Journal of Siberian Federal University. Mathematics & Physics 2010, 3(4), 450-460

VK 517.55
An Explicit Carleman Formula
for the Dolbeault Cohomology
Nikolai Tarkhanov*

Institute of Mathematics,
University of Potsdam,
Am Neuen Palais, 10, Potsdam, 14469

Germany

Received 10.05.2010, received in revised form 10.06.2010, accepted 20.08.2010

We study formulas which recover a Dolbeault cohomology class in a domain of C™ through its values on
an open part of the boundary. These are called Carleman formulas after the mathematician who first
used such a formula for a simple problem of analytic continuation. For functions of several complex
variables our approach gives the simplest formula of analytic continuation from a part of the boundary.
The extension problem for the Dolbeault cohomology proves surprisingly to be stable at positive steps if
the data are given on a concave piece of the boundary. In this case we construct an explicit extension
formula.
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Introduction

Carleman formulas first appeared in function theory to reconstruct an analytic function in
a domain through its values on a boundary piece. The problem of analytic continuation is well
known to be ill posed, if the piece is different from the whole boundary, and it is treated by
explicit formulas of complex analysis. While the classical construction for analytic continuation
by Goluzin and Krylov (1933) is rather transparent, the simplest Carleman formula in one
variable was apparently first written in the book [1]. It corresponds to the case where the data
are given on a smooth curve in a disc which divides the disc into two domains and does not meet
its center, the continuation being to the part which does not contain the center of the disc.

More precisely, let D be an open disc around the origin and S a smooth curve in D \ {0}
dividing the disc into two domains. Write CD for the domain that does not contain the origin.
Then, for each function u € C(D) holomorphic in D, the formula holds

)

u(z) = 2

u(¢)

o d¢ (0.1)
s

whenever z € D.

The limit in (0.1) is attained uniformly in z on compact subsets of D\ S, as is easy to check.

In Sections 3 and 25 of [1] an approach of A.Kytmanov is mentioned which works for ho-
mogeneous domains in C™ and leads to very simple Carleman formulas. However, by the very
nature this approach is through function theory of one complex variable.

In this paper we extend the explicit formula (0.1) to functions of several complex variables.
Our formula gains in interest if we realise that it is much simpler than any Carleman formula in
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the monograph [1] summarising the development of the area before 1992. Since then there has
been no progress in studying explicit constructions of analytic continuation in several complex
variables while such formulas are of great importance in mathematics. As but one application we
mention the Cauchy problem for solutions of analytic partial differential equations, both linear
and nonlinear.

More precisely, let B the unit ball around the origin in C™ and S a smooth surface in B\ {0}
which divides the ball into two domains. Denote by D the domain which does not contain the
origin. Then, given any function u € C(D) holomorphic in D, the formula holds

u) = [ @K (At tn) -

98 x[0,1]
Va N+1\n
- Jim @) (aten = (1= (52) ") o) 02)
S
for all z € D, where vg = <C,CC—Z> and v; = |CC—_;|2

For a definition of K;(v) = K EO)(U) we refer the reader to Section 1. This is a determinant
with values in differential forms of bidegree (n,n — 1) first introduced by Koppelman in [6]. In
particular, Kj(v1) is the Martinelli-Bochner kernel and K;(vg) is the Cauchy-Fantappié kernel
for the ball. In the case n = 1 formula (0.2) just amounts to (0.1).

As written above, formula (0.2) can be interpreted in a much more general context, with B
replaced by any linearly convex domain. In this case an appropriate support function vg({) for D
is chosen for points ¢ € 9D\ S at which the domain D is linearly convex. Analytic continuation
occurs from S to a ball with center at the origin or a more general pseudoconvex domain. The
situation is drastically different if D is a bounded domain in C™ whose boundary consists of a
part of the sphere 9B and a smooth surface S lying in the complement of B. In this latter
case one continues analytic function from S to a ball with center at the point at infinity. A
suitable barrier function for D is required for those boundary points at which the domain D is
linearly concave. Such a function vg depends on z € D rather than on ¢ € 9D\ S. This problem
is studied in [8]. The point of the construction is certainly in the explicit form of vy, for the
existence is equivalent to the well-known uniqueness theorem for holomorphic functions. Along
with geometric properties of 9D \ S one invokes a familiar theorem of Hefer (1941) to find a
function vy holomorphic in z and (.

