JIOCTOBEPHOCTHIO 1 U ¢ 11000 HeHYIeBOl Mo IepzKKOoil. 3a-
MEeTHM, 9TO aCCOIMUATUBHBIC ITPABUIA C HYJIEBOH IOIIEPIKKOM U HYJIEBOH TOCTOBEPHOCTHIO
HE UMEIOT IIPAKTUIECKOH MEHHOCTH U MOITOMY He pacCMaTPUBAIOTCS.

3. CBoiicTBa CTPOrux acCONUATUBHBIX HPAaBUJI

l3BecTen KpuTepuii HAJMYIHsI B KOHTEKCTe CTPOTOr0 accoruaruBaoro npasuia [10]. [Tpu-
BEJIEM €r0 C JI0KA3aTeThCTBOM.

VrBepxkaenue 4. J[0cTOBEPHOCTH aCCONMMATHBHOrO mpamia X => Y OTHOCHTEIbHO
kourekcra K = (G, M, ) pasua 1 Torga u Tobko torga, korma X' C Y/ (mwmY C X”).

Hoxaszameavecmeo. Cormacuo dopmyie (11) pasencrso 7(X = Y) = 1 Bepno Torma
m TOMBbKO Tora, Korja 0(X UY) = §(X), nam, To ke camoe, xorma (X U Y) = X'
B cuy (4) mveem (X U Y) = X' N Y. Pasenctso X' N Y’ = X' Bo3MOxKHO TOrIa |
TOJIBLKO Torja, korna X' C Y.

IIpeamonoxum, uro X' C Y’ Ilo yrBepxkuenusm 1 u 2 Bcerna Y C Y, a upnu
X' C Y’ Bepuo Briouenne Y C X", Orciopa Y C X" Ilycrp Y C X”. Torpma B cuiy
aHTIMOHOTOHHOCTH oToGpaykerns ' mveem (X”) C Y'. C yuerom (5) Bepro X' C Y. m

3aMeTyM, 9TO yTBepzKAeHne 4 TpUBHAIBLHBIM 00pa3oM BbinosHsgeTca g X = X" Bo
BesskoM kouTekcte K = (G, M,I) u npu mobom X C M. Paccmorpum mekoTopbre
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JaCTHBIE CYYal yTBep:KIeHus 4, BayKHbIE ¢ TOUYKU 3PEHUS YCTPAHEHUST U30BITOYHOCTH BO
MHOKECTBE CTPOTHUX ACCOINUATHBHBIX TPABHIL.

Cayuaii 1: acconmarupabie ipapuia Bujga X = Y npn jwodeix ¥ C X C M.

B cuny anTumonoronnoctu orobpazkenus ' mpu Y C X cupaBeiIMBO BKJIIOUEHHUE
X" C Y. Venosue yrBepxaenus 4 seimosasiercs:, modtomy y(X = Y) = 1. Takum 06-
pa3oM, ecJqii B aCCONMUATUBHOM MPABUJE 3aKTIOUEHUE SBISIETCS MOIMHOKECTBOM TTOCBLIKH,
TO TAKOE MPABUJIO UMEET JIOCTOBepHOCTH 1 B Jitobom konrekcre K = (G, M,I) ¢ noj-
nepxkoit 0(X). TTomoGHBIE cTpOrHe acconuaTHBHBIE IPABUJIA He HECYT B cebe nHbOpMAaIun
O CYTIEeCTBEHHBIX OTHOIIEHUSIX MeZKTy MHOXKeCTBAMH NMPU3HAKOB X W Y KpOMe eCcTeCTBEH-
HOT'O OTHOIIEHUS «IeJI0e W 9acTh Meaoroy. [losroMy ux ciaefyer cYUTATh TPUBHATBHBIMA W
He MPUHUMATH BO BHUMaHWe. B acTHOCTH, accommaTuBHBIE TpaBuja Bujga & = O, M = Y
u X = & upu qodbix X, Y C M orHOCATCH K TPUBUAJBHBIM CTPOIUM IIPABUJIAM.

Cuayuaii 2: acconmaruBuble npaBmia Buga & = Y npu & #Y C M.

st Besikoro konrekcra K = (G, M,I) mY C M mecerna Y/ C G. Kpowme toro
V(@) = @ = Gud(w) = 1. Ilovyromy mig npasuia & = Y umMeem

v =Y)=400UY)/i2) = oY)

Ucxons u3 yrBepxaenus 4, paBencrso y(& = Y) = 1 mMeer MecTo TOT/Ia U TOJIBKO
rorma, korma @' C Y. Tlockonbky ¥(@) = @' = G, o @' C Y’ Bepuo qums npu G = Y/,
Taxum 06pazomM, CTPOTOE ACCOMUATHBHOE TPABWIO & = Y npu Y # & umeer mouiepxKKy
d(2) = 1 n orpaxkaer HaJaW4YHe *KECTKOTO orpaHmyeHusi Ha kKourekct K = (G, M,I):
BCe OOBEKTHI, IPeJCTaBICHHbIE B 3TOM KOHTEKCTE, 00A3aTe/NbHO 00JI1a/Ial0T MHOYKECTBOM
IPU3HAKOB Y .

