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It is well known that integro-differential Hermitian forms are closely related to the generalized
setting of mixed boundary value problems for strongly elliptic equations and systems, as well as
the existence and uniqueness theorems for such problems (see, for example, [1–6], and other).
We prove embedding theorems into the scale of Sobolev-Slobodetskii spaces for functional spaces
associated with one class of Hermitian forms. More precisely, we consider the Hermitian forms
constructed with the use of the first order matrix differential operators with the injective principal
symbol. The results are valid for both coercive and non-coercive forms.

1. Function spaces

Let D be a bounded domain with Lipschitz boundary in Euclidean space Rn, n > 2, with
coordinates x = (x1, . . . , xn). For some multi-index α = (α1, . . . , αn) we will write ∂α for the

partial derivative
∂|α|

∂xα1
1 · · · ∂xαn

n
. We consider the complex-valued functions defined over the

domain D and its closure D. We also fix an open (in the induced topology) connected set S with
piecewise smooth boundary ∂S on the hypersurface ∂D.

Let Cs(D,S), s ∈ Z+, be the set of s-times continuously differentiable functions in D, which
are disappearing in some (one-sided) neighborhood S in D. We will write Lq(D), 1 6 q 6 +∞,
for standard normed Lebesgue spaces of functions over D. We also write Hs(D), s ⊂ N, for the
Sobolev space of functions whose weak derivatives up to the order s belong to L2(D). Similarly,
Hs(∂D), s ⊂ N, stand for the Sobolev space on the boundary of domain ∂D of functions whose
weak derivatives up to the order s belong to L2(∂D). Let the space Hs

0(D) stand for the closure of
space C∞

0 (D) in Hs(D). For positive non-integer s we denote by Hs(D) the Sobolev-Slobodetskii
space, see, for instance, [7]. More precisely, in the case of 0 < s < 1 the space Hs(D) consists of
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functions f ∈ L2(D), D ⊂ Rn such that the functional

∥f∥Hs(D) =

(
∥f∥2L2(D) +

∫
D

|f(x)− f(y)|2

|x− y|n+2s
dx dy

)1/2

,

is finite, that is defining the norm in this space. Similarly, we define the function space Hs(∂D),
0 < s < 1, on the space of functions defined on ∂D.

For non-integer s > 1 we set s = [s] + λ, where [s] is integer part of the s. Then Hs(D)

consists of elements of H [s](D) such that ∂αf ∈ Hλ(D) for all multi-induces |α| = [s]. This is a
Banach space with the norm

∥f∥Hs(D) =
(
∥f∥2H[s](D) +

∑
|α|=[s]

∥∂αf∥2Hλ(D)

)1/2
,

and even a Hilbert space with the evident scalar product. The closure of Cs(D,S) in the space
Hs(D) is denoted by Hs(D,S). In particular, H1(D, ∂D) = H1

0 (D).
As usual, for the function space B we denote by Bn the Cartesian product of n copies of this

space. If B is a normed space, then we will provide Bn with the norm ∥u∥Bn =
( n∑

j=1

∥uj∥2B
)1/2

.

Therefore, Bn is a Hilbert space, if B is the one.

2. The embedding theorems for coercive forms

Let A(x, ∂) be a homogeneous differential the first order matrix operator with injective symbol
in a domain X ⊂ Rn, i.e.

A =
n∑

j=1

Aj(x)∂j ,

here Aj(x) are (l × k)-matrices, whose components are complex-valued C∞(X)-functions and

rang
( n∑

j=1

Aj(x)ζj

)
= k for all x ∈ X, ζ ∈ Rn \ {0}.

Moreover, we require that the following Uniqueness Property in the small on X holds:

if Au = 0 in a domain U ⊂ X and u ≡ 0 on an open subset V ⊂ U , then u ≡ 0 in U . (1)

Let D b X. We consider the following Hermitian form on the space [C1(D,S)]k:

(u, v)+ = (Au,Av)[L2(D)]l + (a0u, v)[L2(D)]k + (b0u, v)[L2(∂D\S)]k ,

where a0(x) is a Hermitian non-negative (k×k)-matrix with entries a(p,q)0 ∈ L∞(D) and (k×k)-
matrix b0 is a Hermitian non-negative (k × k)-matrix with measurable bounded components on
∂D \S. We denote by H+(D) the completion of the space [C1(D,S)]k with respect to the norm
∥ · ∥+, which is induced by the inner product (·, ·)+ (in those cases where such a form is defined).

