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Introduction

Let C be the complex plane, D be the unit disk on C, H(D) be the set of all functions,
holomorphic in D. For all 0 < p < 400, & > —1 we define the class SE as (see [14]):

5P = {f c H(D) : /01(1 TP, f)dr < +oo} ,

s

where T'(r, f) = %/ In" | f(re'®)|dy is the Nevanlinna characteristic of the function f,
—T

In™ |a| = max(0,1nal), a € C (see [8]).

Note that SP-classes are a natural generalization of the Nevanlinna-Djrbashian classes. In
this paper we investigate the questions of interpolation in S?-spaces. In solving the problem of
free interpolation, that is, with minimal restrictions imposed on the interpolated function, it is
important to find a natural class to which the restriction of on the interpolation set to belong.
We denote it [Z.

In [9] it was set that if f € S?, then

IH+M(T7f)O<Q+1+1>,T4)].O, (1)

where M (r, ) = Irilli)i lf(2)].

It is clear that if f € SP and {ak}ﬁ;’j’ is a sequence of points from the unit disk, then the
operator R(f) = (f(a1),..., f(ak), ...) maps the class SE into the class of sequences

o 1
— lag D
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In this article we answer the question under what conditions on the sequence {ay}; > the
operator R(f) maps the class S? onto the class (2.

Definition 1. A sequence {ay};25 is called interpolating for SE if R(SE) =1IE.

Let us note that the solution of interpolation problems in the various classes of analytic func-
tions has been widely discussed by Russian and foreign scientists: A. G Naftalevic [7], H. Shapiro
and A.Shields [11], S.A.Vinogradov, V.P.Havin [16], M. Djrbashian [4], N.A. Shirokov and
A.M. Kotochigov [6], K. Seip [12], A.Hartmann [5], V. A.Bednazh and F. A. Shamoyan [1] and
etc. The fundamental result in this area belongs to the L. Carleson [2]. This work continues the
research started in [10] in solving the interpolation problem in the classes of analytic functions
in the unit disk with power growth of the Nevanlinna characteristic.

The paper is organized as follows: in the first section we present the formulation of main
result of the article and give some auxiliary results, in the second section we present the proof
of main result.

1. Formulation of main result and proof of auxiliary results

To formulate and proof the results of the work we introduce some more notation and defini-
tions. For any 8§ > —1 we denote mg(z, ay) as M. M. Djrbashian’s infinite product with zeros at
points of the sequence {ay, }>5 (see [3]):

+oo
z
gz, o) = H <1 — ak) exp(—Ugs(z, ag)),
k=1
where
6 +1) 2Pl — 22|
Us(z, ) / /_Tr 1—zpe 20)[#2 dfpdp. (2)

We denote 7g., (2, ay) as infinite product ms(z, ay) without n-th factor. As stated in [3], the
infinite product 7g(z, ax) is absolutely and uniformly convergent in the unit disk D if and only

if the series converges:
+oo

> (1= |ag])PT? < 4oo.

k=1

Definition 2. The angle of the 78, 0 < § < 1, contained in D, with vertez at the point € and
with bisector re’®, 0 < r < 1 is said to be the Stolz angle T'5().

For any 0 < p < oo we denote by Bf , the O. Besov space on T of 0 < s < 2 order.
The main result of this article is the proof of the following theorem:

Theorem 1.1. Leta > —1,0 < p < +0o0, {ak}k be the arbitrary sequence of complex numbers
from D, which is contained in a finite union of Stolz angles, i.e.

n
far} © J Ts(6,),
s=1
__r
2a+p+1)
The following statements are equivalent:
i) {ax } 125 s an interpolating sequence in SP;

with certain 0 < 6 <
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it) the series converges:
+o0o

ny,
Z ok(at+p+1) < +o9, 3)
k=1

1
ng = card{zk Slekl <1 — Qk}’ k =1,2,.., and there exists a sequence {ex};25, (k) — 0,

k — 400 such that
—c(k)

(1—lag)) >

; (4)

| ()| = exp

1
forall g> 21
p
The proof of the theorem is based on the following statements.