PaccmorpuM cTporoe acconuatusaoe npasuio X = Y. B cuny (11) ero momaepxKka
BCETJIa COBIAJAET ¢ HOIePKKON ero noceikn: 6(X = Y) = §(X). Ecau §(X) > dp, TO
rakxke 0(X = Y) = . Ecan nocse kakoro-nm6o mamenenus: npapuia X = Y, pe3yib-
TUPYIOIIee IPABUIO UMeeT TMOJIePKKY He MeHee d(X ), TO TOBOPAT, 4TO TAKOE U3MEHEHUe
COXpaHsSeT MOJIEPKKY HCXOAHOI0 IpaBmia. JlokaxkeM CBOMCTBA CTPOIMX ACCOIUATHBHBIX
HPaBUJI, KOTOPbIE MO3BOJSIOT U3 OJHUX CTPOTHX ACCOIMATUBHBIX ITPABUJ BBIBECTH IPYTHE
CTPOTHE acCOIMATUBHbBIE TIPABIIIA (¢ COXPAHEHHEeM WK 0e3 COXPAHEeHHs! HOIIEPKKH ).

Jlemma 1. Ilycts B koutekcre K = (G, M,I) muoxkectso X C M umeer moj-
jaepxkky 0(X) > dp. Torma s kourekcra K = (G, M, I) upu awbom Y C X Beerja
CIIPaBEJINBO CTPOTOe acconmaTnBaoe mpasuao X = Y ¢ nomaepxkoit 6(X) = do.

Jloxaszameavcmeo. [lpu Y C X B cuiy aHTUMOHOTOHHOCTH OTOOpazkenust ' Beerga

X' C Y'. Torna no yrBepxkaenuto 4 acconuaruBaoe npapuso X = Y 9BIAI€TCS CTPOTUM.
B cuy (11) anst wero (X = Y) = §(X) > . m

Jlemma 2. Ecan mis kourekcra K = (G, M, ) cupaBeijiiBo CTPOroe acColMaTuBHOE
npasuio X = Y ¢ nogmep:xkkoit §(X ), To mpu o6om Z C M aj1s 9TOTO KOHTEKCTA TAKIKE
BEpHO cTporoe acconuaruaoe npasuno X U Z = Y ¢ nomuepxkoii §(X U Z) < §(X).

oxaszameavcmeo. Bocnonb3yeMcess yTBepxKaeHneM 4 W CBOMCTBOM MOHOTOHHOCTH
onieparopa 3ambikanug. Tak kak X = Y gBjiger CTporuM acCOUUATHBHBIM IPABUJIOM B
K = (GMI), oY C X'"udXUY) = 6X).IIpu X C X U Z sepuo
prmouerne X” C (X U Z)". Crenosarenvro, Y C (X U Z)". Dro oznadaer, 9To a/1s
K = (G,M,I) cnpaBeyuso cTporoe acconuarupaoe mpasuwio X U Z = Y u jjs Hero
(XUZUY) = §X U Z). Orcrona ¢ y4eToM aHTHMOHOTOHHOCTH TIO/IEPKKI HMeeM

J(XUZ) =86XUZUY)<SHXUY) = §(X).
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JlemMMa mokazana. m

JlemMma 2 oTpazkaeT BO3MOZKHOCTD MOMOJHEHUS MOCHLIKHU /IS CTPOrOTr0 aCCOMUATHBHOTO
npaBusa, HO 6e3 rapaHTuu coxpaHeHus moaaepkku. Ocobo ciienyeT OTMETUTD CIydail, KO-
I paclInpeHne MOCBLIKA CTPOroro acCoUaTUBHOIO IpaBUIa COXpaHdeT MOJIJIePKKY ITOr0
npaBuia.

CaencrBue 1. Ecaun ans konrekcra K = (G, M, ) cipaBeyinBo CTPOTOE accolna-
tuHOe mpaBuio X = Y ¢ noagep:xkoit 6(X ), To npu mo6om Z C Y 1715 3T0r0 KOHTEKCTA
TaK¥Ke CIPABEeJINBO CTPOroe accoruaTuBHoe nmpasmio X U Z = Y ¢ noxaepxkoit 0(X).

Hoxaszameavcmeo. Ecm y(X = Y) = 1, To no jemme 2 Takxe y(XUZ = Y) = 1.
3HAYNT, BEpPHbI PABEHCTBA

(X = Y) = §(XUY) = §X),

(XUZ=Y)=46XUZUY) =J§XUZ).