Holomorphic functions represent the cohomology of the Dolbeault complex at step 0. On
a strictly g-concave domain, the role of holomorphic functions is thus played by the Dolbeault
cohomology at step ¢ which is of infinite dimension. For g > 0 the Dolbeault cohomology at
step ¢ can have a very complicated structure, e.g., be not separated, even for strictly ¢-concave
domains D. To get rid of this lack, one often considers the so-called reduced cohomology being
the quotient over the closed range, cf. [9].

The Carleman formula (0.2) extends to the differential forms of bidegree (p, ¢), with0 < p < n
and 1 < ¢ < n. If uis a d-closed form of bidegree (p,q) in D continuous up to the boundary,
then

uz) = - / u(Q) A (=17 FTEE, (U= o + o) — / w(Q) A (v1)
88 x[0,1] S
+5hg”)u(z) (0.3)

for all z € D, where hff )is a 0-homotopy operator on differential forms of bidegree (p,q) in D,

see Section 4.
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Formula (0.3) implies first of all a uniqueness theorem for the Dolbeault cohomology. Namely,
if u is a d-closed differential form of bidegree (p,q) in D continuous up to the boundary and
vanishing on S, then u = 5h((1p)u in D, i.e., the Dolbeault cohomology class of u is zero. This
result has a very transparent explanation. Namely, if u vanishes on S then the extension of u to
the closed ball B given by zero in B\ D is obviously continuous on B and 0-closed in B. Since the
Dolbeault cohomology of the ball is zero at the positive steps, it follows that the continuation of
u is O-exact in B, and so u is 0-exact in D. This is actually an original motivation of Carleman
formulas for the Dolbeault cohomology in [7]. Formula (0.3) gives more, namely, if the restriction
of u to S is Oy -exact, then u is exact in D.

It is much more surprising that (0.3) contains no passage to the limit. This shows that the
reduced Dolbeault cohomology depends continuously on its restriction to S. Another way of
stating this observation is to say that if (Uj)j cn 18 a sequence of 0-closed differential forms of
bidegree (p, ¢) in D, with ¢ > 1, which are continuous up to 9D and converge to zero uniformly on
S, then the reduced Dolbeault cohomology of u; converges to zero. Thus, the Cauchy problem
for the reduced Dolbeault cohomology with data on S is normally solvable at positive steps,
which can never happen at step 0 unless S contains the Shilov boundary of D. This testifies
certain hyperbolicity of elliptic complexes, by which is meant the well-posedness of the Cauchy
problem.

Let us dwell upon the contents of the paper. In Section 1 we give a slight development of
the integral formula of Koppelman [6] for differential forms. In Section 2 we show an explicit
Carleman formula for holomorphic functions of several variables which generalises (0.2). In
Section 3 we indicate how these techniques apply to Reinhardt domains in C™. In Section 4 we
prove formula (0.3) for the Dolbeault cohomology and extend it to more general domains. In
Section 5 we discuss the Cauchy problem for the Dolbeault cohomology with data on a boundary
piece in the framework of inverse problems. Our paper can be thought of as a good completion
of [1].

