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It is proved that G2(Z) is generated by three involutions. Two of these involutions commute.
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Introduction

The main result of this article is

Theorem 1. The Chevalley group Go(Z) over the ring of integers Z is generated by three invo-
lutions and two of these involutions commute.

Theorem 1 answers the question formulated by Ya.N.Nuzhin [1, question 15.67] for the
group Go(Z) :  What adjoint Chevalley groups over the ring of integers are generated by three
inwvolutions, two of which commute?

This problem has not been solved. We just know that groups SL,,(Z), n > 14 are generated by
three involutions, two of which commute [2|. Groups PSL,,(Z) are generated by three involutions,
two of which commute when n > 5 [3]. Note also that adjoint Chevalley group Bs(Z) is not
generated by three involutions, two of which commute. It follows from the fact that group
PSp4(3) is not generated by three involutions, two of which commute [4].

1. Notation and preliminary results

Let ® be a reduced indecomposable root system. Let us denote adjoint Chevalley group over
a field K by ®(K). This group is generated by root subgroups X, = {z.(t) | t € K}, r € ®.
Let us denote special linear group by SLy(K) and subgroup generated by the set M by (M).

Lemma 1 ( [5, Theorem 6.3.1., p.88]). There is a homomorphism from SLs(K) onto subgroup
(Xr, X_r) of ®(K) such that
1 ¢
< 0 1 ) — xT(t)?

1 0
( foq ) — z_(t).
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Then K* is the multiplicative group of the field K. Let us assume that

ne(t) = ()2 _. (=t~ Yz, (),
he(t) = n.(t)n,.(—1),
n.=n.(1),r € ®,te K*.

With conjugations the diagonal elements act on root elements as follows:
by () (w)h, ()71 = 24 (tA=u), (1)

where A,.; = 2(r,s)/(r,r) and (z,y) is the scalar product of vectors z,y.

Let H be a diagonal subgroup of a group ®(K) generated by elements h,.(t), r € &,t € K*.
Let N be a monomial subgroup of the group ®(K) generated by H and elements n,, r € ® and
let W be a Weyl group of type ®.

Lemma 2. The Chevalley group ®(R) over an euclidian ring R is generated by the root elements
x,(1), r € £11, where I is a fundamental root subsystem of the root system ®.

Proof. Let us assume that G = (x,(1) | r € £II) then n, € G for r € £II. Fundamental
reflections w,., r € II are images of elements n,, r € II under homomorphism from N into W.
Elements w,, r € II generate the group W [5, Proposition 2.1.8, p.17]. Hence ns € G for all
s € ®. Since

nszr (gt =z, () (£t)

and group W acts transitivly on the roots with the same length then z,.(1) € G for all r € ®.
By consequence 3 from [6, c. 107] group ®(K) is generated by root elements (1), r € ®, hence
G = P(K). O

Next we need 7-dimensional matrix representation of the Chevalley group Gz (K) [7]. Let us

fix a fundamental system of roots of {a, b} of type G3. Then the root elements have the following
representation

z4(t) = e+ t(esr + 2ea5 — €34 — €12) — t2ess,
T_q(t) = e+ t(ers + €51 — 2e43 — €a1) — t2ess,
Tatb(t) = e+ t(e1s — €24 + 2e45 — €57) — t2eas,
T_aq_p(t) = e+ tlezr — 2ean + egq — e75) — t2ep2,
Toaib(t) = €+ tlear + e36 — ea5 — 2e14) — t1err,
T_oq-p(t) = €+ t(ers + eg3 — 52 — 2e41) — tler,
xp(t) = e + t(ese — ea3),
z_p(t) = e+ t(egs — €32),
T3a15(t) = e +t(e1s — e37),
T_34-5(t) = e +t(es1 — er3),
T3a426(t) = e + t(ear — e16),
T_3q4-25(t) = e+ t(er2 — e1),

where e is the indentity matrix, matrices e;; have entries equal to 1 at (i,j) and other entries
equal to 0.
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2. Proof of Theorem 1

As in previous section {a,b} is a fundamental root system of type Ga, where a is the short
root.

Let us denote

a = z.()hy(-1),
B= z_p(Dha(-1),
Y = nan3a+2bhb(_1)-

Our goal is to show that {a, 3,7} are three involutions that generate group Gs(Z) with
af = fa.
Let us show that «, 8 and ~ are involutions. Applying equality (1), we obtain

0? = 24 (V) (~Daa(Dhy(~1) = 2o (g (-1)42) =1,
2(b,a)  —2v/3lbllal

because Ap, = = =1.

