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We consider a generalization of the Bernoulli numbers and polynomials to several variables, namely, we
define the Bernoulli numbers associated with a rational cone and the corresponding Bernoulli polynomials.

Also, we prove some properties of the Bernoulli polynomials.
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Introduction

The Bernoulli numbers b, are the coefficients of the Taylor series expansion of the function

T(E)=

&
T(§) = Z bum'
n=0
The Bernoulli numbers were introduced by J. Bernoulli in connection with the problem of sum-
mation of powers of consecutive integers: 1# + 2 4 ... + x*.
The Bernoulli polynomials

ad !
_ k k k_ M
BH (J") - ];)Oubu—kx ’ CM - k' (/J _ ]ﬂ)' )
where b, = B,, (0) are the Bernoulli numbers were considered by J. Bernoulli 1] for natural z,
and for any x these polynomials were first studied by Euler [2] who used the generating function

in 1738: ¢ e
€ _ >
e = > By (x) ot
=0
Also J.L.Raabe (1801-1859) [3] studied the Bernoulli polynomials, he found two important
formulas and introduced this term (J.L.Raabe, 1851). The Bernoulli and Euler polynomials
were later systematically studied by N. Norlund [4].
The Bernoulli numbers have wide applications in computer technology [5], combinatorial
analysis [6,7] and in numerical analysis [8]. Gould [9] remarks that many sums involving binomial
coeflicients greatly benefit from the use of Bernoulli numbers. There is a number of papers about
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different generalizations of Bernoulli numbers and polynomials [10-15]. For example, Temme [16]
uses generalized Bernoulli polynomials with complex powers.

In 1880 Appell (1855-1930) [17] characterized certain polynomial sequences B, (z) by the
property DB, (z) = uB,,_1 (). Polynomials satisfying this condition are called Appell polyno-
mials. For the Bernoulli polynomials this formula can be called the differentiation formula.

D+
It was Euler who first defined a differential operator of infinite order — 1= > bu—',
e - pz0 M

where D is a differential operator, now this operator is called the Todd operator and denoted
Td (D). It connects the solutions of the difference equation f(z+ 1) — f(x) = ¢ (x) and the
differential equation Df (x) = T'd (D) ¢ (z). The Bernoulli polynomials can be considered as a
result of the Todd operator action on the monomial z*:

B, (z) = xh. (1)

The following identities hold for the Bernoulli polynomials:
the argument addition formula

m
By (z+y) =Y CkBy(z)y" (2)
k=0
the differentiation formula
B, (z) = uBy,—1 (v); (3)
the complement formula
By (z) = (=1)"By, (1 - z); (4)

the multiplication formula

u—1
B, (mz) = m+~? kZZOBN (x - Ti) (5)

In this article we consider a generalization of the Bernoulli numbers and polynomials to the
case of several variables, namely, we define the Bernoulli numbers associated with a rational cone,
and the corresponding Bernoulli polynomials. For functions in several variables we construct a
Todd operator associated with a rational cone K, and prove (Theorem 1) that the Bernoulli
polynomials are the result of the Todd operator action on monomials. Further on, we formulate
and prove multidimensional analogs of formulas (2)—(5) for the Bernoulli polynomials.

1. A Todd operator and the Bernoulli polynomials in several
variables

A multidimensional analog of the Euler differential operator of infinite order T is called

eD

the Todd operator (see, for example, [18]). The Todd operator [19] helps to connect volumes and
a number of lattice points of convex polytopes. This formula is closely related to the Hirzebruch-
Riemann-Roch theorem for smooth projective toric varieties. Note the articles [20-23| in which
1 n
emD1 —1""eanDn — 1
Now we define the Bernoulli numbers, polynomials and a Todd operator associated with a

the operator

, where a; are some constants, is considered.
rational cone K. Let a',...,a™ be linearly independent vectors with integer coordinates a’ =
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(a{, e a{l), af € Z. A rational cone generated by the vectors a',...,a", is the set K = {y €
R":y=Ma'+-+X\a", N\, €ER,j=1,...,n}

Note that such cone is simplicial, i.e. each element of the cone is represented by the cone
generators in a unique way.

