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Multifunctions on a two-element set are considered in this paper. Functions from finite set to set of
all subsets of this set are called multifunctions. Partial functions, hyperfunctions, ultrafunctions, par-
tial hyperfunctions and partial ultrafunctions are arised depending on the type of multifunctions and
superposition. In this work the problem of description of clones (sets of function closed with respect to
the operation of superposition and containing all the projections) of partial ultrafunctions is considered.
We got a description of one mazimal clone of partial ultrafunctions on two-element set by the predicate

approach.
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Introduction

In the theory of discrete functions the classical problem is description of lattice of clones.
Full description of a lattice is obtained only for Boolean functions [1,2]. Because of difficulty of
this problem lattice fragments are studied, for example, the minimum and maximum elements,
different intervals. In particular, we note that the descriptions of all maximal clones are known
for functions of k-valued logic, partial functions of k-valued, hyperfunctions and ultrafunctions
on a two-element and partial hyperfunctions on a two-element set [3-8]. Some maximal clones
of partial ultrafunctions found in [9,10]. In this paper we got a description of one maximal clone
of partial ultrafunctions on a two-element set.

1. Basic concepts and definitions
Let Es ={0,1} u F = {2,{0},{1},{0,1}}. We define the following sets of functions:
Pio={1f: B3 = FY, Py =P

Pyy={f|f € P5, end |f(a)| =1 for every &€ Ey}, Py =|])Pon.

Functions from P, are called Boolean functions, and functions from Py are called multifunc-
tions on Fjs.
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By definition [9,10] we believe that the superposition

f(fi(zr, . yzm), - fu(@1, ooy @),
where f, f1,..., fn € P5, represents some function g(z1,...,z), if for every (az,...,an) € EX

N f(B1,...,Bn), if the intersection is not empty;
mefi(al,...,am)

f(B1,...,0Bn), otherwise.
Bi€fi(aa,..., Qm)

g(ala"'aam) -

On the tuples containing @, the multifunction takes the value @.

The multifunctions are considered with this superposition are called partial ultrafunctions.
Below partial ultrafunctions are called simply functions. The tuples which contains element from
FE5 are called binary tuples.

Projection is called n-ary function: e! : (ay,...,q4,...,an) — {a;}.

For the set of functions B closure [B] is defined as follows:

1. Bu{el'} C [B].

2. If f, f1,..., fn € [B], then f(f1,..., fn) € [B].

3. In the [B] other functions are not exist.

A set of functions is called closed set, if it is equal to its closure. If closure of the set of
functions B coincides with the closed set M, then B is called full set in the M.

A set of function closed with respect to the operation of superposition and containing all the
projections is called clone.

If for the clone K do not exist clone K such that K C Ky C P;,,, then the clone K is called
maximal clone.

Let R® is s-ary predicate defined on the set F. The function f(z1,...,x,) preserves the
predicate R?, if for every tuples (ai1,...,051), .-, (Q1n,--.,Qsn) € R® the tuple

(f(Oéll, .. .,Oéln)7 . .,f(Ole, .. .,asn))

also belongs to the predicate.
Pol(R?) denotes of the set of functions which preserves the predicate R®.
For simplicity we use the following code:

@+ %,{0} < 0,{1} + 1,{0,1} + —.

The tuple (11,...,7,) € EY is called rectification of the tuple (v1,...,v,) € F", if for those i,
for whom ~; # —, follows that «; = 7, and for the other i we have 7; € Fs.
The function of P; ,, define its values at the binary tuples, the vector of values write in a row
or column, and binary tuples assume to be given in the natural order.
0/1 — 1
If h(z,y) = (001-), f(x,y) = (10 — 1), g(z,y) = (—00%), then entry (1)

[
* © O

—\1
means that superposition h(f(z,y), g(z,y)) is equal to the function (10 — x).

2. Auxiliary statements

Here are some auxiliary results.
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Lemma 1. Let functions f, f1,..., fs preserve a predicate R™ defined on the set F, g(x1,...,zp)
is superposition of the f(f1,..., fs) and binary tuples (ai,...,af), ..., (al,...,a™) belong R™.
Then tuple (g(ad,...,al), ..., g(a,...,a™)) belongs R™.

Proof. This follo ws from the fact that for every binary tuple (31, ...,3,) is performed

g(ﬁl?"'aﬂn) :f(fl(ﬁlw'wﬁn)?'"ﬂfs(ﬁh"wﬁn))'

Consider the predicate

00001111 — «
R* = 8 (1) (1) 1 1 (1) (1) 8 : p , where (a, 3,7,d)! are all sorts of columns in
01101001 — 6

which a, 8,7v,6 € F are simultaneously satisfy two conditions:
e in every column («, 3,7, 8)" among a, 8,7, least two assume the value *;
(

e in every column (o, 8,7,6)%, if 0 or 1 are found among «, 3,7, §, then all of them are not
equal to —.
Proofs of the following Lemmas 2 and 3 are identical with the proofs of the corresponding
assertions of the work [8].

