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The identification of an unknown constant coefficient in the main term of the partial differential equation
—kMy(u)+g(x)u = f(x) with the Dirichlet boundary condition is investigated. Here v¥(u) is a nonlinear
increasing function of u, M is a linear self-adjoint elliptic operator of the second order. The coefficient
k is recovered on the base of additional integral boundary data. The existence and uniqueness of the
solution to the inverse problem involving a function u and a positive real number k is proved.
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This paper proceeds the investigation started in [5,6] and is concerned with an inverse problem
for the second order differential equation

—div(k(z,u)Vip(uw)) + y(z,u) = f (0.1)

with the Dirichlet boundary data

ol =5 (0.2)
where k(z,u) is a matrix of functions, 1(u) and v(x,u) are scalar functions. We assume that §2
is a bounded domain in R™ with the boundary 9Q c C2.

Applications of this problem deal with the recovery of unknown parameters indicating physical
properties of a medium (the heat conductivity, the permeability of a porous medium, etc.).
Various aspects of such problems are discussed in [1-8] (see also the references given there). Of
special interest is the problem of finding the leading coefficients of (0.1) given the additional
boundary data on 9 or a part of Q. In [1,2,7,8] this problem is investigated in the case where
Y(u) = u, y(z,u) =0, k(z,u) = k(x)E, a function k(z) is unknown, E is the identical matrix.

In this paper we study the problem of the identification of the constant coefficient k in
equation

—k{div(M(@)Vi(u)) + m(z)y(u)} + g(2)u = f(z), ze, (0.3)

under the boundary data (0.2). Here ¢ (u) is a known function, M(x) is a matrix of functions
mi;j(x), 1,7 = 1,2,...,n. The functions m(z), f(x), g(x), B(x) are given. In physical context
the constant coefficient k is interpreted as the average conductivity of a medium.

As an additional data for the recovery of the coefficient k we take the condition of overdeter-

mination ()
u

k ——twds = 0.4

| sy (0.4)

where Ou/ON = (M(x)Vu,n)g is the conormal derivative, n is a unit outward normal to 99, w is
a given function, ¢ is a given real number. Physically, (0.4) describes, for instance, the total flux
of the liquid through the surface of the rock [3]. Inverse problems with similar nonlocal boundary
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conditions for elliptic equations were considered in [5,6]. The results of [6] are concerned with the
existence and uniqueness of the solution to the problem (0.2)—(0.4) where ¥(p) = (p—1)~*|p|P~2p
and p > 2 is a real number. The inverse problem for linear elliptic equation (0.3) with ¢(p) = p
is discussed in [5].

The goal of our paper is to establish the existence and uniqueness of a solution to the nonlinear
problem (0.2), (0.3), (0.4). We discuss it in Section 2. In Section 3 we present examples and
comments to the results of Section 2 and the inverse problem involved.

1. The preliminaries

We start with preliminary results for the direct problem (0.2), (0.3). The results concern the
existence, uniqueness and certain properties of the solution to this problem.

From now on we keep the notations: || - ||g, (-,-)r is the norm and the inner product of R";
[[-II, (-,-) is the norm and the inner product of L*(Q); [|- |5, (-, -), is the norm of W3 (), j = 1,2,

and the duality relation between Wy (Q) and W, (), respectively; a(z) is the solution of the
Dirichlet problem

~din(M(2)Vi(a) + mzyb(a) =0, €9, al,, = B (L)
b(x) is the solution of the Dirichlet problem

—div(M(x2)Vb) + m(x)b=0, z€Q, w(z). (1.2)

b|an =

We introduce the linear operator M : W1 (Q) — (W4(2))* of the form M = —div(M(z)V)+
m(x)I where I is the identity operator and reckon that the following assumptions hold throughout
the paper.