1. Integral Representations of Differential Forms

For n-dimensional vectors wvi,...,vny with entries in a ring and nonnegative integers
ni,...,nN with nqy +... + ny = n, we denote by Dy, . nn(v1,...,vn) the determinant of
order n whose first n; columns are vy, the next ns columns are vy etc., the last ny columns
are vy. We compute the determinant by columns, i.e., we define det(v;;) = > (—1)vi1 ... Vi n

T

where 7 denotes the signature of the permutation I = (i1,...,4,) of the integers (1,...,n).
Let v = v(z,¢,t) be a smooth function on O x [0,1] with values in C", O being an open
set not intersecting the diagonal {z = ¢} in Cn, x Cn¢. Fix 0 < p < n. Consider the double

differential forms Kgp) (v) of bidegree (p,q — 1) in z and (n — p,n — q) in ¢, t given by

71)q+(n7p)(q71) n n—1
K () =
) (2mi)"n! <p> (q - 1) :
X Dpn—p(02,00) A D1 g-1,n—q (v,0.v, (0¢ + di)v) , (1.1)

for 1< 0 < and K = K0, =0
The double forms (1.1) were first introduced by Koppelman [6]. Here we rehearse some

elementary properties of these forms.

Lemma 1.1. For each smooth function f on O x [0,1], we have the equality K(gp)(fv) =
"KL @),
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Proof. Indeed, if 9 is one of the differentials 0., 54 and d;, then the Leibniz formula yields
A(fv) = (0f)v + fOv. As the vector (0f)v is proportional to v, it gives no contribution to the
last determinant on the right-hand side of (1.1). This proves the lemma. O

In particular, if v satisfies (v, — z) # 0 pointwise on the set O x [0, 1], then

K () = e

where (-, ) denotes the standard bilinear form C"* ® C* — C. Thus, when considering a vector-
valued function v with the property that (v, — z) # 0 on the set O x [0, 1], after multiplication
by a nonzero function we may actually assume that (v,{ — z) = 1.

Lemma 1.2. Suppose v satisfies (v,{ —z) =1 on O x [0,1]. Then, the equality holds
(0 +di) K& (v) = (=1)7+ 0. K (v). (1.2)

Proof. See for instance Lemma 1.2 in [2] and elsewhere. O
Note that if v; = v;(2,(), j = 0,1, are smooth functions on O with values in C", both
satisfying (v;,{ —z) =1 on O, then the linear homotopy v; = (1 — t)vg + tv; between them still
satisfies (v, — z) = 1 on the set O x [0,1]. The lemma below allows nonlinear homotopies, too.

Lemma 1.3. Let v satisfy (v, —z) =1 on O x [0,1]. Write vg and vy for the values of v at
t=0 and t =1, respectively. Then

K3 (0n) = KD (v0) = 0 (0) = (—1)P 10 Iy (v), (13)
1
on the set O, where IZ.(p)(U) 1)p+i=1) / 0/0t) | K2 (v) dt.
0

Proof. Tt suffices to integrate equality (1.2) over ¢ € [0,1] and take into account that

1 1
0 [[(@/00)| K2 0)dt = [ (01000 (v de
0 0

because 54 and d; anticommute. O
There is a universal solution to the equation (v, —z) = 1 outside of the diagonal in C? x C¢,
given by

(—=z
[¢—=?

for z # (. Under this choice of v, the double forms Kép ) (v) fit together to give a fundamental
solution of convolution type to the Dolbeault complex on C™.

v1(z,¢) =

Lemma 1.4. Let D be a bounded domain in Cn with a piecewise smooth boundary and u €
CY(APYTED). Then,

/u/\Kéfr)l (v1) /8u/\K$r)1 vl)—i—é/u/\Kép)(vl) = XpU, (1.4)
oD

where xp is the characteristic function of D.

Proof. Cf. the original paper of Koppelman [6]. For a thorough treatment we also refer the
reader to [2]. O
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2. A Carleman Formula for Holomorphic Functions

More precisely, let D be a bounded domain in C™ with piecewise smooth boundary. This
domain is called linearly convex at a boundary point { € 0D if there exists a complex hyperplane
H;={2z€C": (v,z — () =0} through ¢ which does not meet D.

Pick an open set S on the boundary of D, such that D is linearly convex at each point
of D\ §. We thus get a distribution H¢ of hyperplanes in TcD parametrised by the points
¢ e dD\S.

