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We consider an identification problem of a special coefficient at the nonlinear term in a two-
dimensional semilinear parabolic equation with Cauchy data. The desired coefficient depends
on all variables and has the form of a product of two functions each depending on time and a
spatial variable. Overdetermination conditions are given on two smooth curves.

By means of overdetermination conditions the given inverse problem is reduced to a non-
classical direct problem for a loaded parabolic equation. Solvability of the direct problem is
proved by the weak approximation method [1-3|. Efficiency of the weak approximation method
(the splitting method at differential level) is that, as a rule, on every fractional step the split
problem is simpler than the original one. Therefore we can estimate the solution of the split
problem more precisely, obtain a priori estimates and establish its solvability.

For the original inverse problem we prove a theorem of the solution existence in classes of
smooth bounded functions.

Earlier, the problems of coefficient identification for semilinear parabolic equations with
Cauchy data have been studied in papers [4,5]. In [6] the problem of identification of two coef-
ficients in a semilinear parabolic equation with overdetermination conditions on smooth curves
has been considered. Solvability of the identification problem of a coefficient represented as a
sum of two functions at a nonlinear term in a semilinear parabolic equation has been investigated
in [7].

In paper [8] unique solvability of an inverse boundary-value problem for an one-dimensional
semilinear parabolic equation with the sought for coefficient f(t) 4+ g(x) at the lowest term has
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been proved. The boundary-value problem of identification of the coefficient at u(t, z) depending
on t,x in a parabolic equation has been considered in [9].

In [10] we proved existence and uniqueness of solution of the identification problem of the
coefficient A(t,x,z) = A (¢, x) - A2(t,2) at the source function in a two-dimensional parabolic
equation with Cauchy data. The identification problems of coefficients of other forms at the
source function in parabolic equations have been studied in papers [11,12].

1. The problem definition

In the strip Gpo 71 = {(t,2,2) |0 <t < T, (2, 2) € R?} we consider a Cauchy problem for the
parabolic equation

ug = L (u(t,z,2)) +uP - At,z,2) + f(t,2,2), (t,x,2) € G, (1)

L(u(t,z,2)) = a1(t) - ugpa(t,x,2) + ao(t) - uz (b, 2, 2) + B1(t) - uz(t, 2, 2) + Ba(t) - u.(t, 2, 2), (2)

with the initial condition
u(0, 2, 2) = uo(x, 2), (x,2) € R2 (3)

Here the degree p > 1 is an integer constant. The coefficients ay(t) > ag > 0, Br(t), k = 1,2,
are real-valued, continuous and bounded in [0, T] functions.
Together with the function u(¢, x, z) we also need to determine the function

)‘(taxaz) - )\1(75,30) '>\2(ta Z) (4)
Let the function wu(t, z, z) satisfies overdetermination conditions

u(t,as,a,(t)) = o(t, x), u(t,b(t),z) =(t, 2), (5)

where the curves a(t), b(t) € C1([0,T]).
Suppose the compatibility conditions are fulfilled

uo(x,a(())) =¢(0,z), wuo (b(O),z) = (0, 2), gp(t,b(t)) = 1/)(t,a(t)). (6)

Assume also that the f(t,z,z), uo(z,2), ©(t,x), ¥(t,z) defined in Gy, R%, [0,7] x R,
[0,T] x R, respectively, are continuous, have continuous derivatives occurring in the relation (7)
and satisfy it:

ol gk la gk okt 9k
ﬁal’kl Qp(tax) + @82’@21/}@’2’) + c'?x’“l aZkZUO(x?Z) +
ok ke
+ w@f(t,l‘7z) SC, l1,l2=0,1, I{il,k‘gzo,l,...,& (7)

Let also the following constraints on the initial data hold

|(p(t,1}){ > (51 > 0, |w(t,z)| > 52 > 0, V(t,(E,Z) e G[07T]7 (8)

[0 (£6(0) = a1(8) - 9ua (8:0(8)) = @a(t) - e (t.0(8)) = Br(1) - (£,5(1))
— Ba(t) ¥ (talt)) - (1+d(t) — f(t,b(t),a(t))) > 63, V€ [0,T], (9)

where §1, d2, d3 are constants.
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2. Reduction to the direct problem

Let us reduce the inverse problem (1)—(5) to the auxiliary direct problem. For this purpose in
equation (1) we set = b(t) to express the coefficient A1 (t,b(t)) - A2(t, z). After that in (1) we set
z = a(t) to express the coefficient A1 (¢, x) - A2(t, a(t)). In the product of these two expressions we
substitute the expression for A\; (¢, b(t))-A2(t, a(t)) obtained from (1) by simultaneous substitution
of x = b(t), z = a(t).