. The operator M is elliptic. That is, m(z), mi;(x), dm;;/0z; , i,5,l = 1,2,...,n are
bounded, m(xz) > 0 and there exist positive constants m1, mg such that for any £ € R”

my Y & <Y mi(@)6g < mey & (1.3)
i=1 i=1

4,j=1

II. The operator M is self-adjoint. That is, m;;(x) = m,;(x) for i,5 =1,...,n.

ITII. The function % (p) is a continuous mapping of (—oo, +00) onto itself . For any p1,ps €
(—OO, +OO), P1 7é P2,
((p1) =¥ (p2))(p1 — p2) > 0, (1.4)

that is, the function t(p) is strictly monotone.

From the assumption III it follows that there exists an inverse ¥ ~!(p) of ¥(p). The inverse
¥~ 1(p) is strictly monotone and continuous on (—o0, +00).

By the assumptions I-1II the problem (1.1) has a unique solution a and ¢ (a) € W3(2) when
¥(B) € W2(09). If in addition 8 € L=(99), then, by the continuity of ¢ and Theorem 13.1
of [9, Chapter 3], ¥ (a) € L*°(2). This means that a € L>®(Q).

Lemma 1.1. Let the assumptions I-III are fulfilled. Let also k be a given positive number,
fe L), vP) e W;/z(ﬁﬂ), g €C(Q) and g > 0 in Q. Then the following assertions are

valid.
1. There exists a unique solution u of the direct problem (0.2),(0.3) such that 1(u) € W4 (£2).

-39 —



Anna Sh. Lyubanova On an Inverse Problem for Quasi-Linear Elliptic Equation

2. If (B) € Wi'*(09) and
[ (p)| = clpl? (1.5)

for any p € (—o00,+00) where p > 1, ¢ > 0 are constants, then u € L**(Q)NW = {v| ¢(v) €
W3 ()}

3. If g =0 and ¥(B) € WQS/Q(@Q), then (u) € WZ(Q). If in addition 3 € L>(09Q), then
u€e L*®Q)NW.

Proof. 1. Let a = 4(a). From (1.1) it follows that @ solutions the equation Ma = 0 and
satisfies the boundary condition a|oq = 1 (5). Multiplying (0.3) by 1 (u) = ¢(u) — a in terms of
the inner product of L?(€) and integrating by parts in the first term we obtain

k/Q {(MV’(ZJ(’LL), Vi[)(u))R + m(ac)ql;z(u)}dx + /Q gu —a)p(u)de = (—ga+ f,9(u)). (1.6
The estimation of the right side of (1.6) with the help of the Friedrichs inequality
o]l < comesl/"Q</ HVvH%dx) v for v EV[O/21 Q) (1.7)
Q
leads to the relation
- - — s
b [ {990, 990  + mi@i) o+ [ g =@y

kmy S o c2mes?/"Q) 9
<M do 4 ORSTR
[ v e+ B g

whence, by (1.3), (1.4),

[ Ivi@lds < - [ (M3, 950)  + mi2(w)}de <
c2mes?/"Q)

< Vg llga—JI? =C (18)

Here the positive constant ¢y depends only on n. (1.7) and (1.8) implies

comes

()l < 2)iga— 71 (1.9)

and
)|y < llally + CY?max{1, comes'/"Q} = C;. (1.10)

_ To prove the existence and uniqueness of the solution of the problem (0.2), (0.3) we denote
¥(u) by h. In view of the definition of ¢)(u) the function h satisfies the equation

MhEMh+gz/)_1(h+d)—ga:f—gazf (1.11)

and hlpo = 0. One can show that the operator M as a map from Wy (€) into W, }(Q) is

demi-continuous, coercive and strongly monotone. Hence, there exists a solution h €Wy () of
equation (1.11) (see Theorem 2.1 [10, Chapter III]). Moreover, the solution h is unique. Indeed,
o

let hy and hy be two solutions of (1.11) in W3 (2). Then by (1.3) and the strong monotonicity
of M we have } R
0= (Mhy — Mhay,hy — hy), = mq|V(hy — ho)|?,
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which implies hy = hs.

Coming back to the original problem we conclude that the problem (0.2), (0.3) has a solution
u=1"1(h) € W and this solution is unique.