Let A∗
j (x) be the adjoint matrix for the matrix Aj(x) and

A∗ = −
n∑

j=1

∂j(A
∗
j (x)·),
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be the formal adjoint for A. Then the second order differential operator

A∗A = −
n∑

i,j=1

∂i(A
∗
iAj∂j)

is strongly elliptic in X, i.e. for all x ∈ X, w ∈ D × (Ck \ 0), ζ ∈ D × (Rn \ 0)

det

n∑
i,j=1

A∗
iAj(x)ζiζj ̸= 0; ℜ

{
w∗

(
n∑

i,j=1

A∗
iAj(x)ζiζj

)
w

}
> 0.

Then the form (·, ·)+ is related to a mixed problem for the operator A∗A.

Lemma 2.1. The Hermitian form (·, ·)+ defines a scalar product on [C1(D,S)]k if one of the
following conditions is fulfilled:

1) a0 > c0Ik on U with a constant c0 > 0 and a non-empty open subset U of D;
2) the relatively open set S ⊂ ∂D is not empty;
3) b0 > c1Ik on V with a constant c1 > 0 and a non-empty relatively open subset V of ∂D\S.
Besides, in these cases we see that:
a) the embedding [H1(D,S)]k → H+(D) is continuous, if the entries of the matrix b0 belong

L∞(∂D \ S);
b) the embedding H+(D) → [L2(D)]k is continuous; moreover, in this case the elements of

H+(D) belong [H1
loc(D ∪ S)]k and vanish on S.

Proof. To prove that it is a scalar product, we only need to check that (u, u)+ = 0 for a function
u ∈ [C1(D,S)]k implies u = 0 in D.

From 1) and a0u = 0 it follows, that u = 0 on some subset V . Then, the Uniqueness Property
(1) for the operator A and the assertion of Au = 0 imply that u ≡ 0.

From conditions 2) or 3) it follows, that any vector u from [C1(D,S)]k, satisfying (u, u)+ = 0,
vanishes in an open non-empty subset Γ of S ⊂ ∂D. Since u also satisfied Au = 0 in D, then we
obtain a Cauchy problem: {

Au = 0 in D,
u = 0 on Γ.

It follows from the Uniqueness Theorem for the Cauchy problem for systems with an injective
symbol, that u ≡ 0 in D (see, for instance, [8, Proposition 4.3.3]).

This proves that the Hermitian form (·, ·)+ defines a scalar product. Further, if the elements of
b0 belong to L∞(∂D\S) then, by the Trace Theorem for the Sobolev spaces (see, for example, [7]),
we find that for all u ∈ [C1(D,S)]k we have following:

|(b0u, u)[L2(∂D\S)]k | 6 c∥u∥2[L2(∂D\S)]k 6 c̃∥u∥2[H1(D)]k ,

where the positive constant c is independent of u. On the other hand, since the components
of matrices a0 and Ai (1 6 i 6 n) belong to L∞(D), we see that for all u ∈ [C1(D,S)]k the
following is true:

|(a0u, u)[L2(D)]k | 6 c0∥u∥2[L2(D)]k 6 c0∥u∥2[H1(D)]k ,

|(AiAj∂ju, ∂iu)[L2(D)]k | 6 ci,j∥∇u∥2[L2(D)]k 6 ci,j∥u∥2[H1(D)]k ,

where the positive constants c0, ci,j are independent of u. That is, the space [H1(D,S)]k is
continuously embedded into the H+(D).

If
a0 > cI > 0 in D (2)
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then for all u ∈ [C1(D,S)]k we obtain

∥u∥2+ > (a0u, u)[L2(D)]k > c∥u∥2[L2(D)]k ,

i.e. the space H+(D) is continuously embedded into [L2(D)]k.
Since the principal symbol of the operator A is injective then the solutions Au = 0 are

infinitely differentiable functions in D. In addition, due to the Uniqueness property (1) the
operator A is injective on [C∞

0 (D)]k. Then the G̊arding inequality for the strongly elliptic
operator A∗A yields