1
Theorem 1.2 (see [14, 15]). Let a > —1, § > atl

1) feSk;

2) function f allows the following representation in D

. The following assertions are equivalent:

1 P(e?)do
A
f(z) = exzmp(z, z1) exp 5 / (1= c2)771 | z €D,

—T

where {zk}g:{ is an arbitrary sequence from D, satisfying the condition

+oo np
Zik < 400
9k(pta+1) )
k=1
1
wEBwas:ﬁ_a_‘_ , AEZ, c\eC.

Here and in the sequel, unless otherwise noted, we denote by ¢, ¢1, ..., ¢, (a, 8, ...) some arbi-
trary positive constants depending on «, (3, ..., whose specific values are immaterial.
For the further exposition of the results we introduce metrics in spaces S% and I, as follows:

oo [ I ([ ma1soe - gre) de)pdr for 0< p< 1,

—T

o(f.g9) = </01(1 —r)® </Tr In (14 |f(re?) — g(re®)|) d@)pdr); for p > 1.

—T

for all f,g € SE.

atl
piz (0,6) = sup { (1~ Jau) ™%+ n(1 + fax — i)

for all a = {ay}, b = {br} € [E. It is easy to check that these spaces are complete metric spaces
with respect to these metrics.
The following statement is valid:

Lemma 1.3. If the operator R(f) = (f(a1),..., f(an),...) maps space SE onto space 12, then
there exists the sequence of the functions {gn(2)},:25 € SP such that

Sup psr (gn70) < C7 C>0

n=1
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and
N 0, for all k # n,
gn(ak) = ’Y}E-n)a where ’Vl(c ) = exp 76%) , for k=mn,
(1—lakl) S

where k,n =1,2,..., 6(k) = o(1), k — +o0.

The proof of Lemma 1.3 repeats the reasoning conducted in the proof of the corresponding
assertions from [10] with O‘T“ + 1 index.

2. Proof of main result

Let prove the implication i) — ii).

We assume that {ozk} 1 € D is an interpolation sequence in the class S, (a > —1,0 < p <
00), i.e. for any {yx} € ? there exists a function f € S such that f(ay) = vk, k=1,2,.

Let consider the sequence {7}/ >5: 71 =1, 72 = 73 = ... = 0. Evidently, {v,}/> € lp Since
{au }25 is zero-sequence for the function f € S, then we have an estimate (3) as follows from
Theorem 1.2.

In order to show (4) we fix n € N and take the sequence fy,i") =0,k # n, ’y,(cn) =
6(n)

—
(1 —Jan]) > *

tion g,, € SE such that pgr(gn,0) < C and g, (o) = lg " for all k = 1,2, ..., where the constant

ex k = n, where 6(n) — 0, n — +oo. By Lemma 1.3 there exists a func-

)

C > 0is independent on n. In particular, g, (ay,) = ’yg According to Theorem 1.2, any function
gn € SP can be represented as

gn(z) = c,\nz’\“mg}n(z,ak) exp{hn(2)}, z € D,

where hn(z):i/7T (wn(ei,e)d&ﬁ> 04;—1.

27 1 — ze—10)p+1
So,
(n) ,
|gn(an)| = |’7n )| = exp ‘ |)a+1+1 |C/\n| |an An Wﬂ,n(an7ak)| ‘exp{hn(an)Hv
Qp

where 6(n) — 0, n = +o0.
Since exp{h,(z)} € SE, then taking into account the estimate (1) we have:

5(”) S Cl|7rl3,n(an7ak)| €xp V(n)

|gn(an)| = exp —a+1 —a+1
e e

where the sequence v(n) — 0, n — 400, is chosen so that v(n) > §(n).

From the last inequality we obtain:

anan)| > exp——
(1—lan]) »

where £(n) = (v(n) — d(n)) is positive infinitesimal sequence.

The same manner as in [10], it can be shown that (5)=-(4). Thus, the implication i) — ii) is
established.

Now we prove that ii) — i). Suppose that {ak > be the arbitrary sequence of complex
numbers from D, which is contained in a finite union of Stolz angles, and the estimates (3), (4)

: (5)
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are valid. Let us show that there exists a function ¥ € S? such that U(ay) = v, k= 1,2, ... for
each {v;}125 € 12, where {7 }/25 €12, i.e.