(b, ) 2o[[b]

Similarly we have

82 = 2y (Dha(~D_p(Lha(~1) = e_p(La_y((~1)*) = 1,

2a,~b) _ 2v3lallb|
(a,a) 2[al|al
Elements n, and ng,12, are commute because a & (3a + 2b) is not a root. Hence we have

because A, _p =

Y= NaN3at26MaN3at2b =

= NaNaN3a+2b"3a+2b =

=ho(—1)h3qrop(—1) = 1.
Now we show that the equality above is true. Diagonal elements h,(—1) and hgqi25(—1) act
equally by conjugations (1) on generating elements z,(1) and x;(1) of group G2(Z). Note also
that elements h,(—1) and h3q425(—1) from matrix representation of group G (K) over field K [7]
are represented by matrix diag(—1,—1,1,1,1, -1, —1).

Then we show that a3 = Ba. For this we just need to show that (a3)? = 1. Simple

manipulations give us the following result

(aB)? = wa(l)hb(—l)x,

—
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—_
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Let us denote M = (a, 3,7). We show that M = G3(Z). We have the following relation

1)z () b(—1)ngnzataphs(—1) =

o) = nan3a+2bhb

= NeN3at2Ta((—1) o )NaN3at2ohp(—1) =

(—
( 2v/3la||b]|
= Nanzat2pZa((—1) 2T Ingnzaophy(—1) = (2)
(
(—

NaN3a+2bLa ( ) )nan3a+2bhb( ):

N3a4+20NaZa 1)nan3a+2bhb( )
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In matrix representation of the group G2(Z) we have
0o -1 0 0 0 0 O
10 0 0 0 0 O
o o 0 0 -1 0 O
ng=|(0 0 0 -1 0 0 0],
0o 0o -1 0 0 0 O
o o 0 0 o0 0 1
o o 0 0O 0 -1 0
0O 0 000 -1 0
0 0 000 0 1
0 0 100 0 O
N3a+26=] 0 0 0 1 0 0 0 |,
0O 0 001 0 O
1 0 000 0 O
0O -1 000 0 O
1100 0 0 O
0100 0 0 O
0011 -1 0 O
2o(-1)=| 0 0 01 -2 0 0
0000 1 0 O
0000 O 1 -1
0000 O 0 1
Following some manipulations we obtain
1 0 0 0 0 00
-1'1 0 0 0 00
0 0 1 0O0O0TO
N3a+26MaTa(—1)NaN3ar20 = 0 0 -2 1 0 0 0 | =x_4(1)
0 0 -1 1100
0 0 0 00 10
0 0 0 00 11

Thus, in view of (2) we have
oY =x_g(1)hp(-1).
Let us introduce
0 =aa” =z,(1)x_a(-1).

We show that 6% = h,(—1). Since mapping ¢ from Lemma 1 is isomorphism for group G(Z)
we can use matrix representation. Then manipulations with matrices of the second order give
the following equalities
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Therefore
ha(—1) € M. (3)
Then
B = ap(1)ha(=1). (4)
It follows from (4) that x,(£1) = 87hy(—1). After applying (3), we get inclusion

xp(£1) € M.
By definition np, = xp(1)z_p(—1)xp(1). Then z_,(£1) = (24(1))” and ny, € M. Therefore
ni = hy(—1) € M. (5)
From relation (5) and equality x4(1) = ahy(—1) we get inclusion
zq(l) € M.
The ring of integers Z is euclidean ring then by Lemma 2 and inclusions
T1a(1), zap(1) € M,

we obtain M = G2(Z).
Therefore, group G2(Z) is generated by three involutions «, 5 and . First two involutions
commute. O

The author thanks Ya.N. Nuzhin for problem formulation and attention to the work.
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Ilopoxk natommue Tpoitku nHBOJMONUN rpytinbl IleBasiie Tuma
G2 HaJI KOJBIOM IIeJIbIX YUCeJI

NBan A. TumodeeHko

B pabome doxasano, wmo epynna Gz2(Z) nopoosicdaemces mpema uH80A0UUAMY, J8€ U3 KOMOPHIT nepe-
CMaMro60UHbL.

Kaouesvie ca068a: KOABYUO UEADIT “UCER, NOPOAHCIGOULUE MPOTKU UHBoAUUL, epynna [llesanrne
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