∥u∥[H1(D)]k 6 c ∥Au∥[L2(D)]k for all u ∈ [H1
0 (D)]k, (3)

with positive constant c does not depend of u. We take an domain G ⊂ D, such that G ⊂ D∪S
and we fix a function ϕ ∈ C1(D) is vanishes outside the compact set G and also such that
ϕ(x) = 1 for all x ∈ G. Then ϕu ∈ [C1(D, ∂D)]k for all u ∈ [C1(D,S)]k and, according to (3),
we have:

∥u∥2[H1(G)]k 6 ∥ϕu∥2[H1(D)]k 6 c∥A(ϕu)∥2[L2(D)]l (4)

for all u ∈ [C1(D,S)]k, with constant c does not depend of u.
Finally, as (2) is fulfilled, we obtain that

∥A(ϕu)∥2[L2(D)]l 6 2∥ϕAu∥2[L2(D)]l + 2∥(Aϕ)u∥2[L2(D)]l 6 c∥u∥2+ (5)

for all u ∈ [C1(D,S)]k, with constant c does not depend of u. In particular, inequalities (4), (5)
mean that any sequence {uν} ⊂ [C1(D,S)]k, convergent in the space H+(D), converges in the
[H1(G)]k, too. This proves the statement b).

As we have seen in the proof of Lemma 2.1, if S = ∂D then space H+(D) is embedded
continuously to [H1(D,S)]k (cf. [9]). Therefore, we are primarily interested in the case S ̸= ∂D.

Everywhere below we assume that H+(D) is embedded continuously to [L2(D)]k, i.e.

∥u∥[L2(D)]k 6 c ∥u∥+

for all u ∈ [H1(D,S)]k, where the constant c does not depend of u. It follows from Lemma 2.1,
that this condition is not too restrictive. The Hermitian form (·, ·)+ is called coercive if there
exists a constant c > 0 such that

∥u∥[H1(D)]k 6 c ∥u∥+ for all u ∈ [H1(D,S)]k

that is, the space H+(D) is continuously embedded into the space [H1(D,S)]k. Let ι be the
natural (continuous) embedding:

ι : H+(D) → [L2(D)]k. (6)

Also, we will need Sobolev spaces with negative smoothness. More precisely, we denote by
H−(D) the completion of the space [H1(D,S)]k by the norm

∥u∥− = sup
v∈H+(D)

v ̸=0

|(v, u)L2(D)|
∥v∥+

.

As is known, (see, for example, [10, Lemma 2.3]) the space H−(D) can be identified with the
space dual to H+(D) with respect to pairing

⟨v, u⟩ = lim
ν→∞

(v, uν)[L2(D)]k . (7)

– 86 –



Anastasiya S. Peicheva Embedding Theorems for Functional Spaces Associatedwith a Class . . .

The space [L2(D)]k is continuously embedded into H−(D); corresponding embedding we will
denote by ι′ ( see, for instance, [10, Lemma 2.2]).

We define [H−s(D)]k and [H̃−s(D)]k as the dual spaces to [Hs(D)]k and [Hs
0(D)]k respec-

tively, relatively to the pairing (7). By the construction, the following embedding is continuous:

[H−s(D)]k ↪→ [H̃−s(D)]k, s > 0.

For the coercive case the following two statements on the embedding are, probably, well-
known (cf. [5], [6]).

Lemma 2.2. We assume that following estimate

w∗

(
n∑

i,j=1

A∗
iAj(x) ζiζj

)
w > c̃ |w|2|ζ|2 (8)

is fulfilled for all (x,w) ∈ D × (Cn \ {0}), ζ ∈ D × (Rn \ {0}), where c̃ is positive constant
independent on (x,w) and ζ. Then the embeddings

H+(D) → [H1(D,S)]k, [H−1(D)]k → H−(D)

are continuous, if one of the following conditions is fulfilled:
1) there is a positive constant c > 0 such that inequality (2) is true;
2) the set ∂D \ S has at least one interior point in the relative topology ∂D and

∥b0u∥[L2(∂D\S)]k > c1 ∥u∥[L2(∂D\S)]k for all u ∈ H1(∂D, S); (9)

3) the set S contains a not empty, open (in the relative topology of ∂D) subset.