Otciona ipu Z C Y umeem
(XUZ=Y)=90XUZUY) =406XUY) = §X).

CnencrBue moKa3aHo. B

Jlemma 3. Ilycrs B kourekcre K = (G, M, I) muoxkectso X C M umeer nojeprx-
Ky 0(X) > &o. Ecom qist konrekcra K = (G, M, I) cupaBeyiuBbl CTPOrHe acCONUATHBHbIE
npaBmwia X = Y u X = Z, To Jjid 3TOro KOHTEKCTa TaKKe CIIPABEIUBO CTPOroe acco-
nuarusnoe npasmwio X = Y U Z ¢ moguepxkoii §(X) = dy.

Jloxazameavcmeo. B nannom ciydae nejiecoodpa3iHo BHOBb BOCIIOIBE30BATHCsT HEOOXO-
JIMMBIMH ¥ JIOCTATOYHBIME YCJIOBUAMHU JIJIsi CTPOTUX MPABHJ, KOTOPBIE OIIPEJIeIeHbI B YTBEp-
xKiaeann 4. [lockorbky X = Y n X = Z aBagioTcd CTPOTIMH acCOIUATHBHBIMHA TTPABU-
namvu B K = (G, M, 1), To meobxonumo Beinousiiorest Braodenns Y C X" u Z C X",
Buauur, Y U Z C X", 910 10CTATOYHO JIJIs BBITOJHUMOCTH CTPOIOIO aCCONUMATHBHOTO IPa-
uia X = Y U Z B 3agannom KonTekcre. B gnanHom caydae 0(X = Y UZ) = 0(X) = do,
T. €. CBOWCTBO &JJINTUBHOCTH COXPAHSET MOJIEP’KKY MCXOTHBIX TPABII. B

Jlerko ybeauThesi, 9TO CBOMCTBA pepIeKCUBHOCTH W HOIOJHEHHS HEBBIITOJIHUMBI s
MPOU3BOIBHBIX (Jg, Yo)-ACCOMUATHBHLIX mpaBui. OIHAKO, CIEIYIONee CBOWCTBO, HA3HIBAC-
MO€ IIPOEKTHBHOCTHIO, BBITIOJHACTCS M5t JTIOOBIX (Jg, Y0)-aCCONMUATHBHBIX PABUL.

Jlemma 4. Ecmm g K = (G, M, 1) cupasenimuso (Jo, Yo)-aCCOMUATHBHOE TTPABUIO
X = Y, 10 upu mobeix Z C Y uY # & mag 3moro KOHTEKCTa TakKe BepHO (g, Yo)-
accolnuaTupHoe npasmwio X = Z.

Zoxaszameavcmeo. llockoabky Z C Y m Y # &, 10 Y MOXKHO IpeICTaBUTH B
puge Y = Z U (Y\Z). Torna cortacuo ycaosuio (13) 1 aHTUMOHOTOHHOCTH (DYHKIIUH
IMOJACP2KKHN UMeEeEeM

So<HXUY) = dXU(ZU[Y\Z)) = (X UZ) U Y\2) <X U Z). (15)

Buaunr, 6(X = Z) yaosaersopsier ycaosuio (13). AHagIOrHIHBIM 00pa30M moJarasi, 4To
d(X) # 0, moaygaem

WYX =Y) = (X UY)/S(X)<HXUZ)/6(X) = (X = 2).
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Cnenosarenvuo, v(X = Z) ynosaersopsier yciaosuio (14). Ilpu 0(X) = 0 Bcerma
(X = Y) =1 upu mobom Y, B Tom wucie n Z C Y.

[IpuMeHUTETHHO K CTPOTHM ACCOIMATUBHBIM TPABUIAM JaHHAS JEeMMa JO0KA3bIBACTCS
TpUBHATBHBIM 0Opazom. Ecau anst kourekcra K = (G, M, I) cupaBejjinBo CTPOroe acco-
muaruBHoe npasuwio X = Y, roY C X”. Buauur, npu mobbeix Z C Y uY # O cupasen-
nuBo Briouenne Z C X", Cnemosarenbno, X = Z gBIgeTCd CTPOIUM acCOIMATHBHBIM
npasuiom B K = (G, M, ). Kpome Toro, §(X = Y) = §(X), (X = Z) = §X).
Eciu 6(X) > 0p, 10 0(X = Z) > dp. m

Jlemma 4 oTpazkaer TOT (akT, 4TO IPABYIO YACTh BCIKOTO (Jg, Yo )-aCCOMUATHBHOIO Mpa-
BHJIa MOXKHO <«PACIIEeNruThy JI0 OT/JAeJBHOTO NMPU3HAKA, COXPaHdAsS TPHU ITOM IOJJIEPKKY U
JIOCTOBEPHOCTD B 33TaHHBIX IpaHuTax. /s CTPOruX acCOMUATUBHBIX MPABUI JeMMBI 3 1 4
KOHCTATUPYIOT PABHOIEHHOCTb PA3JIMYHBIX SKBUBAJEHTHBIX (DOPM 3aIIMCH 3TUX MTPaBUII.