By (5) we obtain the following expression for the unknown coefficient:

a(t) P (t, )

_oouaz(t,w, a(t) + Bo(Hus(t, @, a(t) - (L+a'(t) \ [ ¢ult,2) — aa(O)ze(t, 2)
pP(t, ) Yr(t, 2)

Ba(t)=(t, 2) + f(£,b(8),2)  a1(B)uaa(t,b(t), 2) + Bi(t)ua(t,b(t), 2) - (1 + V(1)) (10)
Yr(t, 2) Pr(t, 2) ’

Ao - £ VD) (w 7) = 01 (0)ua(t,2) = Br(B)0u(t, ) — f(t,3,a(t)

where

%(ﬁ) = (,Ot(t7 b<t)) — Q1 (t) : (pxx(tv b(t)) - a2(t) : 1pzz(t a(t)) - ﬁl (t> ) ww(t’ b(t))_
= Ba(t) - :(t,at) - (1 +a'(t)) — f(£,b(t), alt)).
We transform relation (10) to the form
A(tw,2) = Ao(t) - (Aa(t,2) + Azt 2) - we (b2, () + As(t2) - ua (2, 0(t)) ) X
x (Bi(t,2) + Ba(t, 2) - e (£,b(8), 2) + Ba(t, 2) - wa(£,0(0), 2) ), (11)

where the functions Ao (), A;(t,z), B;(t,2), i = 1,2,3, are known, depend on the initial data
and given by the following formulas:

Ao(t) _ @p(tv b(t)) . Al(t,m) _ @t(tax) - O‘l(t)cpmc(ta SU) — 51(75)%(15793) — f(taxa a(t))_

e(t) oP(t, ) ’
_ aQ(t 2) — wt(t> Z) — a2(t)wzz(t7 Z) — BQ(t)d}Z(t? Z) — f(t= b(t)7 Z)
A0 =0t B ¥, 2) -
_ Ba(t)-(1+d (1)) e o (t) B :_ﬁl(t).(1+b/(t))
AD =06, BT e BT TR

Substituting the relation (11) to equation (1) we arrive at the direct problem for the equation
uy(t, @, z) = L(u(t,x, 2)) + A(t, x, 2) - uP(t, 2, 2) + f(t,2,2), (t,x,2) € G, (13)

with the initial condition (3) and the coefficient A(¢, z, z) of the form (11).

3. Existence of solution of the direct problem

To prove solvability of the direct problem (13), (3) we use the weak approximation method
[1-3]. We split equation (13) into two fractional steps and make a shift by % in nonlinear terms

and traces of unknown functions.

ul =2 L(u"(t,z,2)), nT <t < (n+1)7; (14)
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uj = 2-(u7(t — %,x,z))p~MT(t,x,z7uT(t — %,x,z))+2-f(t,x,z), (n + %) T<t< (n+)T; (15)
uT(Ovmv'z) = ’U,O(LU,Z), (16)
n=01,2,....,(N-1), Nr=T.

Here the coefficient at the nonlinear term has the following form:

M7 (b, 2,07 (t = 5.2, 2)) = (Bu(t, 2)+ Bat, 2) uh (1= 3,b(8), 2)+ Ba(t, 2)-uf (¢ 5, b(1), 2) ) x

x (Ar(t,2) + Aa(t,@) -l (t = 3,w,0(1)) + Ag(t2) - ul(t = 5,2,a()) - Ao(t). (17)
By the n-th complete step we mean the half-interval (nT, (n+ 1)7'} , whereas the j-th fractional

step of the n-th complete step is the half-interval ((n + (j —1)/2)7, (n+j/2)7].
Let us introduce the notation

ok k2
Ui O) = 0|3t ks 10(:2))
ok k2
U; t)= su su ———u"(§,x,2)|, nt<t<(n+ 17T,
kl’kZ( ) n7—<?§t (m,z)£R2 Oxk1r 9zk2 (6 ) ( ) (18)
ki,ko =0,1,...,6,
6 6 6 6
UO)= > > Unma(0), UT()=) > Ui (1)
k1=0 ko=0 k1=0 ko=0

The following statements are true

9k gh2
Oxk1 Ozk2

UT(f,x,Z) < Ulzl,kg(t) < UT(t)v kl,kQ = 0; 1,.. 'a67

nT <Lt ntr<t< (n+ 1)1 (19)

2. The functions Uf, ,(t),U"(t) are nonnegative and nondecreasing on each time step
(n7, (n+1)7].

Let us prove a priori estimates guaranteeing the compactness of the family of solutions
u” (t,xz, z) of the problem (14)—(16).

