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The Cauchy problem for multidimensional difference equations in rational cone is formulated and suf-
ficient condition for its solvability is given. The notion of multisection of multiple Laurent series with
the support in a rational cone is defined. The formulae which express any multisection through original

series are presented.
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Introduction

In this paper we discuss some issues related to the Cauchy problem for multidimensional
difference equations whose solutions are sought at the intersection of rational cone K with integer
lattice. Methods of the theory of generating functions (z-transformations) play an important role
in the study of the Cauchy problem. Problems of solvability of the Cauchy problem in the positive
octant of the integer lattice and the algebraic nature of the generating function of its solution
are studied in [1]. When passing from positive octant to more general case of a rational cone
difficulties arise. They are associated with the fact that the cone K, in general, not unimodular.

In the first section we formulate the Cauchy problem and provide the sufficient condition for
its solvability (see Theorem 1). The multi-dimensional analogue of the notion of the multisection
of a power series helps us to overcome mentioned above difficulties in study of generating functions
(series) with supports in rational cones. This multi-dimensional analogue is defined in the second
part of the paper. Relation that represents the multisections of the series in terms of the original
series (see Theorem 2) is also presented in the second part of the paper.

1. On solvability of the Cauchy problem

Let us introduce complex-valued functions f(x) = f(x1,...,2,) of integer variables
Z1,...,Tn. We define the shift operators 0; with respect to the variables z;: §,f(z) =
flx1, .. xj-1,25 + 1,241, ...,2,) and polynomial difference operator of the form

P() =" cud*,
weN
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where  C Z" is a finite set of points of n-dimensional integer lattice Z", §* = 07 --- - - 0¥n and
¢, are constant coefficients of the difference operator.
Let us consider the difference equation of the form

PO)f(z) = g(z),x € X, (1)

where f(z) is unknown function and g(x) is a function defined on some fixed set X C Z™. Subset
Xo C X is called the initial (boundary) set. Let us formulate the problem.
Find function f(x) that satisfies equation (1) and the following equation

f(@) = ¢(x),z € Xo (2)

for a given function p(z).

It is naturally to designate this problem as Cauchy problem for equation (1) and function
¢(z) in condition (2) is designated as initial data of the Cauchy problem. The existence and
uniqueness of solutions of the Cauchy problem depends on all objects involved in the setting this
problem: the difference operator P( delta), set X on which we define function g(x) in equation
(1) and set X on which we define the initial data ¢(x).

We are interested in problems of the form (1)—(2) that arise in combinatorial analysis. Dif-
ference operator in the one-dimensional case (see [2,3]) is given by P(0) = i Cwlu, Cm # 0,

w=0

the set X is the set of non-negative integers Z; and the set Xo = {0,1,...,m — 1}. Under
these conditions problem (1)—(2) obviously has the unique solution. In multidimensional case we
usually have X = Z7} and the choice of set Xy depends on the properties of the set {2 on which
the characteristic polynomial P is defined. The problem of correct formulation (formulation that
ensures the existence and uniqueness of the solution) of Cauchy problem in the positive octant
77 of the integer lattice for difference equation (1) was studied [1]. In addition, there was studied
the algebraic nature of the generating function of solution of the difference equation.

In this paper we study the problem of solvability of Cauchy problem (1)—(2), that is, the
problem of existence and uniqueness of the function f(z) that satisfies (1)—(2). The function is
defined at integer points K N Z"™ of rational cone K. Let us give some needed notations and

definitions.
Let us assume that a',...,a" are linearly independent vectors with integer coordinates a’ =
(al,...,a)), al € Z. Rational cone generated by the vectors a',...,a" is the set K = {z € R :

z=Ma' 4+ -+ \a”, Aj €Ry,j=1,...,n}. Let us note that this cone is simplicial cone, that
is, each element of the cone is uniquely expressed in terms of generators. In addition, simplicial
cone is also salient cone, that is, this cone contains no lines. Let us introduce matrix A. The
columns of this matrix are composed of the vectors a’ and A = det A. If A = 1 then the cone
K is a unimodular cone.