CaencrBue 2. IlpeacraBieHne cTpororo acconmaruBHoro mpasmia X = Y U 72
9KBHBaJICHTHO €ro npeiacraBJeHuI0O B BUAC ABYX CTPOIUX aCCOHUATHBHBIX IIPpaBUJI X = Y
uX = Z apustom 6(X =Y UZ) = 46X =Y) = 06X = 2) = §X).

Jlemma 5. Ecan gos kourekcra K = (G, M, ) cupaBeyiuBbl CTPOTHE acCOUATHB-
uble paBuia X = Y uY = W u 6(X) > g, To kakumu 661 Hu Gbtn X, Y, W C M
JIJISE 9TOTO KOHTEKCTa TaKzKe CIPaBeJIMBO CTPOroe acconuaruBHoe mpasuio X = W ¢
noaaepKkoit 0(X) = .

Hoxazameavecmeo.  BocmoabsyeMcs yrBepxxkienueMm 4. Eciam a1 KOHTeKCTa
K = (G,M,]I) Bepusl cTporue acconuarupipie nmpasmwia X = Y nu Y = W, 1o Bepubl
pmovenng X' C Y'uY' C W'. Cunemosarennuo, X' C W’. Ilo yreepxaenuio 4 310
ycjaoBue dBJjdeTCd JOCTATOYHBLIM JJIAd BBIIIOJIHUMOCTH CTPOroro aCCoOouaTUBHOI'O IIPpaBUJIa
X = W. Hdas wero 6(X = W) = §(X) > dy. Takum ob6pazom, HOmIepKKa Pe3yIbTUPY-
fomero nmpasuia X = W coBnajiaer ¢ mojiep:kkoi npasmia X = Y, urpaiomiero poJb
HavajIa TPAH3UTUBHOM IEMOYKU CTPOIUX ACCOIMMATUBHBIX IPABUII. M

Crenyiommas teMMa 0000IAaeT JeMMy 5 U ompejesseT CBOMCTBO, Ha3bIBaeMOe TICEeBI0-
TPaH3UTUBHOCTBIO CTPOT'UX aCCOIMUATHUBHBIX IIPAaBHJI.

Jlemma 6. Ecan pia xkonrekcra K = (G, M, ) cupaBeuBbl CTPOTHE acCOMUATHB-
ubie npasuwia X = Y uY U Z = W, ro kakumu 661 vu 66t X, Y, Z, W C M njig kon-
rekcra K = (G, M, I) tak:ke cpaBejInBO CTPOTOe accoruarnbroe npasuio X U Z = W
¢ mopaepxkkoit §(X U Z) < §(X).

Hoxaszameavemeo. Ecin nas konrekcra K = (G, M, I) BepHBI cTporue accorma-
tuBHble TpaBmia X = Y uY U Z = W, 10 X' C Y'u (Y U Z) C W' Tpebyerca
JoKazaTh, uto (X U Z) C W'

[To memMme 2 U3 CTPOrOTO ACCONMMATUBHOTO TpaBuaa X = Y BBITEKAET CIPaBEIINBOCTH
crpororo accouuarusnoro npasuia (X U Z) = Y. Torma (X U Z) C Y. B cuuy
aHTEMOHOTOHHOCTH oTOOpakenus ' Beeraa (X U Z)' C Z'. Orcioma, ecrm (X U Z) C Y/
(X UZ) C Z, 1o sepno rmoderne (X U Z) C Y’ N Z'. Ilo dopmyne (4) nveem
(Y U 2Z) = Y'nZ. Orciona, yaursisad, ato (Y U Z)' C W' okoHIaTeqbHO MOTydTaeM

(Xuz) cvY'nz =Yuz' cw.

K coxanennto, CBOICTBO MCEBIOTPAH3UTUBHOCTH HE TAPAHTUPYET /IS Pe3yIbTUPYIOIIe-
ro npaBuia coxpanenne nomaep:xkku. s vero (X U Z = W) = §(X U Z), Ho coracHO
AHTUMOHOTOHHOCTH 1o/IepKKH (X U Z) < §(X). m

JlemMbr 1 — 6 MO3BOJIAIOT ¢cHOPMYIUPOBATH CIAETYIONIYIO TEOPEMY.
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Teopema 1. g Beskoro kourekcrta K = (G, M, I) u mobowx X, Y, Z, W C M cupa-
BE/IJINBBI CJIEAYIONIHE CBOWCTBA CTPOIUX ACCOMMATHBHBIX MPABUI:

D. Pegpaercusnocmo: X = X.

Ds. Ilonoanenue: ectm X = Y 10 X U Z = Y.

