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We investigate the solutions for the following nonlinear degenerate parabolic equation in non-divergent

form with density
n O m _
|z 6—1; =u"div (|Vul? 2 Vu)
We discuss the properties, which are different from those for the equations in divergence form, thus
generalizing various known results. Then getting a self-similar solution we show the asymptotic behavior
of solutions at t — oco. Slow and fast diffusion cases are investigated. Finally, we present the results of

some numerical experiments.
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Introduction

We consider the Cauchy problem for a parabolic nonlinear equation in non-divergent form
with density

|x‘n % = u"div (\Vu\p_z VU> s (x’t) c RN X RJ’_’ (1)
u|t:o = Up (:U) >0, xRN (2)
(p—2)(N+n)+p+n

for real numbers p>1, 0 > m <

PN and nonnegative integer n.

The equation (1) describes many physical problems such as dispersal mechanisms on specials
survival, plasma physics, damage mechanics and curve shortening flow, see [11-13].

The equation (1) may be degenerate at the points where v = 0 and Vu = 0. So we can-
not expect to have a classical solution in general, we consider only weak solutions which are
nonnegative and in the following weak sense.

Definition 1. A nonnegative function u(z,t) is called a weak solution of (1)-(2) if u satisfies

1) we L1 (Qx (r,T)), u € L2_(Qr), |[u[™ PV vu, [u™ PP vue Lr(Qr)

loc

for¥r € (0,T) and a bounded domain Q C RY with smooth boundary, Qr = Q x (0,T);

T
2) / / (u%f — |Vu|P? Vuv (umgo)) dxdt + / uop (0, ) do = 0;
0o Ja Q

3) ulo,myxe0 = 0;
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4) forall0 <@ € C* (1) ¢lo,m)x00 = ¢li=r = 0.

The properties of the solution to the problem (1)—(2) depend on the values of the parameters
of the equation (1). The cases m = 1 or p = 2 (i.e. p-Laplacian equation and porous medium
equation) were thoroughly studied by many authors (see e.g. 9,10, 18]).

For 0 < m < 1, the definition v(z,t) := (1 — m)le ul=™(z,t) transforms (1) into a reaction-
diffusion equation with double nonlinearity in divergent form, which has been studied in [1].

The existence of a unique so-called viscosity solution of the Cauchy problem (1)—(2) for
p = 2, was proved in [14]. The authors investigated both viscosity sub-solutions and viscosity
sup-solutions for a short time interval. Giving the requirements for the initial values and defining
the solutions in a specific way they showed a property of uniqueness for the viscosity solutions
which is missing for classic and even other weak solutions.

Indeed, existence of week solutions and also uniqueness have been established in most cases
for divergent form equations using various techniques [9, 10], but these results do not hold the
non-divergent equation (1). Dal Passo and Luckhaus claim that for the case p = 2 uniqueness
fails since for every T' > 0 a weak solution with extinction time 7. They just got a unique
maximal solution and showed that its support remains constant [5]. However, in [12] a counter
example was shown by Ughi, who has proved uniqueness of the. This phenomenon was fully
discussed later in a cooperative work of these authors [2]. Also, non uniqueness was investigated
for p>1,m=11n [17].

The support of solutions of the equation (1) will never expand at m > 1, while it is known that
the equations in divergence form have the property of the finite (or infinite) speed of propagation
of disturbance [5,12,14].

The aim of this paper is to find some self-similar solutions, which can be constructed in two
ways: forward and backward, then to prove that all solutions satisfying equation (1) has the
following asymptotic:

pt

f —co (a - b§p:1L>p+m72 at & — (a/b)(p_l)/(p+") if b>0 and £ — 0o when b <0, (3)

where C is an arbitrary constant.
We will study self-similar solutions of the equation (1) in the form

u(z,t) = (t+1)""f(£),

where ¢ = (t+1)7? |z| and a = 1=6p+n) satisty the following
m-4+p—2
mel—N d N—1 df P2 df n+1 df ne o
e d§<£ € d§>+ﬂ€ d—eraf f=0. (4)

In the recent work [7], for the equation (1) without density was obtained the the same self-
similar equation.

1. Asymptotic behavior of the self-similar solutions

In accordance with the statement of the original problem we will consider nontrivial, nonneg-
ative solutions of the equation (4) satisfying the following conditions:

f(0)=0, f(o0) =0. ()
An exact solution for the problem (4)—(5) can be obtained a solution of the following form
f(&) =(a—b")2. (6)
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The solution of this form first was found by Zel’dovich, Kompaneets and Barenblatt in 1950
for porous medium equation [19]. Hence, these type of solutions usually are named as ZKB
solutions.