Let us define a partial order % between points u,v € R™ as follows

uzvesucev+ K,
K

where v+ K is the shift of the cone K by the vector v. In addition, we write u 2 v if u € K\{v+K}.
K

Let us fir m € Q and specify problem (1)—(2) as follows: we take the intersection K N Z"™
of rational cone and the integer lattice as X and Xo = {x € K NZ" : x #m}. Let us find a
K

function f(x) that satisfies the equation

P f(x)=g(x),z e KNZ" (3)
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and coincides with the given function ¢(z) on set Xo:

f(x) = ¢(z),2 € Xo. (4)

In the positive octant Z7 of integer lattice (that is A7 = €7, ¢/ — unit vectors, j =1,...,n)
degrees of monomials z” on the set of variables are defined as follows x1 4+ x2 + dots 4+ x,, and
degrees of the monomials are the same when their exponents lie on the hyperplane z; + xo +
-4z, =d. Note that v = e' +e? +--- 4" is normal vector to this hyperplane. In the case of
an arbitrary simplicial rational cone generated by the vectors a',a?,...,a™ it is natural to take

v=a'+a?+---+a" and denote (v, ) = V121 + -+ + VpTp.

Theorem 1. If for any w € Q the condition (v,w —m) < 0 is fullfield and m is the only point
of Q, which lies on the hyperplane (v,xm) = 0, then problem (8)-(4) has the unique solution.

The proof of theorem 1 is reduced to the solvability of an infinite system of linear equations
with an infinite number of variables. The system has a feature: each equation contains only
a finite number of unknowns. Such system is consistent, if any system of a finite number of
equations is consistent (see, [4], Ch. 6, Lemma 6.3.7). We construct sequence of subsystems
(3)—(4) that consists of a finite number of equations. These subsystems are arranged so that
each following subsystem includes all equations of the previous one. Because of the mentioned
above lemma the compatibility of each of these subsystems consistency means that system (3)—(4)
is consistent.

Let us introduce the relation ; on the lattice points of rational cone K. If < is the relation

of lexicographical order in Z then for x,y € K NZ" we define the ratio ; as follows
T ;y & AA s < AAT Yy,

where A~ is the matrix inverse to A and A = det A.

For the vector v we consider the linear in x function (v, z), x € K. We form the set of its
values on the points of the set KNZ™ in orderly pattern and designate it as S. Note that S C Z
because v is in the dual cone to cone K. We defined weighted lexicographic ordering <I on the
set of lattice points of the cone K as follows. For x,y € K NZ" the ratio x < y means that
(v,z) < (v,y) and if (v,x) = (v,y) then x pi2

Let us take some s € S. Unknown elements of the set are numbered by J, = {y € K NZ" :
(v,y) < s} and equations are numbered by elements of two sets Iy = {v € KNZ" : (v,z) <
s—{(v,m)} and I, s = {u € Xo : (v, ) < s}. Points x of the set I, « » are assigned numbers of
points m+x inJs. Points x of the set I, are numbered in the same way as points m+z € J;. We
denote number of elements of a finite set M by # M then it is easy to see that #I;+#1,, s = #Js.
Thus, we obtain a system of linear equations for the unknown f(y), y € Js of the form

chf(x—kw):g(x),xels, (5)

weN

f(N) = 50(/14)3 JIRS Im,s- (6)

Determinant of system (5)—(6) is denoted by Am, s.

Proof of Theorem 1.

All elements in the rows of the determinant A,, ; but one are equal to zero. This element
is equal to one and it lies on the main diagonal. This follows from the algorithm of ordering of
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unknowns and equations of system (5)—(6). Consider the rows of the determinant corresponding
to equations (5). Firstly, only c,, are equal to zero. Secondly, it follows from the conditions of
Theorem 1 that w < m, w € Q,w # m then z+w < x+m. So in the rows of the determinant that
corresponds to equation (5), the last non-zero element is ¢,,. Element ¢, stands on the main
diagonal because of the equation has the number x 4+ m and number of unknown is y = x + m.
Thus, A, s is the determinant of a lower triangular matrix. Non-zero elements c,, are on the
main diagonal of the matrix, that is, A,, ; # 0 for all s € S. O

Note that in the case K = R’} theorem 1 is proved with the use of other method (see [1]).