Proof. Suppose, that condition 1) is fulfilled. Then

∥u∥2+ > (a0u, u)[L2(D)]k > c∥u∥2[L2(D)]k

for all u ∈ [C1(D,S)]k and from condition (8) it follows, that

|(Au,Au)[L2(D)]k | > c̃
n∑

i=1

∥∂iu∥2[L2(D)]k ,

here positive constants c, c̃ are independent of u. But this means that for all u ∈ [C1(D,S)]k

(u, u)+ > c0∥u∥2[H1(D)]k ,

so, the statement of theorem is true, if condition 1).
Let the 2) be fulfilled. We suggest, that for any natural number m there is a such um ∈

[C1(D,S)]k, that the inequality

(um, um)+ <
1

m
∥um∥2[H1(D)]k (10)

is true. Consider the bounded sequence
{

um

∥um∥

}
. We can extract a weakly convergent subse-

quence
{
vmj =

umj

∥umj∥

}
j∈N

to an element v0 ∈ [H1(D)]k. By the Trace Theorem for Sobolev-

Slobodetskii spaces, the sequence of traces {vmj |∂D}j∈N converges weakly in [H1/2(∂D)]k to the
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trace v0|∂D ∈ [H1/2(∂D)]k and {Avmj
}j∈N converges weakly to the element Av0 in [L2(D)]k. In

addition, by Rellich Theorem, the space [H1/2(∂D)]k is compactly embedded in [L2(∂D)]k and
the [H1(D)]k is compactly embedded in [L2(D)]k. Hence, the sequence {vmj}j∈N converges to
v0 in [L2(D)]k and the sequence {vmj |∂D}j∈N converges to the trace v0|∂D in [L2(∂D)]k.

According to (8), (10) and 2)

∥vmj∥[L2(∂D)]k 6 ∥b0vmj∥[L2(∂D)]k 6 ∥vmj∥+ → 0, mj → +∞,

n∑
i=1

∥∂ivmj∥2[L2(D)]k 6 ∥Avmj∥2[L2(D)]l → 0, mj → +∞.

Since the weak and strong limits are coincided (when both exist), then Av0 = 0 in D and v0 = 0
on S. More other the condition of uniqueness in the small implies that v0 ≡ 0. So it means, that

∥vmj∥[L2(D)]k → 0, mj → +∞; ∥vmj∥[H1(D)]k → 0, mj → +∞,

which contradicts the equality ∥vmj∥[H1(D)]k = 1.
For conditions 3) the proof is similar.

In particular, under the hypothesis of Lemma 2.2 the Hermitian form (·, ·)+ is coercive, and
the embedding (6) is compact.

Lemma 2.3. Under the assumption S = ∂D, the following embeddings are continuous:

H+(D) → [H1(D, ∂D)]k, ([H1(D, ∂D)]k)′ → H−(D).

In particular, the Hermitian form (·, ·)+ is coercive and the embedding (6) is compact.

Proof. The statement is well known (see, for example, [4]).

3. The embedding theorem for non-coercive forms

Now we obtain an embedding theorem for the space H+(D) under weaker assumptions than
in the Lemmata 2.2, 2.3.

Theorem 3.1. We assume that the coefficients of the matrix Ai are infinitely smooth in the
closure of some neighborhood X of the compact set D and there is a constant c > 0 such that (9)
is done. Then

1) the space H+(D) is continuously embedded into [L2(D)]k, if there is a constant c1 > 0
such that (2) is satisfied;

2) the space H+(D) is continuously embedded into [H1/2−ϵ(D)]k with an arbitrary ϵ > 0, if
for all u ∈ [C∞(X)]k, the following is true

(Au,Au)[L2(X)]l > m ∥u∥2[L2(X)]k (11)

with a constant m > 0 is independent of the function u.
Moreover, if ∂D ∈ C2, then H+(D) is continuously embedded into [H1/2(D)]k.

Proof. The statement 1) follows immediately from the definition of the norm ∥ · ∥+.
Let ∂X ∈ C∞. This assumption does not bear loss of generality, although for most of the set

goals it will be enough to ∂X was a Lipschitz surface. Since the operator A∗A is strongly elliptic,
then the classical G̊arding inequality and the condition of uniqueness in the small mean, that there
exists the Green function G of Dirichlet Problem (see, for example, [2,11], [12, Th. 3.3] and [13,
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Theorem 2.26]). More precisely, as above, we define the space [H̃−1(X)]k as the dual space to
[H1(X, ∂X)]k with respect to [L2(X)]k -pairing. Clearly, the space [H−1(X)]k is continuously
embedded into [H̃−1(X)]k. As usual, the space [C1(X, ∂X)]k is dense in the space [H1(X, ∂X)]k,
then the operator A∗A extends to a continuous mapping of [H1(X, ∂X)]k into [H̃−1(X)]k with
using Hermitian form

n∑
i,j=1

(Ai∂iu,Aj∂jv)[L2(X)]l = (Au,Av)[L2(X)]l , u, v ∈ [H1(X, ∂X)]k. (12)