We consider the zeroth complete step (n = 0). At the first fractional step with ¢ € (07 %] we
study the equation

ug =2- L(u™ (¢, z,2))

with initial condition (16).

By the maximum principle for the Cauchy problem (14), (16) we find

™ (6, 2,2)| < sup ug(x,2)], 0<E<t, te(0,3]. (20)

(z,2z)ER?
Differentiating equation (14) and the initial condition (16) with respect to = and z from 1
to 6 times and using the maximum principle we obtain

ot ok

o o
%%UO(Z’: Z)

Oxk1 Ozk2

u™ (&, x,2)

< sup
(z,z)ER?

)

0<&<t, te(0,%], kika=0,1,...,6. (21)

)

- 183 —



Ekaterina N. Kriger, Igor V. Frolenkov  Identification problem of the nonlinear lowest term coefficient ...

We apply sup first to the right parts of the inequalities (20), (21) and then to their left
(z,2)ER?
parts. After that we apply sup to both sides of the obtained relations and sum up the results.
0<E<t
In view of (18) and (19) we get

U (t) <U(0), te(0,%]. (22)
In the second fractional step (t € (Z,7]) we have

uf =2 (W (t—3,2,2)" M (t,z,2,u"(t — 5,2,2)) + 2 f(t,2,2),

Then we integrate equation (15) with respect to the time variable. The following inequality
holds:

13
’uT(f,x,z)‘ < ‘uT (%,x,z)‘ —|—2~/1 (|uT(9—%,x,z)Dp~)MT (H,x,z,uT(G—%,x,z))‘—i-
i €
+2-/ £(60,2,2)]db, T <E<t, te(g,r]. (23)

From the notation (12) and the conditions (7)—(9), since a(t), b(t) € C*([0,T]), it follows that
the functions Ag(t), A;(t, ), B;(t,2) i = 1,2,3, and their derivatives with respect to x and z of

order up to 6, including 6th, are bounded and continuous in G 7). Applying first sup and
(z,2)€ER?
then sup to both parts of the inequality (23) we obtain the estimate
T<ESt

1
sup  sup |u7(§,x,z)| < sup }uT (%,x,z)| +2 / sup  sup ‘f(f,x,z)| do+
5 <€t (z,2)€ER? (z,2)ER? T 5<€<O (z,2)ER?

z 5 <€<0 (z,2)€ER? 5 <E€<0 (z,2)€ER?

5 p
+2-/ ( sup  sup }uT(f—g,x,z)|> - sup  sup |MT (g,x,z7u7(£—%,x,z))|d9,
Tog<tte (g,f}. (24)

Taking into account notation (17)—(19), conditions (7)—(9) and the fact that a(t), b(t) €
C([0,T7)), from (24) we find

t t
Ugo(t) < Uoo(0)+C- / dg+C - / (U&O(H — %))px
3 3
x (1 FUTo(0—3)+ U, (0 — g)) : (1 +UZo(0—3) + U0 — g)) do. (25)
Hereinafter, C' denotes (generally speaking, various) constants depending on degree p, con-
stants 01, 2, d3 from (8), (9) and the constant from (7) which bounds the input data, and

independent of the parameter 7. For the sake of convenience, we assume that C > 1.
Let us denote the result of differentiating of function (u (¢, ,2))” k; times with respect to

— 184 —



Ekaterina N. Kriger, Igor V. Frolenkov  Identification problem of the nonlinear lowest term coefficient ...

and ko times with respect to z by A;hkz (t,x,z), k1,ke =0,1,...,6, that is

Aao(t —5,%,2) = (uT(t - g,x,z))p,

Al ot —%,z,2)=p- (u™(t - g,x,z))p_l . %UT(t - 7.1, 2),
Ag,l(t - %,JT,Z) =p- (uT(t - %axaz))p_l : %U’T(t - %axaz)a
AT T _ T T p—2 9 T T 9 T T
171(t—§,x,z)—p(p—1)(u (t—§,.’13,2§)) 87‘% (t_27 72)5/” (t—g,l',Z)“r
+p- (W (t— %= z))p_l- o u (t— T, 3, 2)
PREZ] 9102 214y <)

and so forth to Ag4(t — 5,2, 2).