Lemma 2. Let a function f(x1,...,Ti—1,Ti,Tit1,...,Tn) preserve the predicate R™ and the
variable x; is dummy. Then the function g(x1,...,2i—1,Zit1,---,%n), derived from the f after
removal of dummy variable x;, preserve the predicate R™.

Lemma 3. Let R™ is m-ary predicate and for every tuple (S1,...,Birs---sBigs---sBiss---sPn)
from the R™ such that Bi,, Biy, - - ., B, are only equal to *, following condition are performed: if
TUple (Yiy- ey VirsevsVinswnosViarevsYn) € RB™, then tuple (01, ... 85y s 8inseesOisseeyOn),
where §; = * for j € {i1,42,...,is} and 6; = ~y; for other j, also belongs to the predicate R™.
Then if g(x1, ..., Xim1,Ti, Tit1, - .., L) Dreserve the predicate, then f(X1, ..., Tim1, Tigl, .-, Tn),
derived from the g after removal of dummy variable x;, also belongs to the predicate R™.

Corollary 1. Pol(R*) are closed with respect to addition and removal of dummy variables.
The proof of the following lemma is given in the works [10,11].

Lemma 4. The following sets of functions coincide with Py, :

)

D), (1=)3; - 2H(+0), (=0)3]; 3)[{(0-), (=1), (0+)}];  4)[{(0-), (=1), (+0)}].

3. The main result
Theorem 3.1. The class Pol(R*) is a mazimal clone of partial ultrafunctions.

Proof. Let us first show that Pol(R*) is a clone. By the Corollary 1, and due to the fact that
the projections preserve the predicate R* remains to prove that R* is closed with respect to the
operation of superposition. Proof by contradiction.

Let

h(l’l,...,l?n) = f(gl(xla"'axn)aQQ(xlv' "7'In)a"'7g7n(:171a"'axn))a

where f,g1,...,gm are arbitrary functions of the class Pol(R*).
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Suppose there are tuples &' = (af,...,at), wherei € {1,2,3,4}, such that (a}, a?, aéﬂ a?)t €
Qa al 0
. a? : | : : 0
R* for every 7, but h | ¢ R*ie. h 4 | coincides with one of the following columns: ol
Q Q
at at 1
0 1 0 1 0 1 1 m N2
h 01, A 1
1|’ 0 ) 0 ) 11’ 1]’ 0 ) 1]’ 91 ) 92 , where among fi1, 11,1, A1 only one

0 0 0 1 1 1 0 A1 Ao
value %, and among pia, 72, 02, Ao least one value —, and also has values 0 or 1.

Since swapping rows in the predicate R* does not change it, it is sufficient to consider the cases:

0 0 o
0 1 n . a’ «
, , , where either p,7,0 € {0,1}, or p=n=0 = —, and case h | _, | = ,
0 1 0 o —
1 1 *
where o € {0,1} u 5,1 € {1,2,3,4}.
dl
4 A . a?
We note that the tuples &' = (af,..., ;) do not contain *, otherwise tuple » | _, | be-
!
d4

longs R*. Also we note that for i € {1,2,3,4}, if h(a’) = o € {0, 1}, then among rectifications
&' are not such in which A is equal to —. Indeed, suppose that exists rectification ¢ of tuple & such

that h(8) = —, then exists rectification 7 of the same tuple such, that h(7) = a € {0,1}. Then
1
h g ¢ R*, which contradicts Lemma 1, since (0, Tk, Ok, 7x)' € R* for every k € {1,...,n}.
,'7"_
We consider the above four options. Everywhere we obtain a contradiction to Lemma 1.
al 0
a? 0 9 Fo %
Lh| 4| = ol For the first three rows we choose rectifications 6%, 82, 63 such that in
a
at 1
which & is equal to 0, and for the fourth row we choose rectification 6% such that (64,602,683, 60) €
al 0 0
52
a 0 0
R* f ke{l,....n}. Thenh| _, | € )
or every { n} enh| 0 0
at 1 *
al 0
a2 1 e =
2.h| 5| = nE For the second, third and fourth rows we choose rectifications 62, §%, §*
a
at 1

such that in which h is equal to 1, and for the first row we choose rectification 6 such that

o 0 *
~2

(6%,02,83,64)t € R* for every k € {1,...,n}. Then h ZS € 1 , 1
at 1 1
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o)

3. h

Il
DI T

, where either p,n,0 € {0,1}, or p =n =6 = —. For the first three rows

OO O
[NANCRNNY

*
we choose rectifications 6%, 62,3 such that h(gz) = p' # %, where i € {1,2, 3}, and for the fourth

row we choose rectification 8% such that (61,62,63,04)t € R* for every k € {1,...,n}. Then