In particular, form (12) induces a generalized setting of the Dirichlet Problem for the operator
A∗A в X. Thus, there is a bounded linear operator

G : [H̃−1(X)]k → [H1(X, ∂X)]k,

satisfying
GA∗A = I, A∗AG = I (13)

on [H1(X, ∂X)]k and [H̃−1(X)]k respectively (see [12, Th. 3.3] or [13, Th. 2.26]).
Applying the Trace Theorem for Sobolev spaces (see, for example, [1]), we introduce the

so-called Poisson operator P : [H1/2(∂X)]k → [H1(X)]k, which satisfies

P ◦ t1 +GA∗A = I,

where t1 denotes the operator of the trace [H1(X)]k → [H1/2(∂X)]k (cf. [12, Lem. 4.3] or [13, Cor.
2.31]). If the boundary of X is a Lipschitz surface, then the Green and Poisson operators posses
adequate regularity properties. More precisely,

G : [H̃s−1(X)]k → [Hs+1(X)]k, ∂jG : [H̃s−1(X)]k → [Hs(X)]k,
P : [Hs+1/2(∂X)]k → [Hs+1(X)]k

for all 0 6 s < 1/2 (see, for example, [6, § 12]). In particular, if ∂X is C2 -smooth, then the
mappings

G : [L2(X)]k → [H2(X)]k, P : [H3/2(∂X)]k → [H2(X)]k

are also continuous.
Let νA be so-called a co-normal derivative to ∂X with respect to the operator A:

νA = −
n∑

i=1

A∗
i (x)νi(x)A, (14)

here ν(x) = (ν1(x), . . . , νn(x)) is unit outward normal to ∂X at the point x ∈ ∂X. If X is a
domain with Lipschitz boundary, then the normal ν(x) exists almost everywhere on ∂X.

Lemma 3.1. Let X be a domain with Lipschitz boundary. If ∂X ∈ C2, then the operator P is
continuously mapping [L2(∂X)]k into [H1/2(X)]k.

Proof. The proof of this statement is similar to the proof of the corresponding statement for
weighted Sobolev spaces in [10, Lemma 7.7].

We continue the proof of the theorem. Let e+ will be an operator of extension by zero of the
domain D on X and by r+ we denote an operator of restriction from the set X to domain D.
Evidently, e+ is the bounded linear operator from [L2(D)]k into [L2(X)]k and r+ is bounded
linear operator from [Hs(X)]k into [Hs(D)]k for all s ∈ R.
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If (11) is not valid, then according to the condition of the theorem, it follows, that a0 > c1I
in D with some constant c1 > 0, and hence H+(D) is continuously embedded into [L2(D)]k.
Therefore, the norm ∥ · ∥+ is not weaker than the norm ∥ · ∥p on [H1(D,S)]k

∥u∥p =
(
∥Au∥2[L2(D)]l + ∥u∥2[L2(∂D)]k

)1/2
.

Since the coefficients of the matrix Ai(x) are continuous up to the boundary of the domain D,
from Green’s formula the next follows∫

∂D

−
n∑

i=1

A∗
i (x)νi(x)Auv ds =

∫
D

n∑
i,j=1

(
A∗

iAj∂ju∂iv + ∂i(A
∗
iAj∂ju)v

)
dx (15)

for all u ∈ [H2(D)]k and v ∈ [H1(D)]k.
We denote by

GD : [H̃−1(D)]k → [H1(D, ∂D)]k,

Green’s operator of the Dirichlet Problem for the operator A∗A in D. Properties of the operator
GD are similar to the properties of the operator G discussed above for the domain X. In a
similar way we introduce the operator Poisson PD.