According to (18), (19) for (t,, z) € G[o 7] the following inequality is valid:
|AT kL a, 2)| <P tR (UT (1), ki, ke=0,1,...,6. (26)

We differentiate equation (15) with respect to = and z from 1 to 6 times and integrate the
obtained expression with respect to the time variable. Using the notation (17) and the inequality

(26) we apply first sup and then sup to both parts of the obtained inequality. In view of
(z,2z)ER? Z <€t

the conditions (7)—(9), notations (18), (19) and the fact that a(t), b(t) € C*([0,T7]), we get the
estimate

t

t((UT(e - )’ + 1> do + C - prrth: / (U7 (0 - 7))

K

-

U’;,kz (t) < Uk17k2 (O) +C .pk1+k:2 /

2 2

<Y U= a0+ 0ot [ <UT<9—;>>”-< > Uzl,kzw—%')) "

k1,k2=0 3 k1,k2=0

ki ks =0,1,....6, tc (g,T] (27)

Summing up the inequalities (25) and (27) and using the estimate (22) we have

t

UT(t) < U(0) + C - p' /

z

Py (U7(0 - 3)) b,

where Ppya2(x) = C- (xP*2 + xP™ + xP + ...+ x + 1) is a polynomial of degree p + 2, Cisa
nonzero constant independent of 7.

The latter inequality holds for all ¢ € (g, T} . Therefore taking into account the properties of
definite integrals and the function U7 (¢) we find

UT(t) <U(0) + C - p*2 - / Poio (UT(9)> do, te(0,7]. (28)
0
We consider the Cauchy problem for the ordinary differential equation
dw(t
L) Pyra(wlt). w(0) = V(). (20)

By the Cauchy theorem [13], a solution w(t) of the problem (29) exists on some interval [0, t.],
where ¢, € (0,7] depends on constant C' and the initial data U(0). The function w(t) increases
monotonously on the interval [0,¢,] and w(t) € C*([0,.]).
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By (28), (29), if U™ (to) < w(to) for some 0 < to < ¢, then U (t) < w(t), t € [to,t.]. Since
U7(0) < w(0), the fact that w(t) is monotone implies U" (¢) < w(7), t € [0, 7).

We consider the first complete time step, where t € (7,27]. Arguing in the same way as at
the zeroth complete step we obtain U7 (t) < w(27), t € [0,27]. After a finite number of steps we
have

UT(t) Sw(ts) <C, te0,t].

Thus, we have proved the following uniform by 7 estimates:

o ok

T
axkl azkz u (ta‘raz)

<0, ki,kpo=0,1,...,6, (t,«I,Z) S G[07t*]. (30)

Estimates (30) imply that the right parts of equations (14), (15) are bounded uniformly by
7 on any time step. Therefore the left parts of the equations are bounded uniformly by 7 too:

|uf(t,x,z)| <O, (t,r,2) € G-
Differentiating equations (14), (15) with respect to z and z, by (30) we get

ot ok
Oxk1 Ozk2

u[(t,m,z) < 07 k‘l,kg =0,1,...,4, (t,(I},Z) S G[O,t*]- (31)

Estimates (30), (31) guarantee that the assumptions of Arzela’s compactness theorem
are satisfied. By this theorem, some subsequence u™ (¢, x,z) of the sequence of solutions
u” (t,z,z) to the problem (14)-(16) with corresponding derivatives converges to a function
u(t,x,z) € C’g ’;’j Gf\é{t*] . In view of the theorem about convergence of the weak ap-
proximation method, the function u(¢,x,z) is a solution of the problem (13), (3), moreover
u(t,z,z) € Cl2 (GM

tr= \ Gl ]), where M > 0 is an integer constant,

Gf‘é{t*] = {(tw,z) ’ 0<t<ty, |2 <M, |2 < J\/[}7

8k 6k1 +ko

Liylo
Cyas (G%I’t*]) = {u(t,x,z) 5 Y 5k gk

weC(Gl,),

k=0,1,...,0, k1 =0,1,....1,, b:OJ,“@}.