Assume that v(¢) extends to a smooth function in the closure of D, such that no hyperplane
H, with ¢ € D passes through a fixed point a € C". In other words, (v(¢),a — ¢) # 0 holds for

all ( € D.
v(¢)

Set ’UO(Z,C) = m

the null set of the denominator (v(¢),{—z). By assumption, vg is smooth on the set D x (9D\ S),
and so we readily find

, thus obtaining a smooth function of (z,¢) € C" x D away from

n—2
_1)n o
IQ((]. — t)vo =+ t’Ul) = ((27_”))nd< A Z Dl,l)k’n,Q,k ('Uo,’l)l,agvo, 8<7}1>
k=0

for all (2,{) € D x (0D \ S).

Theorem 2.1. Under the above assumptions, if u € C(D) is holomorphic in D, then

u(z) = —/u(g)IQ(a—t)voHul)_

oS
“m, o= (1= (GE=) ) ) e
S
L (v(C), 2z —a)
for all z € D satisfying Cesaug)\s ‘m’ < 1.

Proof. On applying the Bochner-Martinelli formula (cf. (1.4) for p = ¢ = 0) we obtain

u() = [ (@) K (o)

oD

for z € D. Write the integral on the right-hand side as the sum of two integrals, the first of the
two being over S and the second being over 9D\ S. For z € D and ¢ € 9D\ S, we use (1.3) for
p=¢q=0,toget K(vi) = K(vy) — 9cl2((1 —t)vy + tv1). This yields

ue) = = [u© K~ [ ul0)(Kaw) = Bela(1 = ) +t0) =

S aD\S
= [uO R w+ ) - [u@ K= [ u(© K
85 S oD\S

(2.2)

for each z € D, which is due to Stokes’ formula. It remains to transform the last integral.
By Lemma 1.1,

K(on) = ( 1 >)nK1(v)

<U7<_Z
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and furthermore
1 1 1

<’U7C_Z> B (v,(—a}l_@,z—a) B
<’U7<_a>

= (- () ey
(v

(vz:Z;’ < 1 holds for all ( € 9D\ S. Hence it follows that

stn) = Jun (1= (2=50) ") Ko

the limit exists because ’

(2.3)

each member of the sequence being smooth on the closure of D, for no hyperplane (v(¢),z—¢) =0

passes through a whenever ¢ € D.

Our next goal is to show that each member of the sequence in (2.3) is a 0-closed differential
form in D. Since the differential forms are smooth on D, it suffices to verify this only for those

¢ € D which satisfy (v(¢),( — z) # 0. When differentiating the form

o= 1 (22

we take into account that 9, K1 (vg) = 0, which is a consequence of Lemma 1.2. It follows that

oy = 0c(1- (M)NH)" A K (v) =

<U7< - a>
(v, 2 = a)\N+iyn—t (v,2z=a)\N5 (v,z —a)
- n<17<<v,C—a>) ) (71)(N+1)(<U,C—a>) aC(v,(—g) A Ki(vo)
and
= (v,z—a) o) — (Ocv, 2z — a)(v,¢ —a) — (v, 2 — a)(Ocv,  — a) o) —
847(11,(—@ /\Kl( 0) <7],C—CL>2 /\Kl( 0)
B L et I At L et B
0 (v,¢—a)*(v,C = 2)" “ Aji\l e =0
as desired.
Combining (2.3) with Stokes’ formula yields
[ w©m@) = g [ u) -
oD\S aD\S
= i ([u© s~ [u©fv) =~ tim [ (@) v,
oD S S

for every ufy is d-closed in D and continuous up to the boundary. On substituting this into

(2.2) we arrive at (2.1).