Combining the formulas (13), (15) we get the following

∥u∥2p >
n∑

i,j=1

(A∗
iAj∂jGDA∗Au, ∂iGDA∗Au)[L2(D)]k+

+

n∑
i,j=1

(A∗
iAj∂jPDu, ∂iPDu)[L2(D)]k + ∥PDu∥2[L2(∂D)]k (16)

if u ∈ [H1(D,S)]k. On the other hand, it follows from the G̊arding inequality that for all
u ∈ [H1(D,S)]k we have

∥GDA∗Au∥2[H1(D)]k 6 c
n∑

i,j=1

(A∗
iAj∂jGDA∗Au, ∂iGDA∗Au)[L2(D)]k . (17)

Using (13), (16) and (17) we see that any sequence {uµ} ⊂ [H1(D,S)]k, which converges to a
function u in the space H+(D), it can be represented as

uµ = GDA∗Auµ + PDuµ, (18)

where the sequence {GDA∗Auµ} converges in [H1(D, ∂D)]k ⊂ [H1(D,S)]k to the element uG.
Therefore, the sequence {PDuµ} converges to some element uP in H+(D) and

u = uG + uP = GDA∗Au+ PDu, (19)

here PDu is the integral of Poisson of the trace of the function u|∂D ∈ [L2(∂D)]k for u ∈ H+(D).
Hence this theorem depends of the behavior of the element uP = PDu.

Since the coefficients of Ai are smooth in a neighborhood of D, we can assume without loss
of generality that X is a region with smooth boundary. In this way, if A∗Au ∈ [L2(X)]k and
u = 0 on ∂X, then the element u belongs to the [H2(X)]k. Therefore, from a priori estimates,
it follows that G generates a bounded operator

r+Ge+ : [L2(D)]k → [H2(D)]k,

where operators r+ and e+ are defined above.
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Let s > 0. It is clear that any element u ∈ [H−s(D)]k extends up to the element U ∈
[H−s(X)]k by the equality

⟨U, v⟩X = ⟨u, v⟩D
for all v ∈ [Hs(X)]k. Since the element U vanishes in X \D, it is natural to denote it by e+u.
On this way we define a linear operator e+ : [H−s(D)]k → [H−s(X)]k, s > 0.

The support of the distribution e+u belongs to the D. Therefore, using the continuity of
pseudo-differential operators on the compact closed manifolds, we conclude that r+Ge+ extends
to a linear bounded operator

r+Ge+ : [H−1/2(D)]k → [H3/2(D)]k.

Hence the operators

∂j
(
r+Ge+

)
: [Hϵ−1/2(D)]k → [H1/2+ϵ(D)]k, νA

(
r+Ge+

)
: [Hϵ−1/2(D)]k → [Hϵ(∂D)]k (20)

are also bounded by the Trace Theorem for Sobolev spaces in Lipschitz domains. Note that when
ϵ = 0 the statement becomes invalid, as the elements of space [H1/2(D)]k may have no traces on
∂D ⊂ X.

From (15) and the continuity property (20) it follows that

(v, u)[L2(D)]k = (A∗AG(e+v), u)[L2(D)]k(νA(r
+Ge+)v, u)[L2(∂D)]k+

+
n∑

i,j=1

∫
D

A∗
iAj∂jG(e+v)∂iu dx (21)

for all u ∈ [H1(D,S)]k and v ∈ [L2(D)]k.
Now we claim that the norm ∥·∥p is not weaker, than the norm ∥·∥H[1/2−ϵ(D)]k on [H1(D,S)]k.

Indeed,

∥u∥[H1/2−ϵ(D)]k = sup
v∈[Hϵ−1/2(D)]k

v ̸=0

|(v, u)[L2(D)]k |
∥v∥[Hϵ−1/2(D)]k

= sup
v∈[Hϵ−1/2(D)]k

v ̸=0

lim
ν→∞

|(vµ, u)[L2(D)]k |

∥v∥[Hϵ−1/2(D)]k
(22)

for all u ∈ [H1(D,S)]k, where {vµ} is any sequence of smooth functions in D, which approximates
v in the space [Hϵ−1/2(D)]k. Using the formula (21) for u and v = vµ, the expression on the
right side of (22) is equal to∣∣∣ n∑

i,j=1

∫
D

A∗
iAj∂jG(e+v)∂iu dx+ (νA(r

+Ge+)v, u)[L2(∂D)]k

∣∣∣.
Then

|(νA(r+Ge+)v, u)[L2(∂D)]k | 6 ∥νA(r+Ge+)v∥[Hϵ(D)]k∥u∥[H−ϵ(∂D)]k 6
6 c ∥v∥[Hϵ−1/2(D)]k ∥u∥[H−ϵ(∂D)]k (23)

for all u ∈ [H1(D,S)]k and v ∈ [Hϵ−1/2(D)]k, where the last inequality follows from (20). Here
c denotes a constant, which independents of u and v.