A constant a is arbitrary and positive, but it is advisable to choose it when

a’? > ug(z), Vo € RV,

Notation (s), = max(0,s) is used to show that we are searching the solution with compact
support for initial value problem (4), (5).
The constants b, v and -, will be defined after substituting (6) into (5) which yields

— ()’ (N =14+ (m 1) (p—1)) if(“_l)(p_”‘l(a — bgn)rmtp-Ha-1)

erp,yllﬂ,yg*l (p—1)(y2 —1) !{(71*1)(p*1)*1+71 (a— bf%)ﬁzmﬂpfl)(wfl)*l _

1, 1=B(p+n)
_ Y1+n _ pev1)v2—1
By M by P

"(a—bEn)z =0.

Considering that the first and the third terms are as the second and the fourth ones respectively,
we can define vy, and 2 by equalizing relevant powers,

_p+tn
m-De-D-1=n __ ) "7 p-1
Yem 4 (p—1) (12 = 1) = 72 gy = L1
2
p+m—2

we came to the following form
p+n b p+n _
/P — 1— — Bb AN (0 perr)r2—L
[(p—i—m—Q) ( m) 5p—l—m—2“£ (a = b¢™) +

1-flp+n) (, ptn
m-+p—2 p+m—2

) ) (N +n)| gr(a—bén)r =0.

This equation is true only if both coefficients are zeros, i.e

8= <bp+”)p1 (1-m),

p+m—2

1-06(p+n p+n p—1 ==
m+(p_2)(bp+m—z) (N+n)
_ 1—-m
= N -+ A -mpTn)
=> b_p+m_2 1 1/(p—1)
 p4n [(N+n)(m+p—2)+(1—m)(]9+n)

We defined not only b, but also 8 which is positive in case 0 < m < 1, and negative if

—2)(N
1<m<(p I +]7”<7)+p+n and p> N.
p—

Above we considered p+m — 2 # 0. For other case we have to find the solution of this form,

f§)=cCe.
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By using the above calculations we can obtain the following general exact solution,

p—1
7oy (a—bf%)wmﬁ7 if m+p—2+#0

(&) )+ ;o =+, (7)
exp (—c&)r1 | if m+p—2=0
where a > 0,
_ptm=—2 1 T A A
"= p+n ((P+m—2)(N+n)+(1—m)(19+n)> ’ ( p ) {(2)(19—1)]’

1-m
g ) orm =2 (N 4w+ (- m)p+m)

, if m4+p—2#£0,

p
1—
1=Bdn) s po2 20,
o= mj\—fi—p—Q
, if m+p—-2=0,
p(p—1)

are given constants.
We can conclude that the support remains constant in time at 8 = 0, while for 8 > 0, the
supports keep shrinking and asymptotically go to a single point as t — oo as stated in [7].

1.1. Slow diffusion (case m+p—2>0)

The solution (7) is also a sub-solution as it satisfies the condition

p—2 df

af > + ﬂg”*lﬁ +ag"f <0.

dg

dg dg dg

nd ,
fmgl N (EN 1
We will show that the function (7) is an asymptotic of all solutions of the problem (1)—(2) where
p>2—m, 0<m<1.
We will find solutions to the problem in the following form

— +n
FO=F© wm, n=-m(a-bT), (8)
where 0 < w(n) < 1 for all n in [—In(a); +00). It is easy to see that
oy 27
§—>(5)7 at n— 4o00.

After the transformation (8) the equation (4) becomes

w™ <|Lw|pf2 Lw)/ - <(1—m)(p—1)> w™ |Lw|P~? Lw+

p+m—2
b+ \ T b
+ (N +n) < (p—l)) pamp—_ |Lw|”™" Lw+ (9)
(p—1)\"" (p—1)\" be"
—— L =
H3<b(p+n) o tn)) amen? =0
where )
Iw=w ——2"~ 4
p+m—2
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At first, we will show that the solution of the equation (4) has finite limit wqy at n — +o0.
Let us take the function
9 (n) = |Lw[’~? Lw.