O

For the domain D and piece S considered in the Introduction, we simply choose v(¢) = ¢ and

a = 0, obtaining

sup ‘@‘ < 7]
¢ceom\s 1 ((,¢)

which is less than 1 for all z € D. This gives formula (0.2).
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3. Computations for Reinhardt Domains

In this section we indicate how to explicitly construct domains D which satisfy the assump-
tions of Theorem 2.1. Let B be a Reinhardt domain in C™ given in the form B = {z € C" :
0(¢) < 0}, with o(¢) := h(|¢1]?, ..., |¢u|?) — 1 and h(v) a C? function of n real variables homo-
geneous of degree m. Suppose 0 € B. The complex tangent hyperplane of the boundary 0B at
a point ( is the set of all z € C™, such that

", 9h
(00,2 —C) = (0> 2) — Jo. GIP = (e, 2) —m (o(¢) + 1)
i J

vanishes, the last equality being a consequence of Euler’s theorem and the homogeneity of h.
Hence it follows that Tt ((OB) never meets the origin, for (g’g, ¢) =mif € 0B.

Since <g’<, ¢) =m(o(¢) + 1) is valid on all of C™, the modulus of <Q/C, ¢) just amounts to m if
and only if ¢ € 9B. From 0 € B it follows that |(o}, ()| < m for all ¢ € B. We now choose a
smooth hypersurface S in B which, together with a closed piece of 9B, bounds a subdomain D
of B with piecewise smooth boundary, such that

(e, 2)| <m (3.1)
whenever z € D and ¢ € 9D\ S. We can assume, by shrinking D if necessary, that <QIC, ¢)#0
for all ¢ € D.

Put 0c
wlz,¢) = —2—,

which is a smooth function of (z, () € C"x D away from the null set of the denominator (g, —z).

Corollary 3.1. Under the above assumptions, if u € C(D) is holomorphic in D, then

ue) = = [uOn(1-0m+m) -

a8
. <QC’ Z> N+1\n
- Nlinoos w(c) (Kl(“) - (1 - (@C,Q) ) Kl(”‘”)
for all z € D.
Proof. Indeed, from (3.1) we conclude that
<QC7 Z>
sup ‘ ‘
ceam\s | (0¢, C)
for each z € D. It remains to use (2.1). O

4. Formulas for the Dolbeault Cohomology

We now return to the general setting of Theorem 2.1. The same proof still goes when we
drop the assumptions ¢ = 0, thus studying 0-closed differential forms of bidegree (p, ¢) in D.

Assume that D is a bounded domain in C™ with piecewise smooth boundary and & C 9D an
open set, such that D is linearly convex at each point of 9D \ S. Just as in Section 2, we define

v(C)

wEOT T
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which is a smooth function of (2,{) € C" x D away from the null set of the denominator
(v(¢€),¢ — z). By assumption, vy is smooth on the set D x (9D \ S) whence

_1\n+(n—p+1)q
(1 — I G DA £
qu ((1 t)’Uo —+ tvl) = (2772)””' (p X

n—2—k ~ _ _
X Dpn p(az 8< /\Z( q—2 )Dl,l,q—Q,k,n—q—k<UOavlaazU176CU07aCU1)

for 2 < ¢ < n. One also defines Il( P = IfH)l

Using the double differential form Iéﬁ)l((l — t)vg + tv1), we may introduce a d-homotopy

operator

hgp)u (2) = — / u A Iéﬁ_)l ((1 —t)vg + tv1> + /u A Kép)(vl)’ €D,
OD\S D

on differential forms wu of bidegree (p, ¢) in D continuous up to the part 9D \ S of the boundary.

The interest of the operator hl(lp ) lies in the fact that we obtain 5hép Ju = u in D, provided w is
O-closed in D and vanishes (or is merely J,-exact) on S.

Theorem 4.1. If u is a O -closed differential form of bidegree (p,q) in D continuous up to the
boundary, then

()= / u(¢) A 12, (1= By + 1) - / () A KD (1) + DhPu (2) (4.1)
oS S
for all z € D.