S(k)

— (6)
(1= fow]) 7

Tk = exp

d(k) = 0, k — 4o0.

We denote by {gr} the sequence with general term g = 0 + ek, k = 1,2, ..., where {ex}
is an infinitesimal sequence from the estimate (4), {0x} is an infinitesimal sequence from the
estimate (6).

We construct a function \I/(z) as follows:

Pt (Z_ak) mhlow, o) \1—axz /) flow)’
1 1
Whereﬁ>i, m > ot +1,
p
n 3
(1 _pm2)ﬁ
= exp q — , 2z€D,
;;1 F (1 _mee—ies)lﬂ#ﬂ
. a+1 . .
where 0 < f < —— + 1, g — 0, kK — +o00. Here the sequence {qi} is depending on the

sequence of nodes {«y}, therefore the function f depends on k, that is f = fj.
N 1
For brevity 8’ = 8 + at? + 1. Tt is obvious, that U(a,) = yn, n = 1,2, ....
p

Without lost of generality we assume that interpolating nodes are contained in the Stolz angle
I's(6). Then we have

1) = fi —expzq B ) L
k — Zpme 19)513 .

Let us show that ¥ € S2. First we estimate f(«y) in the angle of I's(6).

el =ep > apm o
(1 — agpme)#

m=1

R(1L — @Epme )7
B cPm
= €exp Z qk pm |1 — akpme_i0|2,8/ .

But
aco. e~ )8 —iton—0))"
L (e L
—i(pr—0) 7 —i(pr—0) a4
= §R(l — PmTk + Pk (L — e "FF )) = 9?(1 — pmTk + pmri(1 — e ¥x )) =
/B/
’ 1— m’r i
= (pmrip)” -%(p’“ +e *”) :
PP
. . 1) N
where oy, = re?r, (1 — e ¥e=0)) = pe=i¥ || < W— < —. So we have R(1 — arpme )% >

2B’
cl(pmrkp)ﬁl, c1 > 0, by Lemma, established in [13].
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From the other hand,

. / 7 ’ 0 —_— 7 ’
11— e=ilee=0)18" = 98 ginf [ 22 ) — 98 gin 2
2 2
therefore
1 cr(pmre)? 27 sin” (%) 28" sin®’ z
> >
1-a meiw Cing i ’ 4sinz 2 \P'
(=m0 (0 pari2 4 asin? (55) i) (1= )2 (14 22 1)

Since {ax} C T's5(6), we have

sin (9_2“”“> ’
—— < C
(1 — Tk)
Hence,

1 < c(B)
(1- O‘kpmeiie)ﬁl - (1- Pm""k)ﬁl .
Thus we have the following estimate for f(ay) in the angle of I'5(0):

)B
flag)| = expe(B qa’ 7.
A Z ¥ (1—- Tkpm)
We will continue this estimate. For this purpose we split the interior sum into two parts:
f J = >+ > () =Si(k) + Sa(k).
(1 —ripm)?
m= (I=pm)<(1—71) (I=pm)>(1—rk)
We estimate each of them separately. Let estimate the sum So.

_ . 2)8
Sa(k) = Z q;@"%}

T 1pm)?
(mpysoryy (LT TRPm)

Without lost of generality we assume that 1 — p,, = ¢™, 0 < § < 1, and we find that the sum

above converges to d2(k) = S (S o(1), k — +o0.
q(ﬁ' B — qr
Now we get lower estimate for the sum 5.
1—p,2)P
sk = S g mem)
) (1 - Tkpm)
(I=pm)<(A—ry)
1- pm2 B
S
Pm Tk (1 - Tkpm) P (1 - Tkpm)ﬁ
1 m (1= pm?)?
>y Y 0 Db

a+1
(1 - T%) r i Pm STk (1 o rkpm)ﬁ
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Since

Pm 2Tk

(k) = 0, k — +oc.

then Sy (k) > %, where 01 (k) ~ 7 Q.