2. Multisection of Laurent series with the support
in a rational cone

We recall the notion of multisection of power series in the one-dimensional case. For a fixed

positive integer ¢ we define the k-th g-section T} , of series G(§) = Y g(j)&’ as follows
§=0

Tk»qG(g) = Zg(k +jQ)§k+jq7 k= Oa 13 sy q = ]-a
7=0

where T}, 4 is a linear operator acting on the ring of formal power series C[[¢]]. It is known that
every k-th g-section of series is expressed through the original series (see [5]) as follows

q
T1oG(€) = équ"“‘G(r%),k=0,1,...,q— 1, (7)
j=1

where 7 is a primitive ¢-th root of unity, that is 7?7 = 1,r # 1.

Let us note that multisection is used to prove identities with binomial coefficients and the
Bernoulli numbers [5]. The need for a multi-dimensional analogue of the notion of multisec-
tion multiple series arises in the study of the Cauchy problem for multidimensional difference
equations (see [1,6-9]). In particular, this is the case when supports of generating functions of
equation solutions is in rational cone. Generating functions are naturally divided into the sum
of multisections. The question arises as to whether the original series and multisections are of
the same class, for example, the class of rational or algebraic functions. Let us introduce some
needed notations and definitions.

Let A={z €Z": 2= M\a'+...+\,a", \; € Z,i =1,...,n} be sublattice of Z" generated by
the vectors al, ..., a". We fix 7 € ANK and introduce p = (y1, ..., fin), where p; are coordinates
of 7 in the basis a',...,a™. We denote by I, the parallelotope II, = {z € R" : O%x ;7'} and

denote by A, = {z € Z" : x = Muia* + ... + Mpna™, N\; € Z,i = 1,...,n} the sublattice
of Z" generated by the vectors uial,..., u1a". Next, we assume that v are points with integer
coordinates that belong to parallelotope II.. The number of points is equal to the volume of

parallelotope Vol(Il;) = py ... pp, A™. It is obviously that | (v+A;) =2Z".
vell . NZ"
Let Ck|[2]] be the ring of Laurent series of the form F(z) = >  f(x)z*. Then, the v-th
A
T-section of multiple Laurent series F(z) is a series of the form

ToFE) = Y f@) 5)

zeKN{v+A;}

- 187 —



Tatiana I. Nekrasova On the Cauchy Problem for Multidimensional Difference Equations in Rational Cone

It is easy to see that any series F'(z) from the ring Cx[[z]] can be uniquely expressed as the
sum

Fiz)= 3 TurF(2). (9)

vell.NZn"
The following theorem generalizes relation (7) to the case of multiple series.

Theorem 2. Every v-th T-section T, F(z) is expressed in terms of the original series F(z) as

follows
1

T, F(z) = ———
O = A

> RTOIR(R ), (10)
J
where R = (R1,...,Ry), Rj #1, j=1,...,n is some solution of the system of equations

RMO =1, i=1,...,n, (11)

and J = (J1,---,Jn), 1 < j1 < w1, ..., 1 < jn < ppd\, where p; are coordinates of T in the

basis a,...,a™.

From (10) we immediately get
Corollary 1 If the series F(z) is a rational (algebraic) series then the series T), - F'(z) for any
7€ AN K and v € I, is rational (algebraic) series.

Let us consider first the case K = R, that is, the case of multiple it power series. Let

€= (&, &) €T & =€ - We fix ¢ = (q1,--.,¢) € Z7 and consider the
half-open parallelepiped II, = {z € R} : 0 < < ¢}. Number of points k € II, N Z™ with
integer coordinates is equal to #II,NZ" = q; - ... g,. Integer lattice Z" can be written as Z" =

U (k+¢gZ"), where the union is taken over all shifts of sublattice ¢Z™ = (1) X - - - X (g, Z)
keIl Nzn

by vectors k € II, N Z".
Let us denote

F(&) =Y hNE e ). (12)

XezZ:

Then from (8) we obtain
ThoF(§) = > hNE

Aek+qZT

Theorem 3. For k-th g-section of the power series (12) the following relation

Ty gF (&) = ﬁ > RO E@e), (13)
S

is valid, where J = (j1,...,Jn), 1 < j1 < @1, - 1 < jn < qp, 7= (T1,...,70) and rj is a
primitive g;-th root of unity.

Proof. Tt is easy to verify that the k-th g-section of the power series (12) can be written as
T g F(€) = Y Ay ki + @iy Ju)&0 - &0, (14)
jezr

Note that the last equality can be taken as a definition of multisection.