Ds. Addumusnocmov: ectu X = YuX = Z, 10 X = Y U Z.

Dy. Ilpoexkmusnocmv: ectn X = Yu2Z C Y, 10 X = Z.

Ds. Tpansumusnocmo: eciu X = Y uY = W, 10 X = W.

Dg. Ilcesdompansumusenocmes: eciu X = YuY U Z = W, o X U Z = W.

Ykazamnsle B TeopeMe 1 cBoiicTBa (un BEIBOAUMOCTH) D — Dg MO3BOJSAIOT 3 HEKOTO-
POTO MHOYKECTBA CTPOTUX ACCONMATHBHBIX MPABUJ BBIBECTH MHOTHE JIPYTHE CTPOTHE acco-
[UATUBHBIE TTpaBuia 0e3 JOMOJHUTE/HHOIO CKAHMPOBAHUS KOHTEKCTA. BBIBOJAMMOCTH, 110-
nobubie Dy — Dg, cupaBeaiuBbl U 15 (DYHKIIMOHATBHBIX 3aBUCUMOCTEH, MMEIOIINX MECTO B
TEOPHUH PEJAINNOHHBIX 0623 JTaHHBIX, [Jle UX IPUHATO HAa3bIBaTh akcmoMaMu AmMcrponra. I3
JIOKa3aHHBIX BBINIE JIEMM CJIeayeT, 9T0 BeIBoguMocTn Dy, D3, Dy, D5 TapaHTUPYIOT cOXpa-
HEHUe TOJIEPKKU: Pe3yIbTaTOM IIPUMEHEHHe UX K CTPOTHM acCONMATHBHBIM MPABHIAM C
HOIEP:KKOI He MeHee 4eM 0y BCEIJIa SIBJIAIOTCS CTPOrHe aCCOIUATHBHBIE IPABIIA ¢ TAKAM
7K€ TOPOTOM TIOJIIEPKKH.

4. Aaroputrmbl Close u MClose

M3BecTHO BOTBITIOE TUCIO ATTOPUTMOB TOUCKA ACCOMUATUBHBIX TTpaBmi. OCHOBOMOIara-
oM gBjsioTes aaroputM Apriori u Close. Ayiropurm Apriori ocHOBaH Ha CBOCTBE aHTH-
MOHOTOHHOCTH (BYHKIMH Nomaep:kKu. OH H3BJIEKaeT W3 33JaHHOIO KOHTEKCcTa Bee (Jo, Yo)-
ACCOIMATUBHOTO MPABUJIA [IPU JIOOBIX 33JaHHBIX JOMYCTHMBIX 3HAYCHUsIX Oy U Yo [11]. Au-
roput™ Close HCIOIB3yeT CBOMCTBA YAaCTBIX 3AMKHYTBIX MHOYKECTB W H3BJIEKAET TOJIBKO
CTPOTrHe ACCONUATHBHBIE TIPABUIIA ¢ 33JAHHBIM MOPOTOM MOJJEPKKY g [14, 16].

Cyrb kyraccudeckoro ajropurma Close 3ak/I109aeTcst B HOMATOBOM U3BJICICHUN MeHEPa-
TOPOB W YaCTHIX 3aMKHYTBIX MHOKeCTB npu3HakoB [13]. MuoxectBo p C M HazbiBaeTcs
reHepaTopoM 3aMKHYTOro MuOKecTBa npusHakoB X C M, X = X" ecau p = X u He
cymiecTByer apyroro maoxkectBa 7 C M rakoro, uto 7 C pu 7’ = X. [Ipyrumu cioBamu,
TeHepaTOp 3aMKHYTOTO MHOYKECTBA MPU3HAKOB X — HaWMEHbITee O MOIIHOCTH MHOYKECTBO
HPU3HAKOB, nMeroriee 3ambikanue X . Yucao npu3nakos, BXOJMINNX B T€HEPATOP p, HA3bI-
BAETCST MOIHOCTBIO 3TOr0 reHeparopa. Ecin |p| = k, 10 p aBasgercs k-reHeparopom.