Then the equation (9) is transformed into

w = Lw + 99720
p+m—2 X
,_ (A =m)(p—1) bip+n)\ "' be "
19<p+m—2_(N+n)<(p—1)> a—e—ﬂ>19_ (10)
-D\" e, (=D b
_5((p+n>> w Y O‘(b@m)) a_en

Lemma 1. Assume that 0 < A; < Ay, 01 < 03l <0, and let (wy1,91), (we,92) be the solutions
of the system (10) with the initial value conditions w; (no) = As, 95 (o) = oi(i = 1,2). If wy
and wy are positive in [Ny, 00) then wy (n) < wa (n), Y1 (n) < J2 (n) for any n € [no, 00).

Proof. As 0 < wi (no) < wa (no), ¥1 (o) < I2(no) <0,

p _
ws (10) = me (110) + [92 (0)[P~* V2 (o) >
— 1 B
2w Om0) + 101 ()" 01 () = wh ().

We came to w} (1) > w} (no). Then there must exist a constant § > 0 such that wy (1) < wa (),
%1 (n) < Y2(n) on [no;no + 6]. By repeating this process many times we can conclude that
wy (n) < ws (n), Y1 (n) < I3 (n) conditions true for all n € [ny; o). a

Lemma 2. Assume that 0 < Ay < Ag, 0 > 01 = 02, and let (w1,91), (w2,92) be the solutions of
the system (10) with the initial value condztzons w; (o) = Ay, 9; (o) = oi(i = 1,2). If wy and
wey are positive in [Ny, 00) then wy (n) < wso (n), 91 (n) = I (n) for any n € [ng, 00).

Proof. From the hypotheses we have

92 (o) — <(1p_+m)m(p__21)> Ba (o) + (N + n) ( > ab_e;nnﬁz (o) = s (o) =

-+
( —
) e
= (2D i ) (1l 2z9+p+— (no>)
=3 (20" i ) utt) < i ( >) 217201~

((p+n) alfennwiim _— ( )> (no) wy (o) =
=1 () ‘(W)ﬂ( o)+ (N + )(f )))_1 b (o) = B (o)

p+m a—e~"m

which means that 9% (ng) < 9} (1n0), wh (no) > wj (no). Then considering the proof of Lemma 1
we have wy () < wa (1), Y1 (n) > 92 (n) for all n € [ng; 00). O

Theorem 1. Let p > 2 — m, then finite solution of the problem (4)-(5) has asymptotic

-1

e (5)7
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Proof. We first show that the solution of the system (10) has finite limit wg at n — 400 We
know that the function w, is bounded. So it is enough to prove that it is monotone nonincreasing
in [no;00). Let us take w = 1, we can see that it is a sub-solution from (8). Then for other
solutions wy (1) we have wj(n) < 0. That means that any solution is nonincreasing in [ng;71),
for any m1 > no, where difference n; — no sufficiently small. By consideration Lemma 1 and
Lemma 2 we can find two solutions wi, we such that wy (1m1) = wa (n0). We can conclude

wi (1) = wi(no)-

From the arbitrariness of 7y, we see that w; is monotonic in [ng; c0). Thus, it has limit at n — oo.
Here taking into consideration that

be™"

lim —0,w =0
n—+oo q— e~ "
a 2(p—1)
in (9) we will get the following algebraic equation at £ — (3) "
—1 p—1
p—1 b +p—1 (p—1)

1-m) (| —2—— mip=1_g( L2 =0.

( m)<p+m—2> v ’ b(p + n) “
Calculating the one gives w = 1, considering (8) the theorem has been proved. O

1.2. Fast diffusion (case m+p—2<0)

In this case we have different families of solutions, oscillating near at & = +o00, see for
example [9,10]. For every of these families there is a constant C from (3). These kind of
solutions are called eigenfunctions [6]. Upper solution for the problem (1)—(2) is obtained by
nonlinear splitting [3].

0 (¢) =A(a+§§’i"f>_ﬁ’

ptn

where A = <
2—m-—p

)%Wﬁummwn><N+m@me*Wﬂ>“

(n+ N)(1—m)

Th 2. Letp>14 —F———
eorem et p + —maintN

m < 1, then finite solution of the problem (4)-(5)
has asymptotic f ~ 6.

Proof. Let us insert new transformation to (4)

F©O=0© wm, n=m(at+eT), (11)

admit that
n— +oo at & — 4o0.