Sequential execution (composition) of ¢;-th and ¢;-th sections is designated as Tl; : © T,gj 0

It should be noted that operation o is commutative and associative.
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For k = (k1,...,k,) and ¢ = (q1, ..., @n) the k-th g-section of multiple power series F () is
the following series

Tk’q}—(g) = Tklh(h 00 Tl?mqn]:(g) = Z h(k + Qj)karqi.

JELY
Using (14) and n times (7), we obtain

T F(€) = Ti, g 0+ 0 T}, 4, F(€) =

—_ gl n—1 . . . 7 Jn_1 k 4 -
_Tk?h‘h o OTn 1:qn—1 z :h(jlv"'7]n—1akn+Qn]n)§1l S andn

JGZi
dn
_ 1 n—1 § : qn—knJ Jn —
_Tkl,ql Tn 1,qn— 1 rn nin 517"')577,7177“"571)_
™ jn=0
qn—1
_ 1 n—2 qn— 1 kn—1jn—1
_Tk1,41 °© OTkn 2:0n-2 ¢ Z Tn X
n—1 .
In—1= =0

dn

qu Z T‘In_knjnf<£l7 e nea, rjn—1§n_17rjn§n) _

Jn=0
1 qn—1 qn
—k _1—kn_1j - .
- E fh 11 . E ,rgln_ll n—1Jn—-1 _— E TQn n]nf(rjlgl T-]n 1€n_1’7aJn§n) —
n—1 .
.71 =0 Jn—1=0 ]n—o

-t Z PRI F(pl¢),
qi1:-.-"Qn K

O
Now we apply (13) for the proof of Theorem 2.
Proof of the Theorem 2. We show that (10) is equivalent to (13) after some transformations.

On the left hand side of (10) we introduce the change of variables 24 = ¢, where 24 =
1

1 n n
(20" oznm, 20t oo zn). Let us denote k = AA'v, ¢ = AA7'7 and note that ¢ = Ap.
A
After change z = —— of summation index z € KNZ" on A € |J (t+ AZ%}), where

A telanzr
IIah ={y € R": 0<y < (A,...,A)}, we obtain

T, F(z) = Z f(x)z* = Z flo+ANG /L)zv+A’\®” _

ze{v+A;}INK NEZLT
= > Ak+A)\® A) FARFANOR (15)
AGZ"

Next, we denote

f(AN), ifae U (@(t+Azy),
h()\) — tellaNZ™
0, it A¢ U (t+Azy).

tellanNzm™

Then relation (15) becomes

> hk+qONETON =T g Y h(NEN = Ty ( F(€).

XeZn xezn
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Now we do the same change of variables z4 = ¢2 on the right hand side of (10)

1
———— ) RYE(RI2) =
M. ,U/nAn ; ( )
_ 1 L Agq—L AKGOJ 1 Jian Lar
= A 2 RRE S ARV AN
n J xe U (t+AZ7)
tET A NZ™
_ ;Z q—koJ Z f(lA/\) ‘”@ B
N M1 .. An " A r =
" J X6 U (t+Azn)
tETT A NZ™
1 1
= qufk@] Z ROt = —— qufm']]:(r‘]f).
q1..-q4n 7 )\621 qi---qn -

Thus, by theorem 2 we find that the right hand side is equal to the left hand side

1
Ty o F(€) = > riFOTE(r ).
kg F (8) Qo S (r’¢)
After returning to the variable z we find that relation (10) is valid. a
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O 3azmade Komm 11T MHOTOMEPHBIX Pa3HOCTHBLIX YpPaBHEHUIA
B pPallMOHAJIbHBIX KOHYCaX

Tarpauna V. HekpacoBa

Cpopmyaruposana 3adava Kowu 0as MHOZOMEPHVIT PASHOCTHBLE YPABHEHULT 8 PAUUOHAALHVLL KOHYCAT,
daro docmamounoe ycaosue ee pazpewumocmu. Onpedeserno NOHAMUE MYABMUCEKUUL KPAMHBLET PAJ0S
Jlopara ¢ nocumenamu, AEAHCGUUMY 6 DAUUOHAALHOIT KOHYCAT, U NPUBeIena Popmyara, 6vbLpaiHCaouLas
BCAKYIO MYNDTMUCEKYUUIO YEPES UCTOOHBLL PAO.

Karoueswie caosa: 3adaua Kowu, payuonasvroui KoHYC, Npoudsodawas GYHKUUAL, MYALMUCEKUUA.
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