Proof. This follows by the same way as in Theorem 2.1, the only difference being in the
fact that we apply Lemmas 1.4 and 1.3 with ¢ = 0 replaced by arbitrary ¢ > 1. If ¢ > 0, then
the double form K é _31 (vo) vanishes for ¢ € 9D \ S because vy is holomorphic in z on the set
(v(¢),¢ — 2) # 0. Therefore, we need not approximate it uniformly in ¢ € 9D\ S by 0-closed
differential forms on the closure of D, which simplifies the proof. (I

Since formula (4.1) does not contain any limit passage, it demonstrates rather strikingly that
the Cauchy problem for the Dolbeault cohomology in D with data on S is stable, if posed in
appropriate function spaces. In particular, this includes a uniqueness result.

Corollary 4.2. Let u be a differential form of bidegree (p,q) and of class C! on the closure of
D. If moreover u is O -closed in D and 0y -exact on S, then u is O -exact in D.

Proof. Assume that u = Opp on S where g is the restriction to S of a smooth (p,q — 1) -form
in a neighbourhood of S. Let us transform the right-hand side of (4.1). On the boundary of S
which belongs to 9D \ S we can invoke decomposition (1.3) to obtain

_/u/\Iéi)Q(vt) /p/\ (—1)P+q71541(§1j.)2(11t) =

a8 a8

[on (B @) - K@) - 0.1 w0),
a8

where we write vy = (1 — t)vg + tvy for short. On the other hand, integrating by parts and using
Lemma 1.2 we get

/umy;a( _/WK;@l(m) - _/WK;% 1}1)_5/@%%1)
S S oS S
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for all z € D. Adding these two equalities yields

- / w(€) A 1Py (0r) — / Q) A KD, (vy) =

aS S

. —/p/\K,er)l(vo)—f—g —/p/\]éi)l(vt)—/p/\Ké”)(vl)
oS oS S

for z € D.

Note that the double form K (53_)1 (vp) vanishes identically away from the set of singularities of
vo, if ¢ > 0. Indeed, the determinant (1.1) contains at least one column 0., if ¢—1 > 0, and
0,19 = 0 because vg is holomorphic in z. It follows from Theorem 4.1 that

u=0 */p/\féi)l(vt)*/@/\K(gp)(ful)+h((lp)u
98 S

in D, proving the corollary. U

5. The Cauchy Problem for the Dolbeault Cohomology

In this section we interpret the above results within the abstract framework of [4] developed
in [9].

Let B be a domain in C" and S a smooth surface in B which divides B into two domains,
one of the two being D and the other B\ D. Fix 0 < p < n. Write 2P9(B) for the space of
all C*° differential forms of bidegree (p,q) in B, where 0 < ¢ < n. These spaces are gathered
in a complex 27 (B) on B endowed with the differential 0. This is just the Dolbeault complex
with coefficients in 2P, where 2P stands for the sheaf of all holomorphic p-form on B. The
well-known Dolbeault theorem says that H(2P"(B)) = H(B, 2”) holds for all 0 < p < n,
where H({2P"(B)) is the cohomology of the complex 27 (B) at step ¢ and HY(B, {2P) the gth
cohomology of B with coefficients in 2P.

Similarly we introduce complexes 2P (DU S) and 27 (B \ D) whose spaces consist of the
differential forms on DUS and B\ D, respectively, smooth up to S. As usual, by £27>'(S) is meant
the induced complex on S with differential Js called the tangential Cauchy-Riemann operator
on S. For a deeper discussion of this complex we refer the reader to the original paper [4] or to
Section 3.1.5 in [9].

To shorten notation, we write B~ and BT instead of DU S and B \ D, respectively. These
are closed subsets of B whose intersection is S.

Choose a parametrix P for the complex 27> (B) which is given by properly supported pseu-
dodifferential operators of order —1 in B. Such a parametrix is easily obtained from the standard
fundamental solution of convolution type for the Dolbeault complex on all of C™ by a familiar
construction with partition of unity in B. We thus get P9 + 0P = 1 — R on each space 27¢(B)
(actually on all currents in B).