After the transformation (11), we have

i (le|Pf2 Lw) _ ((1 —m)(p— 1)) w™ |Lw|1)*2 Luw+

dn 2—m-—p
-1 1 _
+(N+n)£+n ™ L Lt (12)
p—1 P
Lpazrm (PTLNT O aeeem (P LAy
p+n p+n) 1—ae "
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where
p—1

Lw=wvw — —"—
w=w S —

Taking into the consideration that w(n) has a finite limit (see the proof of Theorem 1) and

1
lim —— =1, w' =0
n—+oo 1 —ae="

we come to the following algebraic equation

1o (2 ) w25 () e

-1

_ 2—p—m b — 1 b p_l 2—p—m p_l b —

GA +aA — 0
p+n 2—m—p p+n

at 1 — +00. The last one gives w=1 and on behalf of (11) we have proved that f ~ 6. o

2. Results of numerical analysis and a visualization

The main difficulty of numerical research for the problem (1)—(2) arises from the non-
uniqueness of solutions. To choose right initial data is important on the process of calculations
and for testing purposes of numerical analysis we can utilize the exact solution (7) to get initial
and boundary values. The asymptotic formula (6) will provide the similarity of the behaviour of
solutions to the exact solution (7).

Numerical experiments show properties of solutions clearly. We can see on Fig. 1. extinction
solutions for fast and slow diffusion cases. Speeds of perturbation are finite for these cases and
we can see how they slow down and maximal speed is at ¢t = 0.

m:umdivtlgrﬂd(u)\wzgrad(u)) non-divergence form m=0, p=1.5 uFumdlv(IQrad(u)IF‘Qgrad(u)} non-divergence form m=0, p=25

—t=0
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t=0.4
—t=0.6
t=0.8
t=1

2
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Fig. 1. Divergent cases: a) fast diffusion case; b) slow diffusion case

The figures for non-divergent cases are quite different. Fig. 2 shows that if 5 = 0(or m = 1),
the support of the solution of the problem (1)—(2) remains constant in time. Pay attention to
two fixed points on the front of the graph a. If 8 > 0 (or m > 1), we get shrinking solutions,
which asymptotically go to a single point. (Fig. 2, b) It shrinks with a finite speed that also slow
down and has maximal speed at ¢t = 0.

For numerical analysis has been used tridiagonal matrix algorithm. The results of numerical
experiments show fast convergence of iteration process (iteration doesn’t exceed of two).
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u(t,x) temperature

ut=u"div(|grad{u)|P2grad(u)) nen-divergence form m=1, p=3 ut=u"div(|grad(u)|® Zgrad{u)} non-divergence farm m=1.5, p=3

=0
=02
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0.9 0.9~

08+ 08r

07 07

06 061

051 0.5+

u(t %) temperature

04r 04F

03+ 03r
02+ 02r

04+ 01

Fig. 2. Non-divergent cases: a) support remains constant; b) support shrinks
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CsoiicTBa pentennii ogHoi 3agaun Kormm HeJImHEITHOTO
nmapadoImIecKoro ypaBHeHnsI B HeAMBepreHTHoil dpopme
C IepeMEeHHOI IJIOTHOCTHIO

2Kaxonrup P. Paumb6ekosn

B dannoti cmamove usdyuwaromcesa ceoticmsa pewenuls 00rot 3a0a4U HeAuHetHo20 napabosuteckozo ypas-
HEHUA 6 Hedusep2enmHol opme ¢ NEPEMERHOT NAOMHOCTIDIO

||™ 9u _ u" div (|Vu|p*2 Vu).
ot
O6cyotcdaromes ceoticmea peweHutid OMAUNHBLT 0N, MET, KOMOoPbe NPUMEHUMDL OAL YPABHERUT 6 Jusep-
2enmnotl opme. OchosHas ueadb 0aHHOT CMaAMbU — GHAAUS ACUMNMOMUNECKUT NOBEOEHUT HA 0CHOSE
NOAYYEHHBLT ABMOMOIENDHBLT PEUWEHUT OAA CAYAA 6vIcmPot U medaennotl dudpdysun. Jucaennovl ana-
AU3 peuterut] 6bia NOAYUEH HA OCHOBE MEX JHCE ABTMOMOJEALHBIT NPUOAUNCEHUT, BUIYAAUSAUUA KOTODHLT

ompasicaem psad ceolicmaeb Komopwvie 06cysHcaomes 6 cmamowe.

Karoueswie caosa: Heaunetinoe suipostcdarouseecs napabosuveckoe ypasHerue, HeOusep2eHmHas Gopma,
asmomodenvroe peueHue, GCUMNMOMUKG PeueHul.
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