2. In the hypotheses of the lemma from (1.9) it follows that u € L??(Q) and

cZmes?/"Q)

[ull o) < [P (w)] < o lga = fll + [l¥(a)l| = Ca.

Multiplying (0.3) by M4 (u) in terms of the inner product of L?(2) we obtain the equality

k[ M (u)]* = —(gu, Mp(w)) + (f, Mip(u)),
from which it follows by (1.9) and the Cauchy inequality that

1 _ k
HIMPEI? < 2 [Ilg1 g Il an oymes®20 1 71P] + S ar(a)? <
1 _ k
< |91 ) Cmes®=0/rQ 4 | 17 + M)
whence Y
2 _ 1/2
1Myl < —= [Ilgl\é@cgmes“’ DirQ 4 ||f|\2} = (4. (1.12)

In view of (1.8), (1.10) and Theorem 5.1 of [11, Chapter 2] the last inequality implies

[ (@)ll2 < c(IMp@)] + [[¢(w) = (a)ll) + ¥ (a)llz < e(Cy + C1) + [l (a)ll2(c+ 1) (1.13)

where the constant ¢ depends on n, my, ms, vrai maxq |8mij/8xl|, 1,7, =1,2,...,n and mesf).

Thus, the solution u € L?P(Q) N W.
3. In the hypotheses of this part of the lemma M1 (u) € W3(£2) and the estimate (1.13) takes
the form

[ (u)]l2 < c(k7HIFll + C1) + v (a)l2(c + 1).
If in addition 8 € L*°(Q), then the boundedness of u follows from the assumption IV and
Theorem 13.1 [9, Chapter 3. O

Lemma 1.2. Let the assumptions of Lemma 1.1 be fulfilled and ga — f > 0. Then the solution
u of the problem (0.2), (0.3) satisfies the inequality u < a for almost all x € Q.

Proof. Let us consider the function w = a — u. By (0.3) and (1.1), we have
—kdiv(M(z)(Vi(a) — Vi (u))) + g(z)w = ga — f.
We multiply this equation by ya — yu where

_ u if u < a,
a= .
a if u > a,

in terms of the inner product of L?(Q) and integrate by parts in the first term of the left side.
This yields

[ (MY 0@ = 0). T (0@ ~ o) ), +m((@ — v(w)°Jdo +
+/ﬂ(gw —ga+ f)(¥(a) — ¥(u))dz = 0. (1.14)
By (1.3), (1.4) and the nonnegativity of ga — f it follows from (1.14) that
ke / (Vip(a) — Vio(u)) dz <0,
Q

which implies V (¢(a) — ¢ (u)) = 0. In view of (0.2) and (1.1) @|aq = u|sn. Hence @ —u = 0 that
is u < a for almost all z € Q. O
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2. The main result

In this section we prove the existence and uniqueness theorem for the problem (0.2), (0.3),
(0.4). By a solution of this problem is meant the pair involving a function u € W and a positive
real number k which satisfy (0.2)—(0.4).

Hereafter we keep the following notation: for vy, vs € W3 (£2)

<MU1,v2>ME/ [(MVvl,va)R—kmvlvg}dx.
Q

Theorem 2.1. Let the assumptions I-I1I and the condition (1.5) be fulfilled. Let also
(i) feL*Q), ¥(pB)eW?09), wx)ewd?99), g(x)eC@);

(i) w(z) be nonnegative in 0L;

0<g(x) < g1 =const < +oo z € (2.1)
U = (MVi(a),Vb), >0; (2.2)
F(z)=ga—f>0; (2.3)
d=¢p—(ga— f,b) >0. (2.4)
Then the problem (0.2)-(0.4) has a solution (u(x),k). Moreover, u(x) € L?P(2) and
u(x) < a(x) (2.5)
for almost all x € Q. If in addition g = 0 or the inequalities
B =0 (My(a), (), (Mbb) 2 < 2 (2.6)
and
® > 2com; mes/ Q| F||(2 — B) (M, b3 (2.7)

are valid, then the solution of the problem (0.2)-(0.4) is unique.