Ha Bxon anropurma Close nomaercs ucxonusrii konreker K = (G, M, I) n noporosoe
sHavgenne dy. Ha Beixome anropurm Close ¢popMupyeT MUHUMAKCHBIH 0a3UC U 3alHCHIBAET
ero Bo MHOXkecTBO AR. Nsnaganbuo AR cunrtaercs nyctoiMm u k = 1. Ha mepBom 1mare
B KadecTBe k-reHeparopoB PACCMATPUBAIOTCS BCE OJHOYJIEMEHTHBIE HOMHOZKECTBA, MHOMKE-
crBa M. 3ambikanue pg” 17151 renepaTopa py, Beraucasiercst no gopmyde (6). [omrepxka s
pr” Haxomurest o dbopmyate (7). Ecam 6(px”) = dg, TO M0 4acTOMY 3aMKHYTOMY MHOKECTBY
pr” CTPOUTCST MEHAMAKCHOE CTPOTOE ACCOIUATHBHOE MTPABUIO

pe = Pk \ Pk (16)

u coxpansiercs B AR. Cornacuo (10) u yTBep:KIeHUIO 3 JIJIsT HETO

pr = Pk”\Pk> = 5(Pk”) > 0o, V(px = Pk//\Pk) = L

Tor dax, aro accornuaruBHoe npaBuio (16) sSBIsETCS MUHAMAKCHBIM, CJEIyeT U3 ONpee-
JeHnd reHeparopa.

[Tocie reHepalu acCOMUATHBHOIO TpaBmia 1Mo pi” co3naTcea Kavauaarsl B (k + 1)-
reHepaTopwl I caeayiomeil urepannn. KaxKapiit Takoit KaHIUAAT (POPMHUPYETCA MIyTeM
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o0 beIMHeHNs IBYX k-TeHEepPaTOpOB, 0018 AI0ONNX OIMHAKOBBIMU TepBLIMU k — 1 mpu3HaKa-
mu. /lajiee BBIIOJIHSIETCS POBEPKA, BJIOYKEH JIM HAlIeHHBIN Kauauaar B pg”. Ecean BroxkeH,
TO OH WCKJII0YAeTCsT U3 paccMorpenus. [locsre Haxoxaenus Beex (k + 1)-remepatopos ocy-
IECTBJIAETCS epexo K caeayomeit urepanun. AiaropurM Close 3aBepinaer padory, Korma
UCYepIaHbl BCe TeHePATOPHI.

MHO0KeCTBO acCONMATUBHBIX TPABUJI, IMOJYYEHHBIX B pe3ysabTaTe paboThl aJITOpPUT-
ma Close, obpa3zyer MUHUMAKCHBI 0a3muC CTPOTUX ACCOMMATUBHBIX IPABUI KOHTEKCTA
K = (G,M,I). Koppekrrnocrs aaropurma Close mokasana B pabore [13]. K coxaie-
HUIO, MUHAIMAKCHBIN Oa31MC MOXKET COJ/IepzKaTh U30BITOTHBIE CTPOTIHE aCCOIUATUBHLIE TIPABU-
na. Anropurm MClose ¢ momornisio BeiBogumocteit Dy, D3, Dy, D5 pacimmpsieT BO3MOXKHOCTH
anropurMma Close. JlaHHBIN aJaropuT™M B IpoIecce MOCTPOSHUST MUHUMAKCHOTO Oa3uca pac-
IIO3HaACT I/I36bITO"IHbIe CTporue aCColjiaTuBHBIC IIDaBUJIa U YCTPpAHACT HX.

Jaaum dhopMmasibHOe OlpeseneHrne n30bITOYHOTO CTPOTOro acCOIUATHBHOIO ITPABUJIA.
[Tycts AR — MHOYXKeCTBO CTPOTUX ACCOMMATUBHBIX MPABUJI, KayKJI0€ U3 KOTOPBIX CIIPABE TN~
BO Jist kouTekcra K = (G, M, I). Bymem roBoputb, 9T0 CTPOroe acComuaTuBHOE TTPABUIO
X = Y jormdecku cienyer u3 MHOKecTBa AR, ecin 0HO MOXKeT OBITH BBIBeIeHO U3 AR ¢
nomoripbio BeiBojgumMocteit Dy, D3, Dy, Ds. Tor dakT, 910 cTporoe acconuaTuBHOE IPaBUJIO
X = Y gnornuecku crenyer uz AR, 6yaem obosnadarsh tak: AR = X = Y.

Crporoe accomuarnproe npaBmao X = Y HazoBeM W30BITOYHBIM B AR, ecan

AR\ {X = Y} EX = Y. (17)

MHOKECTBO CTPOrUX ACCONMATUBHBIX IIPABMJ HEM3ObITOYHOE, €CJIM OHO HE COMEPIKUT
H30BITOYHBIX CTPOIMX acconuaTuBHbIX mpasua. Obosnaunm uwepes CSB (Concise Strong
Basis) Hen30bITOUHOE MHOKECTBO MUHUMAKCHBIX CTPOTHX ACCONMATHBHBIX TpaBuii. MHo-
KecTBo CSB MOXKHO IOCTPOUTH IIyTEM FeHepalii MUHIMAKCHBIX CTPOTUX ACCONUATHBHBIX
npaBuil (Hampumep, ¢ moMolnbio aaropurma Close) n ycrpaHeHus: cpejin HUX U30BITOUHBIX.