It follows from the generalized Cauchy inequality that∣∣∣ n∑
i,j=1

A∗
iAj(x)zizj

∣∣∣2 6
( n∑

i,j=1

A∗
iAj(x)zizj

)( n∑
i,j=1

A∗
iAj(x)ζiζj

)
(24)

– 91 –



Anastasiya S. Peicheva Embedding Theorems for Functional Spaces Associatedwith a Class . . .

for all z, ζ ∈ Cn. The application (24) leads us to the following:∣∣∣ n∑
i,j=1

∫
D

A∗
iAj∂jG(e+v)∂iu dx

∣∣∣ 6 c

( n∑
i,j=1

∫
D

A∗
iAj∂ju∂iu dx

)1/2

∥v∥[Hϵ−1/2(D)]k (25)

with a constant c independent on u and v.
Using (22), (23) and (25) we conclude that there are positive constants c and C such that

c ∥u∥[H1/2−ϵ(D)]k 6 ∥u∥p 6 C ∥u∥+

for all u ∈ [H1(D,S)]k. In particular, this provides a continuous embedding H+(D) →
[H1/2−ϵ(D)]k, as required.

Finally, let ∂D ∈ C2. The sequence {uν} from (18) converges in H+(∂D), and the norm in
this space is not weaker than the norm ∥ ·∥p, then it converges also in the [L2(∂D)]k. Lemma 3.1
implies, that the sequence {PDuν} convergence to some element uP in [H1/2(D)]k. The contin-
uously embedding of space H+(D) into [H1/2(D)]k follows from (19).

For the case where the operator A∗A is scalar, this theorem is similar to [10, Theorem 7.4].
In the work [14] a special case corresponding to the factorization A∗A for Lamé system of linear
elasticity theory was considered. Actually the present proof follows the same general scheme,
taking into the account the matrix nature of A∗A.

Example 3.1. Denote by L the Lamé type operator in R2:

L0(x, ∂) = −µ(x)I∆− (λ(x) + µ(x))∇div,

where µ and λ are real-valued functions in L∞(D), with µ > κ, (2µ + λ) > κ for a constant
κ > 0. If the functions µ, λ belong to C0,1(D) then there is a formally non-negative self-adjoint
operator LA(x, ∂) = A∗A, that differs from L0(x, ∂) by lower order terms. Of course, there are
several possible choices of A. For instance, one may consider

A =

( √
µ rot√
2µ+ λdiv

)
.

If b0 > 0 is a matrix with constant entries, then we have a continuous embedding H+(D) →
[H1/2(D)]2 (see Theorem 3.1). Moreover, H+(D) is not embedded continuously into [Hs(D)]2

for any s ∈ (1/2, 1] (see, for instance, [14, Example 4.5]).
The operator νA for this case is responsible not for the stress/viscosity on the boundary but

for a more large class of interactions with ∂D. Interpreting the Lamé system as a linearization
of the stationary version of the Navier-Stokes’ type equations for compressible fluids, we see that
the operator (νA+ b0) reflects rather the vorticity and the source density on conormal directions
to ∂D \ S. This means that the operator νA is more fit to study problems related to models
with the turbulent flows than some others operators (see [14, Example 4.5]). This is useful when
we consider the boundary value problems for the Lamé operator with boundary-type operator
(νA + b0). Then it is natural that the class of the possible solutions to these problem extends to
H+(D) due to the loss of the regularity of solutions near ∂D \ S (for more details see [14]).

Example 3.2. Let D be the unit circle in R2(∼= C) and S be the part of its boundary where
arg (z) ∈ [0, 2π] \ [−π/2, π/2]. Let A = ∂̄ be the Cauchy-Riemann operator in R2, i.e. it is the
(2× 2)-matrix

∂̄ =

(
∂
∂x − ∂

∂y
∂
∂y

∂
∂x

)
. (26)
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The formal adjoint ∂̄∗ of ∂̄ is the (2× 2)-matrix is conjugated to (26) with respect to the usual
Hermitian structure in the space L2(R2). Then an easy computation shows that ∂̄∗∂̄ amounts to

the unit (2× 2)-matrix I2 multiple of the Laplace operator ∆ =
∂2

∂x2
+

∂2

∂y2
in R2. In the space

C the Cauchy-Riemann operator just is
∂

∂z̄
=

1

2

(
∂

∂x
+
√
−1

∂

∂y

)
.