Proof. We multiply (0.3) by b in terms of the inner product in L?(2) and integrate by parts
in the first term of the resulting equality twice. In view of (0.3) we obtain

_¢+k\11+/g(;v)ubdx:/fbdx. (2.8)
Q Q

By (2.2) and the definition of ® in (2.4) we can rewrite (2.8) as
k= (®+ (g9(a—mu),b)T " (2.9)

If g =0, then k = ®/¥ > 0 is known function. By Lemma 2.1 the problem (0.2), (0.3) with
such k has a unique solution v € L N W.

Let now g # 0 and (2.1), (2.4) holds. We introduce the operator A mapping the set R* of
the positive real numbers into R according to the following role: for any y € R™

Aly) = (2 + (g(a —uy), b)) T} (2.10)

where u,, is a solution of the direct problem (0.2), (0.3) with & = y. According to Lemma 1.1,
the problem (0.2), (0.3) has a unique solution u, € W and hence the value of A(y) defined by
(2.10) is meaningful for any y € R*. Therefore (2.9) can be consider as the operator equation

k= A(k). (2.11)
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Following the idea of [12, Chapter 1] one can show that the problem (0.2)—(0.4) has a solution if
and only if the operator equation (2.11) is solvable.

According to Lemma 1.2 in the hypotheses of the theorem 3.1 u, < a that is (2.5) is valid.
By (2.2) and (2.5),

® ol + (£, 0)] + ga[luy |l 10]
< Ay) €
7 ) 1

for y € R*. The left inequality in (2.12) enables to estimate [uy||. As shown in Lemma 1.1, the
estimate (1.12) is valid for ¢ (u,). Therefore for every y > kg

0<ky=—=

(2.12)

2
c2mes?/

p—1
[y || < ¢ (mesQ) 5 [[¢h(wy )| < ¢ (mes2) = 12
Om

2 ga— £l + @] = s 213)

Then for y > ko

el +1£.0) + 91 Calbll _
! =

This inequality implies that the operator A maps [ko, K| into itself.

Furthermore, A is a continuous operator on [kq, Ko]. Indeed, let y1,y2 € [ko, Ko] and uy1, uy2
be solutions to problem (0.2), (0.3) with y; and ys instead of k, respectively. In accordance with
the definition of the operator A, we have

ko < A(y) <

(2.14)

A(yr) — A(y2) = U1 (g(uyr — uy2),b) . (2.15)

On the other hand, the difference w = u,; — u,2 obeys equation

Y1 M (Y (uy1) = d(uy2)) + 90 = (y1 — y2) M1p(uy2) (2.16)

and the boundary condition (u,1 — uy2)|aq = 0. Multiplying (2.16) by ¥ (uy1) — ¥ (uy2) in terms
of the inner product of L?(2) and integrating by parts in the first term of the resulting equation
yields

Y1 (M ((uy1) — ¥ (uy2)), ¥(uyr) — Pluye) ), + (g0, ¥(uy1) — (uy2)) =
—(y1 — y2) (MY (uy2), Y(uy1) — Y(uy2)), - (2.17)

The second term of the left side of (2.17) is nonnegative by the assumption (1.4). Multiplying
(0.3) for uys by 1q = 1(uy2) — 1(a) in terms of the inner product of L?(f2) and integrating by
parts in the first term one can obtain

Y2 (M (uy2), ¥(uy2)) y, + (9(ug2 — a),v0a) = y2 (M1 (uy2), 9 (), + (f — ga,vba)

from where in view of (1.4), (1.9) and the Cauchy inequality it follows that
cgmes2

2
m lga = f1° (2.18)

<M1/)(Uy2), w(uy2)>M < <M¢(a)v w(a»M +
The right-hand side of (2.17) can be estimated with the help of (2.5) and (2.18).
lyr — Y| [( Mt (uy2), h(uy1) — w(uy2)>1| < %(M(w(uyl) — P(uy2)), (uyr) — (uy2)), +

c2mes?/"Q) ly1 — yo)?
+[(Meta), (@), + G lga — P (29)
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Then, by (2.5), (2.18) and (2.19), the equality (2.17) yields

yr (M (@ (uy1) = lug)), () = Bwe), < [(Mi(a),v(a),,

c3mes?/"Q

lga— FIE =22l _ g — g2 (2.20)
k%ml g " = 0gq|Y2 —Y1| - .