PacrnosnaBanue m36LITOUHOTO CTPOTOrO aCCOIMMATUBHOTO IIpaBmia B AR OCHOBAHO Ha
IPOBEPKe JIOrHYecKoro caepoanus (17). Aaroputm Takofl IPOBEPKU HCIOIB3YeT HOHITHE
3aMBIKAHUS MHOYKECTBA MPU3HAKOB OTHOCHTEILHO MHOKeCTBA AR M ABJIsETCS TMOJIMHOMH-
anpubiM otHOocuTenbHo |[M| u |AR|. Bambikanmem muoxkectsa X C M OTHOCHTEJNLHO
AR (o6o3nauaercst X ) Ha3bIBaeTCsl MHOXKECTBO BCEX MPU3HAKOB m € M TakuX, 4TO Bep-
HO Jtornveckoe ciaemopanme AR = X = m. Bamernwm, uro memsmenuno X+ C M. U3
BeiBouMocTeit Dy, D3, D, BbITeKaeT CIpaBe/InBOCTh CJIEIYIONEro KPUTEePHs: JTOIHIeCKOoe
cnenosanne AR = X = Y mmeer mecro Torja m ToapKo Torga koraa Y C Xt Orcrioga
BCET/IA

ARE X = Xt ARE X = X"\ X.

Yro6sl yoeauTes B crupaBeiuBoctu (17), JT0CTATOYHO BBHIYUCIUTH X T OTHOCHTENBHO
AR\ {X = Y} u nposepurs Bxmovyenue Y C XT. EcmY C Xt 1o crporoe acconna-
tuBHOEe TpaBuio X = Y u3bbirouno B AR, nHatwe OHO HE ABJISIETCS N3OBITOYHBIM.

Asropur™ BeIaucaenua X T menamkom Gasupyercd Ha BhiBoguMmocTax Dy, Ds, Dy, Ds u
CBOJMTCA K BBIIOJHEHMIO cieayomux geiicreuii. Cuagama nomaraerca X+ = X. asee
OCYIIECTBJIAETCA TPOCMOTP npaBui u3 AR u nonosnenne X 1o ciaeayonemMy TpUHIAILY:
ecan mig npasuna Y = Z € AR sepno priaodenne Y C X1, 1o MHOXKeCTBO Z n00aB-
asgerca K X, DTOT Iponece moBTopaercs 10 Tex nop, noka mimenserca X 7. TToCKOIbKY
muOKecTBa M 1 AR KOHEYHBIE, TO MPOIECC BBIYUCACHAS X T KOHETCH.

3aMeTnM, UTO MPOIecC UCKIUeHns N30BITOYHBIX CTPOIUX aCCOIUATUBHBIX MPABUI HE
Tpebyer joctyna K Kourekery K = (G, M, I) 1 mo3TOMY BpeMsi €r0 BBITIOJHEHHST HE3HAUN-
TeJIbHO TI0 CPABHEHUIO CO BpeMeHeM MOJTYYeHUs] YACTHIX 3aMKHYTBIX MHOXKECTB TPU3HAKOB.
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Tadbawma 1
PesynbraTbl 9KCIIEpeMEHTOB

XapakTepucTuka KOHTEKCTA, YHuea0 u3BIEYEHHBIX CTPOTUX
K = (G,M,I) ACCOIMATHBHBIX MPABHUJI \BDEMsI, MC
|G| | |M] o Apriori Close MClose
20 10 0,38 1797 / 17562 | 45 / 250 | 22 / 297
30 | 10 0,39 2029 / 18347 | 46 / 374 | 19 / 412
30 10 0,55 15438 / 187202 | 69 / 390 | 20 / 484
50 10 0,53 27769 / 375178 | 46 / 78 | 13 /124
500 10 0,53 27769 /376154 | 42 / 124 | 13 / 168
10000 | 10 0,53 27769 / 378400 | 42 / 671 | 13 / 872

s Toro 9To0Bl UCKJIIOUHTE J00AaBJIeHHE 3aBEIOMO H30BITOYHOTO CTPOTOTO aCCOMUATUBHO-
ro npasmiaa B AR HeoOX0AuMO BCAKMI pa3 1moc/ae nocTpoeHus pg” BBIIOJIHATD CJIeLyonue
neiictBus. ey nochLIKa pp HAAEHHOTO MPaBHIa (16) He paBHa pi’, TO HAliTH 3aMbIKaHIe
Py OTHOCHTETHHO BhramMCIeHHOrO MHOKecTBa AR. Ecom pf = pi”, To 310 MuHMMAaKcHOe
ACCOIMUATUBHOE MPABHIIO sIBJIsIeTCA U30BITOYHBIM, HHAYE OHO BKJITOYaeTcss B AR.