We choose constant M arbitrarily, therefore the solution w(t,xz, z) of the problem (13), (3)
belongs to the class C’t{f”j (Gpo.t.])-
Furthermore the following estimations are valid for (¢,z,2) € Gjo4.):

o ok

Dok Dk u(t,x, z)

<C, ki,ka=0,1,...,4. (32)

From continuous differentiability of a(t), b(t), the conditions (7)—(9) and the estimation (32),
from (10) and (13) it follows that u(¢,z, z), A(t, z, z) belong to the class

5
\TL,Z t,x,z

Z(ty) = {u(t,x,z), Mt x, 2) ‘ u e C’t1 4’4(G[0’t*]), Mt x, 2) € co-22 (G[O,t*])};

and satisfy the following inequality:

4 2
okt e okt e
k1,k2=0 k1,k2=0
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4. Existence of solution of the inverse problem

Now we prove that the pair of functions u(t, z, 2), A(¢, z, z), where A(¢, x, z) is defined by (10)
and satisfies the condition (4), is a solution of the inverse problem (1)—(5). Since u(t, z,z) is a
solution of the direct problem (13), (3), substituting u(t, z, z), A(¢,x, z) into (1), (3) we obtain
the identities.

Let us prove that the overdetermination conditions (5) are fulfilled.

In the strip Pjo,rp = {(t,y) |0 <t < T,y € R} we consider the auxiliary Cauchy problem for
the equation

vt(ta y) = a1 (t) ! Uyy(t, y) + a2(t) ' vy(ta y) + a3(t7 y) : ’U(t, y)i
—ag(t,y) - vyy (L, d(t)) — as(t,y) - vy(t,d(t), (34)

with the initial condition

v(0,y) =r(y). (35)

Suppose that the functions aq(t), a2(t), as(t,y), asa(t,y), as(t,y), r(y) and all their derivatives
are continuous and bounded in Pjg 1}, d(t) is a smooth bounded curve.

The following statement takes place.

Lemma 1. If solution v(t,y) € Ctlj (Pjo,7]) of the problem (34), (35) exists and satisfies the
condition

<C,

ak
87/’“1}@’ Y)

4
k=0

then it is unique. Here,

k
oyt

Ctl,’; (P[O,T]) = {’U(tay) vt(tay) ’U(t,y) eC (P[O,T]) ; k= Oa 17 cee 34}

The proof of the Lemma 1 basically repeats the proof of Lemma in paper [7].

We substitute z = a(t) into (13). Transforming the obtained relation and taking into consid-
eration that

(u(t,z,a(1))” _ (u(t,,a(1))” = (p(t,2))" + (ot 2))"
((t,2))" ((t,2))"
— (ult.oa 3 . 'uP—1_|_up—2.g0_|_uP—3.<p2+_._+u.<pp—2+<pp—1
= (ult,2,0(t)) — o(t,2)) —s

+ 1,
we find

w bz, a)) + us(tzat) - (1) = @t 2) = aa(6) - (w2, 0(0)) = Gt ) )+
+ 510 - (walt,w,0(t) = pu(t,2)) + Dt ) - (ult @, a(t)) = ot ) -
= Da(t,2)-1(8)- (s (£, (), () = @un (£, 5(1)) )+ Da(t,2)-B1()- (1 (1, b(2), () = pu (£, b(1)) )
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where

Do(t) = e(t, a(t)) — az(t) - ¥z:(t, a(t) — B2(t) - = (t, alt)) — f(£,b(t), a(t))—
- al(t) : uwx(t’ b t)’ a(t)) - 61(t) ’ uw(tv b(t)a a(t)) (14 b/(t)) ;

I T o e R e T R
Do(t) (o(t,2))"

X (((pt(t,m) —a1(t) - Pza(t,x) = B1(t) - pu(t, ) — f(t,x,a(t))) X

Dl(t, CE)

X

x (Blt alt) = as(t) - st alt)) = Ba(t) - V=t a(t)) — (2 b(1), a(t) )+

+ (it 0) = a1(t) - Pua(t,2) = Bi(1) - palt @) = S (1, (1)) ) - (1 (t) - (8, (1), a(8)) -
= Bu(t) - ua(1,b(8), () - (1+0(6)) + (bolt alt) — az(t) - (b, alt)) = Ba(t) - v (t,a(t)—
— F(t,60),0(1))) - (—a(t) - was(t@,a(t) = Bo(t) - uat v, alt)) - (144 (1)) +