We assume that a0 = 0 and b0 > 0 is a (2× 2)-matrix with constant elements. Thus, H+(D)

is continuously embedded into [H1/2(D)]2 (see Theorem 3.1). Then the norm of the element
u ∈ H+(D) will have the following form:

∥u∥+ = ∥∂̄u∥[L2(D)]2 + ∥b0u∥[L2(∂D\S)]2 .

Fix a function ϕ of the class C∞(D), which identically equals to zero in the neighborhood
of S and equals to 1 on the part where arg (z) ∈ [−π/4, π/4]. We define a new vector function
uε(x, y) = ϕ(x, y)vε(x, y), where

vε(x, y) =


ℜ

{ ∞∑
ν=0

(x+
√
−1y)

4ν

(4ν + 1)(1+ε)/2

}

ℑ

{ ∞∑
ν=0

(x+
√
−1y)

4ν

(4ν + 1)(1+ε)/2

}
 ε > 0.

For brevity, the further argument we will carry out in the space C. In C the element vε(x, y) is

vε(z) =
∞∑
ν=0

z4ν

(4ν + 1)(1+ε)/2
, ε > 0.

In other words

uε =

{
vε if arg z ∈

[−π

4
;
π

4

]
,

0, if arg z ∈ US ,

where US is some neighborhood S. As vϵ independent of z̄, the Leibniz rule implies, that

∂̄vε = 0, ∂̄uε = (∂̄ϕ)vε. (27)

We will show that the series uε converges in the space H+(D) and will find its norm. To the
end, we recall that

(zk, zν)[L2(D)]2 =

{
0, k ̸= ν,

π/(ν + 1), k = ν.
(28)

Hence

∥vε∥2[L2(D)]2 =
∞∑
ν=0

π

(4ν + 1)(2+ε)
,

and therefore the series of vε converges in L2(D) and in H+(D), because ∂vε = 0. Using (27)
we see that uε converges in the space H+(D), too.

On the other hand, by direct calculation with the use of (28) (see, for instance, [15,
Lemma 1.4]), we obtain:

∥vε∥2[Hs(D)]2 > const
∞∑
ν=0

π(4ν + 1)2s−1

(4ν + 1)(1+ε)
, 0 < s 6 1. (29)
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Hence the series vε converges in Hs(D) for all 0 6 s 6 1/2. Then the series uε converges in
Hs(D) for all 0 6 s 6 1/2.

If s >
1

2
we have 2s− 1 > 0. For any s >

1

2
then it follows from (29) that there is a number

0 < εs 6 2s − 1 such that the series vεs and uεs do not converge in Hs(D). Thus, uεs belongs
to the space H+(D) but for any s ∈ (1/2, 1] the element uεs does not belong Hs(D). Therefore,
the space H+(D) is embedded continuously into [H1/2(D)]2 (see Theorem 3.1), but it is not
embedded continuously into [Hs(D)]2, with any s ∈ (1/2, 1].

In the case when S = ∅ the similar result was proved in [16, Theorem 1].

The work was supported by the Russian President’s grant for the support of leading scientific
schools NSh.-9149.2016.1.
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Теоремы вложения для функциональных пространств,
ассоциированных с одним классом эрмитовых форм

Анастасия С. Пейчева
Институт математики и фундаментальной информатики

Сибирский федеральный университет
Свободный, 79, Красноярск, 660041

Россия

Мы докажем теоремы вложения в шкалу пространств Соболева-Слободецкого для функциональ-
ных пространств, ассоциированных с одним классом эрмитовых форм. Более точно мы рассмат-
риваем эрмитовы формы, построенные с помощью матричных дифференциальных операторов
первого порядка с инъективным главным символом. Конечные результаты получаются как для
коэрцитивных, так и для некоэрцитивных форм.

Ключевые слова: некоэрцитивная эрмитова форма, теоремы вложения, эллиптические матрич-
ные операторы.
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