[Tocse 3aBepriennst TeHepATTE MUHUMAKCHBIX CTPOTHX ACCOIMUATUBHBIX MPABUI HEOOXO-
JIUM JIOTOJIHUTE/IbHBII ITPOCMOTD Pe3y/ibTupyiomniero Mmuozxkecrsa AR ¢ neibio obHapy KeHust
OCTABIUXCS N3OBITOYHBIX MPABUI. TaKne MPAaBU/IA BIOJHE BO3MOYXKHBI: OHU HEN3OBITOYHBIE
[0 OTHOIIEHUIO K PaHee BBISIBJIEHHBIM ITPABUWIAM, OJHAKO MOCJe monoHeHnst AR HOBBIME
IPAaBUJIAMH MOTYT OKa3aThCs U3OBITOUYHBIMU. TakuM 00pa3oM, MO MOCTPOEHUIO PE3YIBTUDY-
fo1ee MHOKECTBO AR cOCTOUT W3 MUHUMAKCHBIX CTPOTUX ACCOIMUATHBHBIX TPABUT U SBJISET-
¢ HeM30BITOUHBIM. 3aMETUM, UTO OTEPATUBHOE YIATCHNE M30BITOTHBIX TPABIT CEPKUBACT
poct MortHOCTH AR M CHHZKAeT BpeMsl BBITIOJTHEHUS aJTOPUTMA.

Anropurmer Apriori, Close n MClose cpaBHMBaJIMCH 110 YHCJIy CTE€HEPUPOBAHHBIX CTPO-
I'MX aCCOMMATUBHBIX MPABUJI U BpEMEHU PAOOTHI. DKCIEPUMEHTHI OCYIIECTBIAINCH HA KOM-
npiorepe ¢ mponeccopom Intel® Core™ i5 CPU & 2.30 GHz u O3Y pasmepom 4 ['B.
DKCIEePUMEHTHI BHIMOJTHSINCH Ha KOHTEKCTaX, CTeHEePUPOBAHHBIX CAYYARHBIM 00Pa30M.

Pesyiibrarer skcuepuMenToB mpejcrtaBienbl B Tadaune 1. B rabsune 1 i BCAKOro
anasmsnpyemoro kourekcra K = (G, M, I) ykazanb! |G| — ancso o6bexros, | M| — duncio
npusHakos, 0 = n/(|G| - |M|) — WIOTHOCTH KOHTEKCTA, TJe N 33/aeT TUCJIO €UHATHBIX
s7eMeHTOB MaTpuilsl unnugaeaTnoct . Konreker u3 10000 06bekToB OBLT ¢hOPMUPOBAH
MHOTOKPATHBIM KOIMHPOBAHUEM KOHTEKCTa, cocTosmero u3 500 o0beKToB.

N3 tabaunet 1 Bugno, aro agropurmbl Close u MClose acdbdexruBnee anropurma Apriori
KaK [0 YHUCJIy U3BJEUEHHBIX CTPOTUX ACCOMMATHBHBIX MPABUJI, TAK W 110 BPEMEHH PabOTHI.
Agnropurm MClose mo Bpemenu paborst comoctasum ¢ agropurvom Close. Oanako agro-
putm MClose 6osiee yeM B JiBa pasa YMEHbBIIAET MOIIHOCTh MUHEMAKCHOTO Ha3uca, (bopmu-
pyemoro aiaroputmoM Close. IlepcieKTuBHBI MccieI0BaHMs, HATPABIECHHBIE HA YCTPAHEHUE
u30BITOYHOCTH JIJIsi ACCOMMATUBHBIX ITPABUJI € JIIOOBIMU MO/JIEPKKAMU U JJOCTOBEPHOCTSIMHU.
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Bykova V. V., Kataeva A. V. ON THE NON-REDUNDANT REPRESENTATION
OF THE MINIMAX BASIS OF STRONG ASSOCIATIONS. Associative rules are
the type of dependencies between data that reflect which features or events occur together
and how often this happens. Strong associative rules are of interest for those applications
where a high degree of confidence of dependencies is required. For example, they are used
in information security, computer network analysis and medicine. Excessively large num-
ber of identified rules significantly complicates their expert analysis and application. To
reduce the severity of this problem, the MClose algorithm is proposed, which extends the
capabilities of the well-known algorithm Close. The Close algorithm forms a minimax basis
in which each strong associative rule has a minimum premise and a maximal consequence.
However, in the minimax basis there remain non-redundant strong associative rules. The
MClose algorithm in the process of constructing a minimax basis recognizes redundant
strong associative rules and eliminates them. The proposed algorithm is based on the prop-
erties of closed sets. The deductions that prove the correctness of the MClose algorithm
are proved.

Keywords: Galois connection, closed sets, strong association rules, non-redundant, mini-
maz basis.
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