(=0 (t) - a4, 5(0), a(1)) = Bu(8) - wa(t,B(1), () - (14 1(1))) %

X (—ozg(t) Uy, (t,mya(t)) — Ba(t) - uy(t, z,a(t)) - (1 + a'(t))));

gty a(t)) — o (t) - uga(t, ,a(t)) — Bi(t) - ua(t, x,a(t)) — ao(t) - u..(t, 2, a(t))
Ds(t,z) = Do (t)

Ba(t) - u.(t,z,a(t)) + f(t,x,a(t))

Dy (t) ’

Ds(t,x) = Do(t,x) - (1 +V'(1)).

We introduce the notation: v!(t,z) = u(t,z,a(t)) — ¢(t,x). Hence,

vt z) = u(t,z,a(t)) +u.(t,z,a(t)) - a'(t) — ¢4 (t, ).
From the compatibility conditions (6) it follows that
v1(0,7) = u(0,,a(0)) — (0, 2) = uo(z,a(0)) — ¢(0,z) = 0.
Consequently, the function v!(¢,z) is a solution of the following problem:
vy (t,x) = an () vy (8, 2) + B1(t) - vy (8, @) + Di(t,2) - v' (t,2)—
= Da(t, @) - () - vgy (£, b(1)) — D(t,x) - Ba(t) - vy (£, b(2)),  (36)

v (0,2) = 0. (37)

In accordance with the constraints (7)-(9), the inequality (33) and the fact that a(t),
b(t) € C1([0,T]), the functions D1 (t,z), Da(t,x), D3(t,x) and their derivatives with respect to
to the second order, including 2nd, are continuous and bounded in G|g¢,j. Therefore, the prob-
lem (36), (37) satisfies the assumptions of Lemma 1 (where a1 = ay(t), a2 = p1(t), a3 = D1 (t, x),
ag = Dy(t, ) a1(t), as = D3(t,z)- 1(t), d = a(t), r = 0). From Lemma 1 it follows that the so-
lution of problem (36), (37) is unique. This solution is the function v/ (¢, 2) = 0. This means that
u(t,z,a(t)) = p(t,z). Hence the first of the overdetermination conditions (5) holds. Similarly,
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using the compatibility conditions (6) we prove that the second of overdetermination conditions
(5) is valid: u(t,b(t),z) = ¥(t, 2).

Similarly, using the compatibility conditions (6) we prove that the second of overdetermination
conditions (5) is valid: u(t, b(t), z) = ¥(t, 2).

Thus the following theorem has been proved.

Theorem. Let the conditions (6)—(9) be satisfied. Then there exists a constant 0 < t, < T
depending on the degree p and on the constants 01, 02, 03, C from (7)-(9) and such that a
solution u(t,x, z), Mt,z,2) = M (t,x) - Aa(t, 2) of the inverse problem (1)-(5) in the class Z(t)
exists and satisfies (33).

5. Example

For the problem under study there is example of the initial data satisfying the assumptions
of the theorem and the corresponding solution.

In the strip Gjo,7) = {(t,x, 2)|0<t < T, (x,2) € R2} we consider the Cauchy problem for
the parabolic equation

Up = Ugg + Usy + Uy +uy +u- At 2,2) —2c0os82 - (cosz + A), (38)

A > 1is a constant, t € (0,T], (z,z) € R?, with the initial condition u(0,z,2) = ug(z,z) =
e® (sinz + A). In addition to the function u(t, z, ) it is required to find the function A(¢,z, z) =
)\1(t, (E) . )\Q(t, Z)

Let a(t) = t, b(t) =t+2 € C'([0,7T]). Then the overdetermination conditions have the form:

u(t,r,a(t)) = o(t,z) = ™ - (sint + A), wu(t,b(t),z) = ¢(t,2) = 2. (sinz + A).
The compatibility conditions hold
ug(z,a(0)) = ©(0,2) = A-e®, ug(b(0),2) = (0,2) = e? - (sinz + A),

P(t,b(t) = (t,at)) = ¥ 12 (sint + A).