The remainder R is a properly supported smoothing operator on B, and so its composition
with [S]%1, the (0,1)-current in B corresponding to integration over S, is well defined.

Theorem 5.1. The sequence of Dolbeault cohomology spaces

Rols]% 5
. —

HUQP(B)) 5 HUQP (B™)) @ HI(QP(BY)) % HI(2P(S))

) (5.1)
H(0P(B) —

Ro[S]%t
—

18 exact.
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Proof. See [4] and Theorem 4.3.14 in [9] which explicitly describes the binding homomorphism
in (5.1). |

The mapping 0 in the first segment of complex (5.1) is given by restricting cohomology classes
on B to those on B~ and B*. What is of greater interest in complex analysis is the mapping
§ in the second segment of (5.1). For d-closed differential forms u+ of bidegree (p,q) on B¥,
we denote by [u.] their cohomology classes in H9(2P(B*)). Then, § assigns [t(uy) —t(u_)] to
the pair ([u_,uy]), where t(uy) is the complex tangential part of ux on S and [t(uy) — t(u_)]
the cohomology class of the s -closed form #(uy) —t(u_) in H4(£2P(S)). In [4] this sequence is
called the Mayer-Vietoris sequence, a designation which stems from homological algebra.

Corollary 5.2. Suppose both H1(£2"(B)) and HI1 (2P (B)) are finite dimensional. Then
HI(QP (B7)) © HI(QP (BY)) 5 HI(27(8)) (5:2)
is a Fredholm mapping.

Proof. On the one hand, it readily follows from Theorem 5.1 that the null space of (5.2) is
isomorphic to §(H?(£27"(B))), and so it is of finite dimension. On the other hand, the range of
(5.2) is isomorphic, by Theorem 5.1, to the null space of the mapping

° 0,1
R gev v (),

HI(07(S))
and hence the range is of finite codimension. O

If ¢ = 0, the space HY(£2?(B)) is never finite dimensional, and so the additive Riemann prob-
lem fails to be Fredholm for holomorphic functions of several variables. The nonzero cohomology
classes in H971(£2P(B)) prove to be obstructions to representing any Js -closed differential form
of bidegree (p,q) on S as the difference of two 0-closed differential forms, one of the two in B+
and the other in B~.

We now turn to the Cauchy problem for the Dolbeault cohomology in D with data on §. Given
a boundary class [ug] € HI(2P(S)), find a class [u] € HI(2P (DU S)) satisfying ¢([u]) = [ug].
Obviously, the uniqueness or the existence of solutions to the Cauchy problem just amounts to
the injectivity or the surjectivity of the homomorphism

HUQP (DUS)) > HI(0P(S)). (5.3)
Theorem 5.1 reduces these questions to the vanishing of some Dolbeault cohomology.

Corollary 5.3. Assume that H1(£2P(B)) = 0. Then the mapping (5.3) is injective.

Proof. Let [u] € H1(2P" (DU S)) satisfy ¢(Ju]) = 0. Pick any representative u € 274(DUS)
of this class with du = 0 in D and t(u) = 0 on S. Consider the current % of bidegree (p,q) in
B which coincides with » in D U S and vanishes away from the closure of D in B. It is easy to
verify that 0% = 0 on all of B. Since the cohomology HY(2P(B)) is zero, there is a current g
of bidegree (p,q — 1) in B, such that dp = @ in B. An easy manipulation with the homotopy
formula shows that @ = O(P@ + Rg) in B. The current Ry is actually a C*° form in B, for
the operator R is smoothing. On the other hand, the restriction of Pa to D extends to a C*
form on DU S, for P has the transmission property with respect to the hypersurface S. Hence
it follows immediately that the class of v in H1(2?(DUS)) is zero, as desired. O

Note that, for ¢ = 0, the cohomology H(£2?'(B)) is nonzero while (5.3) is injective.