Next, multiplying (2.16) by b in terms of the inner product of L?(Q2) and integrating by parts
with the use of the fact that

/ 09 (up) — y2v(uy2)) o o (2.21)
o0 ON ’ |

we obtain

(g(uyl - uyz)vb) = —y1<M(¢(Uy1) - w(uzﬂ))v b>M - (yl - y2)<Mw(uy2)v b>M7
whence, by (2.18) and (2.20),

(0, — ) D)1 < [ (D (0a2) 6 (uy2)), 1) — (g2))
+ly1 — y2 | (Mt (uy2), ¥ (uy2) }\f} (Mb, b>§v/12 < Cslyr — vl (2.22)

Joining (3.15) and (2.22) we are led to the inequality

C
[A() = Aly2)| < 3 l1 — w2l

proving the continuity of A on [kg, Ky]. By Brouwer’s theorem, equation (2.11) has a solution
k € [ko, Ko]. This in turn implies the existence of the solution {u(z),k} of problem (0.2)—(0.4).
The solution satisfies (2.5), (2.13), (2.14). Moreover, by Lemma 1.1 the estimates (1.8)—(1.12)
holds with kg instead of k in the constants Cy and Cs.

The only point remaining concerns the uniqueness of the solution. Let (uj, k1) and (uq, ko)
be two solutions of problem (0.2)-(0.4). By (0.2), (u1 —uz2)|aq = 0. Subtracting (0.3) for (us, k2)
from (0.3) for (u1, k1), we obtain

Ry M (Y(ur) — (u2)) + gt = — (k1 — ko) Mtp(uz). (2.23)

Multiplying this difference by t(u;) — 1 (uz) in terms of the inner product of L?(12), integrating
by parts and applying the arguments proving (2.20) to the resulting identity one can derive a
similar inequality. Namely,

(M(¥(ur) = ¢(ua)), (ur) = P(uz)), <

cmes?/"() |k1 — ka|?

< [(Me@), (@), + o~ 11°] = (224)

k%ml

Furthermore, we multiply (2.23) by b in terms of the inner product of L?(Q). Integrating by
parts and taking into account (2.21) for y; = k1 and yo = ko we are lead to the identity

(9(ur = u2),b) = —kr (M (P(ur) = ¥(u2)),b),, — (k1 — k) [(M (¥ (u2) — ¥(a),b) ), + ¥]. (2.25)
Subtracting (2.9) for (ug, k2) from (2.9) for (uy, k1), we obtain

key — ko = Aky — Aky = M. (2.26)
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Without loss of generality we can suppose that k; > ko. Then (g(u; —u2),b) > 0. Let us rewrite
(2.25) as

(g(ur —u2),b) + U(ky — ky) =
— *<k1M(7/1(u1) —P(ug)) + (k1 — ko) M (¥ (uz) — ¥(a), b>M. (2.27)
We can estimate the right term of (2.27) with the help of (1.8), (2.14), (2.24).

— ky (M (¢ (u1) — TP(UQ))ab>M — (k1 — k) (M (¢ (uz) — w(a),b>M <

1/2 1/2

< k1<M(1/)(u1) - ¢(U2))a¢(u1) - ¢(U2)>M <Mb7 b>M +

(ki — k) (M () — h(a), (us) — (a)) 7% (Mb, b)Y/ <
coPmes!/™ 1/2 1/2
<[220 T g — 71+ (M) ()] (M) Ly — k). (2:28)

@m}m
Thus, (2.26)—(2.28) lead to the inequality

2comes!/" 1/2 1/2

Aky— Ak < o 2 lga — 1+ 0 (M), wla)) 1] (A10,5) (ks — o)

1/2
my

proving the contractibility of the operator A by (2.6) and (2.7), from which and (2.26) it follows
that k1 — ke =0 and in view of (1.4), (2.24) u; —ug =0 for almost all z € Q. O

The condition 9(u) > clulP for p > 0 provides that v € L??(Q) and (u) € WZ(Q). This
condition can be ignored under additional assumptions on f, 8 and ).