The functions f(t,x,2) = —2cosz - (cosz + A), ug(z, 2), @(t,x), ¥(t,z) satisfy the smooth-
ness and boundedness conditions (7).
We verify fulfilment of the conditions (8):

lo(t,z)| = || [sint+ A| > e" - (A=1)2e-(A-1)>0, 0<e< 1, Vte[0,T], Vz R,
|o(t, 2)| = | T?| - |sinz + A| > €*- (A—1)>0, Vt€[0,T], Vz€R.
After that we consider (9):
‘ezt” (sint 4+ cost + A) — €22 (sint + A) + e*2sint — > (sint + A) — 2e* 2 cost+
+2cos(t+2) (cost +A)‘ > ‘(A—i—cost) (e — 2cos(t+2))‘ > (A-1)- ‘€2t+2—2COS(t—|—2) >
>(A-1)- (|62t+2\ — 2|cos(t + 2)|) >(A-1)-(2-2)>0, Vtel[0,T].
Consequently the conditions (8), (9) are satisfied for §; = - (A—1), da = €2 - (A —1),

b3=(A—-1)-(e* —2).
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(&

Then we can find the functions u(t, z, z), A(¢,z, 2):

u(t,x,z) = e . (sinz + A),

2cosx \ cosz+ A
_ . — 1 . . .
At z,2) = M(t,x) - Aa(t, 2) ( ctte > sinz+ A

Indeed, the obtained solution satisfies equation (1):

T (sinz + A) = . (sinz + A) — e -sinz + T - (sinz + A) + e - cos z—

200sx> cosz+ A

—2cosx - (cosz + A),

— et (g A)- 1= .
e (sinz + A) ( e sns 1 A

et A+ et cosz — (e —2cosx) - (cosz+ A) —2cosz - (cosz + A) =0,
(cosz+ A) - (" — e 4+ 2cosz — 2cosz) =0,
0=0.
This example shows that the set of solutions to the problem under study is not empty.

The research for this paper was carried out in Siberian Federal University within the framework

of the project «Multidimensional Complex Analysis and Differential Equationss funded by the
grant of the Russian Federation Government to support scientific research under supervision of
a leading scientist, no. 14.Y26.31.0006.
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006 omHoil 3amave naeHTudUKaIN Koddduimenra
CIIeIMAJILHOTO BHUAa IIPU HEJWHENHOM MJIAAIIEM 4YJjieHe
B JIBYME€PHOM MOJIyJIMHEITHOM ITapaboJImvecKOM ypaBHEHUN

Exarepuna H. Kpurep

Urops B. @posieHKOB

MucturyT MmartemaTuku u GyHIaMEHTATIBHON NHMOPMATHKHI
Cubupckuii deiepajbHbIl YHUBEPCUTET

Csobopnsrii, 79, Kpacuosipck, 660041

Poccust

B cmamve uccaedosana 3adava udenmudurayuy KodpPuuuenma npu HEAUHETHOM YAeHe 8 08YMEPHOM
NOAYAUHETHOM NAPABOAUMECKOM YpasHeHUU ¢ dannbimu Kowu u ycaosuamu nepeonpedeserus, 3a0a-
HUMU HQ 24a0%0T Kpusol. B npednososiceruu, wmo uckomwill koapduuyuenm npedcmasum 6 sude npo-
usgedenus 08yxr Pyrnryul, Kactcdaa U3 KOMOPLIT 3A6UCUM OM BPEMEHHOT U MOABKO 00HOT MPOCTPAH-
cmeennol nepemenHoti, 00Ka3aHa Pa3PeUUMOCTVG PACCMOMPERHOT 360a4YU «8 MAAOM> 8 KAACCE 2AA0KUT
oeparunenror pynryuld. Ilocmpoen npumep 6TrodHvT OGHHHLLT, YIOBAEMBOPAIOWUL YCAOBUAM 00KA3AH-
HOTU MEopembvl, U COOMBEMCMEBYIOWEL20 UM DEWECHUI.

Karoueswie caosa: obpamnas 3adaua, noayaunetinoe napabosuveckoe ypasuenue, 3adava Kowu, xo0ap-
Puyuenm npu maadwem waere, memod caabol GNNPOKCUMAUUY, AOKAAOHAA DPA3PEWUMOCTND, YCAOCUS
nepeonpedeserua 1a 2Aa0K0U KPUBOT.
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