For points u,v € R™ we define a partial order relation > the following way:
K

uzvesuev+ K,
K

where v+ K is a shift of the cone K by the vector v. Besides, let us write u 2 v, if u € K\{v+ K},

K
i.e. if the condition u >wv is not fulfilled. Let Z™ = Z x --- X Z, and note that each element

K
y € KNZ" can be expressed as a linear combination of the basis vectors y = Aja' 4 --- + \,a”,
A1 20,..., A, > 0. We can write it in a matrix form y = A\, where y and A are column vectors,

A is a matrix with the determinant A # 0, and the columns are the coordinates of vectors a’

1 n

ay ax

A= .
al al

For j =1,...,n consider the hyperplanes

Ljk={&: (&) = 2kmi},

where i =+/—1, j=1,...,n, k=0,4+1,£2..., and for a meromorphic function

n aJ §>
0- 11

where <a] §> Z akfk, & = (&,...,&,), the hyperplanes Lo, j = 1,...,n are ‘removable’

singular set, so the functlon T (¢) is holomorphic in a neighborhood of the origin, more exactly
for R = 27 /max; Haﬂ H it is holomorphic in a polycylinder Ug = {£ : |§;| < R,j =1,...,n}, and
for k = 0,41,£2... the hyperplanes L;; do not cross with the polycylinder Ug. Therefore, in
this polycylinder the function 7' (£) expands into a series

bA

T =) -~ (6)

|
w0 1

where g = (p1, ..., ), #! = pal. gy, &4 = &M &, and p > 0 means p; > 0, j =

1,...,n.

The cofficients bﬁ of the series (6) we call the Bernoulli number associated with the rational
cone .

For p = (u1, ..., ) the Bernoulli polynomials in several variables are the polynomials

A _ ! A k
B (x) = Z = k)lklbu
(AT
where b? are the Bernoulli numbers, k = (k1,..., k), ¢ = (1,..., %),

:u_k:(,ul_kla---a,un_kn)-
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For n = 1 and a = 1 thus defined Bernoulli numbers and polynomials coincide with the
classical ones.

Example 1. For the cone K generated by vectors a! = (1,0) and a® = (1,1) the first Bernoulli

1
numbers are bgg = 1, big = —1, bg1 = —g5 b1 = 12’ and for 4 = (1, 1) the Bernoulli polynomials
5
are B{Y (21, 22) = 1129 — 2x1 — X2+ 12
A Todd mapping is the meromorphic function Td* : C* — C defined by Td*(¢) =
n J pA
M. It expands into a series Td? (¢) = > £ f“ and the Todd operator is the
j=1ele8) —1 >0 M
result of substitution of the differential operator 9 = (91, ..., d,) in place of &:
A b
_ "
Td* (0) = o
pn=0
where pt > 0 means p; >0,5=1,...,n

Remark 1. In general, to define the Bernoulli numbers and polynomials and the Todd operator
we do not need the condition of rationality of the cone, i.e., any real numbers can be the coor-
dinates of the vectors a’. However, in the problem of summation of functions the rationality of

the cone is a natural condition.

The Todd operator can act on a function h if the series T'd (9) h converges absolutely in the
domain of the function h uniformly on compact subsets. It is obvious that polynomials can be
acted on by the Todd operator and for the monomial z# = 24" .

analog of formula (1).

..xk we have the following

Theorem 1.1. If Td* (9) is the Todd operator and B;‘ () are Bernoulli polynomials associated
with a rational cone then we have the equality

Td* () z* = B} (x).

0%zt !
Proof. First note that the equality g o 7% holds true. Indeed,
al al(p—a)!
o%at _ M (p1—1)...(1n —a1 +1) fin (0 — 1) . (pn — an + 1)99,“—(11 phn—on —
a! all DRI an! e
M p—a
ool (u— a)!x '

Next, using the definition of the Todd operator and the previous equality we obtain

= {a?, 0 va
7d(0) o = e<§j,a>_>1x"=20j@ “=
Jj=1 az=0
A ! —a k A
=) b ™ = > b G )!x =B} (x).
o<asy o<k
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2. Complement, differentiation, addition, and
multiplication formulas

To formulate an analog of the property of differentiation of Bernoulli polynomials B;‘ (z) we
need a differential operator in the direction of the vectors a’ generating the cone K:

D; aj 8 ia Ok,
k=1

where 9; are operators of differentiating with respect to variables, 0 = (01,...,0y), O* =
ot ..ok j=1,...,n. Denote D= D;j...D,.

Theorem 2.1. The following multidimensional analogs of the properties (2)—(5) of Bernoulli

polynomials hold true:
1) the argument addition formula

! _
Bl(w+y)= Y. o Bl @y
2) the differentiation formula

! Mk
DB (z) = E( 73
0<k<p,|[kll=n

where My, are the coefficients of the polynomial
[[6)= > M
j=1 1 ll=n

3) the complement formula
AfN el pA
B (z) = (=) B} (a —x),

where a = a' + - +a", |lul = p+ -+ pns
4) the multiplication formula

1
B;‘ (max) = mr! Z B;‘ (x + mAk:),

o<k<p—1I

ky

1 1 1
where I = (1,...,1), — = (7 R ) 18 a row vector, k = . is a colummn vector.
mq my, k
n

Proof. To prove this theorem it is convenient to use the definition of Bernoulli polynomials
via generating function

n j "
s - X a0 g
where (z,&) = 2181 + -+ + 2n&n.
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1. The proof of the argument addition formula. Using the definition of Bernoulli polynomials
via generating function we obtain

n n

ZBA x—i—y H a] E)_l elet+y,8) H aJ{) e{®:8) o (y:€) ZBk —Zy io;

>0 j=1 j=1 k>0 a0

Multiplying power series and collecting similar terms, we get

! 1 ! :
ZBA (z +7v) %:Z ﬁB?(:p)yo‘ i:Z Z WB]?QC)?J“_’“ %

|
n=0 u>0 \k+a=p K n=0 \ 0k

The formula follows from equality of coefficients at identical powers of &.