4. h (d > = (a)) where o € {0,1} u s,1 € {1,2,3,4}. If there is the rectification é of tuple

&' in which value of h is equal to —, then there exists the rectification 7 of tuple &° such that

= |~ ¢ R*u (64,0, 7, )" € R* for every k € {1,...,n}.
@
@
If this rectification does not exist, then there are two rectifications 51,52 of tuple &' such
ot 0\ /0
% = 62 1 1
that h(6') = 0 and h(0%) = 1. In case, when o = 0 we have h a1 € ol 1ol ¢ where
72 0 *
71 is rectification of tuple &* in which value of h is equal to 0, and 72 is rectification of tuple
&*® such that (61,67, 7¢,72)" € R* for every k € {1,...,n}. In case, when o = 1 we have
o! 0\ /0
1) 1 1
a1
1 *
and 72 is rectification of tuple &* such that (6,07, 7}, 72)" € R* for every k € {1,...,n}.
We now show that Pol(R*) is a maximal clone. It is sufficient to prove that [Pol(R4) u{f}l =

P5, where function f does not preserve the predicate R?, i.e. there are tuples a* = (af,...,al),
&l

h(7) = . Then h

NS O
|

[\v]

1

, where 7" is rectification of tuple &° in which value of A is equal to 1,

l\')

where i € {1,2,3,4}, such that (o], a3, ad,af)" € R* for every j, but f a’ ¢ R

It is easy to verify that the functions (00),(01),(11),(10),(0x),(1x),(x0),(x1),(——),(0110),(1001)
preserve the predicate R*. Therefore, in view of Lemma 4 it is sufficient to have one of the
functions (0—),(1—),(—0),(—1).

Since for every j € {1,...,n} column (a;,af,ag’,oz;l)t coincides with one of the functions
{(0000), (0011), (0101), (0110), (1111), (1100), (1010), (1001), (— — ——)}, then applying operation

of superposition to f and to these functions we obtain or fi(z,y) = (0001), or fo(z,y) = (0111),
or fs(x,y) = (u,n, 0, %), or immediately one of the functions (0—),(1—),(—=0),(—1).
(=0), (=1):

Via binary functions f1, fo u f3 we get one of the required functions (0—)

0/0 — 0\ 0/0 - -\ 0/0 u 0\ 0/0 O 0\ 0/— 0 —
010 = 0] 110 = |—=]1.000 n| (O] OJO O JO} Of— Of [—
olr —| -’11 = (1)’0l0 6] (o) 1]l1 of [1)]1{— 1] |oO
1\1 - -/ 1\1 -— 0\0 =« %/ 1\l =« x/ *\— 1 0
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06 OJHOM MaKCUMaJIBHOM KJIOHE YaCTNYHBIX y.J'ILTpa(l)YHKIJ;I/Iﬁ
Ha JBYX3JIEMEHTHOM MHO2KeCTBe

Cepreit A. Bagmaes
WNucTuryT MareMaTuku U HHMOOPMATHKA
Bypsitckuit rocy1apcTBeHHBIN YHUBEPCUTET

Cwmonuna, 24a, Ynan-Ym, 670000

Poccus

Pacemampusaromes, Mmyavmu@ynruuy Ha 08yxrasemernmmom mroxcecmee. I100 myasvmudyrryuets Ha xo-
HEYHOM MHONHCECTNEE NOHUMAEMCA PYHKUUAL, ONPEOEAEHHAA HA OGHHOM MHOHCECTEE U NPUHUMANOUWLAA
6 Kauecmse 3Hauenutll e20 nodmmoscecmea. B 3asucumocmu om 6uda mMysvmuyrkyul u coomeem-
CMBYWET UM CYNEPNo3ULUUL BO3HUKAIOM HaACTUMHbLE GYHKUUL, 2UNepGYHKUUL, YALMPAPYHKUUY, 4a-
CMuUYMHBLE 2UNEPOYHKUUY U YACTNUYHBIE YavmpaPyrryuu. B samemre uccaedyemes sadaua onucanus pe-
WEMEKYU KAOHOE (MHOHCECTNE, 3AMKHYMVLL OMHOCUMEALHO CYNEPNOSUUUL U COOEPAHCAUUT 6CE HYHKUUU-
NPOEKYUUL) OAA HACUNHBE Yabmpadyrkyut. C nomowswpro npedurammozo nodxroda NOAYHEHO ONUCAHUE
00H020 MAKCUMANDHO20 KAOHA YACTMUYHBOIT YALMPAPGYHKUUT HA 08YTINEMEHIHOM MHOHCECTNEE.

Karoueswie caosa: Myﬂbmugﬁymfuuu, yﬂbmpagﬁynmuuu, MAKCUMANADHDLE KAOHDL, DEWETKA.

— 145 —