Corollary 5.4. Suppose HI1 (2P (B)) = 0 and HI1(2P"(B\ D) = 0. Then (5.3) is surjective.
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Proof. This follows immediately from the exactness of Mayer-Vietoris sequence (5.1). O

The conditions H(2P(B)) = 0 and HI (2P (B)) = 0 are satisfied for the domain B
considered in Section 4.. If moreover D fulfills H?(2?(B\ D) = 0, then combining Theorem 4.1
and Corollaries 5.3 and 5.4 we conclude that, given any uy € 279(S) continuous up to the
boundary of S and satisfying dsug = 0, the cohomology class of

u(z) = — /&S uo(¢) A I;'fz(u — t)ug + tvl) - /Suo(g) ANKD) (v1), ze€D,

in H1(2P (D US) gives a unique solution to the Cauchy problem ¢([u]) = [uo] on S.

The author acknowledges financial support of the DFG (German Research Society), grant TA
289/4-1.

References

[1] L.Aizenberg, Carleman Formulas in Comlex Analysis. First Applications, Kluwer Academic
Publishers, Dordrecht NL, 1993.

[2] L.A.Aizenberg, Sh.A. Dautov, Differential Forms Orthogonal to Holomorphic Functions
or Forms, and Their Properties, Amer. Math. Soc., Providence, R.I., 1983.

[3] AAndreotti, H.Grauert, Théoremes de finitude pour la cohomologie des espaces complexes,
Bull. Soc. Math. France, 90(1962), 193-259.

[4] A.Andreotti, C.D.Hill, E.E.Levi convexity and the Hans Lewy problem. Part 1: Reduction
to vanishing theorems, Ann. Scuola Norm. Super. Pisa, 26(1972), no. 3, 325-363.

[5] A.Andreotti, C.D.Hill, E.E.Levi convexity and the Hans Lewy problem. Part 2: Vanishing
theorems, Ann. Scuola Norm. Super. Pisa, 26(1972), no. 4, 747-806.

[6] W.Koppelman, The Cauchy integral for differential forms, Bull. Amer. Math. Soc.,
73(1967), no. 4, 554-556.

[7] M.Nacinovich, B.-W.Schulze, = N.Tarkhanov, On Carleman formulas for the Dolbeault
cohomology, Ann. Univ. Ferrara, Sez. VII, Sc. Mat., Suppl., XLV (1999), 253-262.

[8] I.Shestakov, Explicit Carleman formulas for the Dolbeault cohomology in concave domains,
Mat. Zam. (submitted).

[9] N.Tarkhanov, Complexes of Differential Operators, Kluwer Academic Publishers, Dor-
drecht, NL, 1995.

Tounass popmyna Kapaemana ajist koromoJgioruii /1oap060

HukoJgait TapxanoB

Hszywaromes popmyanvt, Komopvie 80CCMAHABAUBAIOM KAALCC KO20MOA02Ul oavbo 6 obaacmsax us C" no
UT 3HAYEHUAM HA OMEPLIMOT wacmu eparuybl. Onu Haswearomces gopmysamu Kapaemarna no umenu
MATNEMAMUKG, KOMOPHIL HAWEA UL NEPELIM 6 NPOCMETWEM CAYUGE OAA NPOBAEMDBL GHAAUTIUNECKO20
npodoastcenus. Jas GyHKUUG MHOZULT KOMNAEKCHBIT NEPEMEHHBIT Hau, 100Tod daem npocmelwyro Hop-
MYAY OAS GHAAUMUYECKO20 TPOJOAHCEHUA C HACMU 2paruyd. 1Ipobaema npodoadtcernus s K020Mmon02Ul
Loav60 neostcudanho yemotiuuea 68 NOAOAHCUMENDHBIT KAUCCAT, ECAU HANAAHBLE JaHHbE JA0MCS Ha G0~
2nymot wacmu eparkuyst. B amom cayuwae daemcsa mounas dopmyaa npodostcenus.

Karouesvie caosa: 8—onepamop, K0O20M0N02UU, UHMESPANDHDBLE &OpMy./LbL.
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