2. The proof of the differentiation formula. Act by the operator D on both parts of the equality

n

A e{®:8)
Z BN ( ] 6 aJ 5 ’

p=0 Jj=1

to obtain, keeping in mind that De{®$ = e(®:€) H <aj,§>,

> DB (x)> = H1 <§J 5 i[(aﬂ

n=0

k
Let M;. be the coefficients of the polynomial H <a] §> at g—
e}

[[@.e= > Mk
J=1 ll&ll=n
then
S o8} =Y B0 Sk
=0 az0 o Ilkll=n ki

Multiplying power series, we have

|
3" DB (2) _Z 3 ﬁBg‘(x)Mk %

m
n=0 H n20 \atk=p,|kl=n
After changing indices we equal the coefficients of powers of £ and obtain the necessary property.

3. The proof of the complement formula.

Z (_1)Hull B;‘ (a —x) il: = Z B;? (a —x) (_j') _ H 6537]7;52 1e<a_x,_5) _

=0 T op>0 ’ Jj=1

:ﬁ (a7, €) _pla—z,—¢ :ﬁ ]£5> (a7 ,€) g—(a.) o (@,6)
: 1 ele
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Since e~ (@& H @8,

Sy (a—x)%: I1 eé?@ >1 (o €D (a'.€) 08) = 3™ BA (1)

10 j=1 10
Equal the coefficients at powers of £ to obtain the complement formula.

4. The proof of the multiplication formula. From the definition of Bernoulli polynomials we have
n J
A (@.6) tmsg)
Z B} (mx) H S 1° . (8)
n=>0 Jj=1

Using the formula of geometric progression with denominator e<aj’5>, we obtain

1 1+ el 8 4 eltmi=Da’e)
elad &) 1 e{mjad &) _ 1 ’
After substituting this equality into the right hand side of (8) and after some transformations
we obtain
n (mjfl)aj)€>
4 (o & T L + el oy 1 me)
> 5 ey & = [ LD e bl gyt
n=0 Jj=1
o mﬂf o(@mE) 2 ol g (mj—1)a &
=m Heajmjg H(1+e< ) 4t ellms >).
j=1 j=1
Since
H (1 Lele?8) 4 +6<(mj71)aj,§>) _ Z efkra' 4. Fhna™ )
j=1 0<k<m—T
we get
n ,
A & <aJ7mJ§> (z,mé) kra'+...+kna™,€
ZBN (mx) ﬁ =m H eladm;&) _ 1 Z < )
pn=0 Jj=1 o<ks<m—1
— m71H <aj7mj§> <mm+k1a +...4+kna ,§>
e<a‘77mj£> — 1
0<ksm—1 j=1
al ... a¥ k1 1
Since kia' + - - + kpa® = Ak, where A = D and k = L], = =
al ar k mn
1 1
(, cee ), we obtain
my My
A gr ! <a maf ot L Ak,me)
S ot 5 o T ks
1=0 K- o<k<m—1I
- 1 3 _ 1 I
_ I A - nS n—I A - S
=m Z ZBH <x+mAk>mM!Z m Z B} (:E+mAk> ik
0<k<m—T p>0 u=0 0<k<m—T
Equal the coefficients at powers of £ to obtain the formula. o
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MHoroMepHBbIii aHAJIOI MHOTO4YJIeHOB BepHyJin u ero
CBOICTBA

Ouapra A. IlInnikuna

MucruryT MareMaTuku u GyHIAMEHTAJIBHON UWHHOPMATHKA
Cubupckuii de1epalibHbIi YHUBEPCUTET

Csobomnsrii, 79, KpacHosipck, 660041

Poccus

B pabome paccmampusaemca wexomopoe obobuieHue wuces U MHO204AeH08 DBephyasu Ha caywai
HECKONDKUL NEPEMEHHBIT, (4 UMEHHO ONPEIeAAIOMCA HUCAAL BEPHYAIU, aACCOUUUPOBAHHBIE C PAUUOHAND-
HBM KOHYCOM, U COOMBEMCMEBYIOWUE UM MHO20UAeHDd, Bephyau. JTokazanv, Hexomopwie c0tcmea MHo-
20unenos Bepryanu.

Knarouesvie crosa: wucaa v mnozousens, Bepryasiu, npouseodawue dyrnkuyuu, onepamop Todda, pavuo-
HAAOHBLT KOHYC.
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