(L—ri) >
From the estimation for Sy, So we finally set:

S>%+5z(’f),
1—rg)»

whence we conclude that

do (k)

| f(ak)| = exp T el
(L—r)» ™!

where g(k) = supd;(k), j = 1,2. It is obvious, that do(k) ~ 1q7k
J — 4k
From condition (3) we conclude (see [15])
+oo
> (1= Jar)™ < 400 (9)
k=1
a+1 L . .
for all m > —— + 1. Taking into account the convergence of the series (9), we obtain that the

infinite produ(gc ms(z, ;) and the series (7) are absolutely and uniformly convergent in D.
Now we need to prove that function ¥(z) is analytic in D and ¥ € S2.
Now we get an upper estimate for the function |¥(z)|. Since {74}/ € I% and condition (4)
is valid, we have:

LECERT. (1—|ak|>m )
Z'” —axl Tmp(am o) \T—axel) Tflan)]

+OO m
<Y ep W) lma)l () (1—|ak|> £(2)

o QA a) T el (e ) L@zl (el
: ms(2, a5l
We estimate the factor ﬁ Using the well-known estimate for the Djrbashian product
Z— Qg
(see [13]):
1 |a | B+2
+
In™ |7p k (2, o)) cﬂz(ﬂ—akz) ,
we get:
[T (2, o) |y — 2| . |mpk(2 05)
= w3 k(2 05) | ————| exp (—Up(z, o Cg—————
|Z—Oék| |Z—ak‘| B ( ])| |ak| | ( 5( ))| B u_akzl
- B+2
|78,k(2, )] és 1 —an|
: <
11— a2 TR Cﬁz |1 — @z
1
for all 8 > ot .
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Therefore
Ianl i + (k) I (=)™
U(z .
| < exp <Cﬂz ( XC,B Zexp |ak )a+1 +1 |f(0¢k)| |1 _ OékZ|m+1
Now we consider the last factor in the product:
400 m
S exp ar 1 (o)
a+1 —|m b
S A=) ()] [ —arem
where g, = d(k) + (k).
We split the sum into n parts:
R D K S N )
— L 1°
p ey PR S S P b PACTOIN R K
Since {a} C U I's(0s) for certain 0 < § < m, we can apply for each part the

equation (8). Thus we have:

- qr — do(k) (1 —Jox))™
Z Z exp atl |1—07kz|m+1

Slagely0.) (L= lakl)
Since g — do(k) = qx — T B _ —q; < 0, we have the following estimate:
— 4k
— do(k
ex dk o(k) <1,

atl
(1= ax)) > *!
forall k=1,2,....
Thus we have:

(=) < S (A0eD) ) ¢ e foj Okt
z)| <explec _— c

bles |1 —@,z| F b |1 — agz|mtt’
Taking into account the convergence of the series (9), we have:

> e < o - " <
|1 _ akz|m+1 = |Z‘ m+1 (1 _ |Z|)m+1

forallm>ﬂ+1.

p
The estimate of function |¥(z)| takes form:

“ o p+2 c
(W (2)| < exp (052 ( ] ) ) x| fr(2)] W

From the works of F. A. Shamoyan (see [14], also [15, p. 132]) and of the author (see [9]) it
follows that a majorizing function in the last inequality belongs to S® space, and hence ¥ € S?
forall a > —1,0 < p < +o0.

This shows that ii) — i). O
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OO0 mHTepHOAAIINN B KJIacCaX aHAJIUTUIECKUX B KpyTe
dbysknmit ¢ xapakrepuctukoii P. HeBanamHHbI
n3 Lp-BecoBbIX IIPOCTPAHCTB

EBrenus I'. PonukoBa

B cmamuve noayuero pewerue uHmepnossyuonHot 3a0a4Y 8 KAaCCe AHAAUMUNECKUT PYHKUUT 6 e0uHUY-
HoM Kkpyee, xapaxmepucmura P. Heganaunnv, komopuxr npunadaesicum Lp-eecoswvim npocmparcmeam,
NPpU YCA0BUU, MO Y3AbL UHMEPNOAAUUY NPUHAOAEHCAM KOHEUWHOMY “UCAY Yeao6 [lImosvua.

Karoueswie crosa: unmepnoaiyus, anasumuveckue gynrkyuu, rapaxkmepucmuka P. Hesamaunmno, yaav
LImonvua.
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