Theorem 2.2. Let the assumptions I-III and the hypotheses (i) and (ii) of Theorem 3.1 be
fulfilled. Let also 8 € L (Q), f >0 and 8 = pp = min{0, p*} for almost all x € OQ where a real
number p* is such that ¥ (p*) = 0. Then the problem (0.2), (0.3), (0.4) has a solution (u(zx),k).
Moreover, u(x) € L*(Q) and

po < u(z) < a(x) (2.29)

for almost all x € Q. If in addition g = 0 or the inequalities (2.6) and (2.7) are valid, then the
solution of the problem (0.2), (0.3), (0.4) is unique.

Proof. The proof of the theorem repeats the proof of Theorem 3.1 almost at all. We need only
establish (2.29) and show that the solution of the direct problem (0.2), (0.3) belongs to W for
every k > 0 because in the hypotheses of the theorem this fact is not evidenced by Lemma 2.1.

We first note that by Lemma 2.1 the direct problem (0.2), (0.3) has a unique solution u and
(u) € WH(Q) for every k > 0. By Lemma 2.2 the solution satisfy the right inequality of (2.29).
Moreover, by the maximum principle for linear elliptic equations, 1(a) > ¥(pg) and hence a > po
for almost all z € Q. In order to prove the left part of (2.29) we define the function

_ u u < pog,
u =
{POU>P0

and multiply (0.3) by h = (@) — 1(pg) in terms of the inner product of L?(f2). Integrating by
parts in the first term of the resulting identity gives

R(MRLR), + /Q [k mib(po) + g — fYhde = 0.
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In the hypotheses of the theorem the second term is nonnegative. Therefore, by (1.3), the last
equality implies VA = 0 from which we conclude that A = 0 for almost all z € Q because
h|aq = 0. In view of monotonicity of ¢ this means that u > pgy for almost all z € .

As mentioned above, if § € L(99), then ¢ (a) € L>(Q) by the continuity of ¢» and Theo-
rem 13.1 of [9, Chapter 3]. In the hypotheses of the theorem this means that a € L*°(€2). Hence
u € L®(Q) and [Jul| g (o) < max{|po|,||alL=)} in view of (2.29). Repeating the arguments
led to (1.12) one can obtain the inequality

\/g 1

1/2
1Ml < 2= [lgll2 ) mad oo, lallfw oy bmes? @ + 1 £12] = 4.

By (1.8), (1.9) and Theorem 5.1 of [11, Chapter 2| the last inequality implies

[ (@)ll2 < e(Cy + C1) + ¥ (a)[l2(c+ 1),

which proves that the solution u belongs to W. O

Certain inverse problems can be reduced to the problem (0.2)—(0.4). This allows to establish
the existence and uniqueness theorems for such problems with the help of Theorems 2.1 and 2.2.
In particular, the problem of the identification of the constant coefficient v in equation

—vdiv(M(z) Vi1 (v)) + g(2)¢2(v) = f(z) (2.30)

with the boundary condition v|pg = u(x) and the condition of overdetermination

8’(/)1(1})
— ds =
1//39 oN T

are reduced to the problem (0.2)—(0.4) if the function 12 (p) is an injection in (—oo, +00). Indeed,
we can define a function u = 15(v) and rewrite this problem as (0.2)—(0.4) with k = v, ¢¥(p) =
1(5 (), B = ta(p) and ¢ = oy

The inverse problem (0.2), (0.3) with the condition of overdetermination given only on a part

I" of the boundary 0f2, that is
I(u)
gl 22 ds = o, 2.31
| wis=¢ (231)

can also be reduced to the problem (0.2), (0.3), (0.4). If the function w € W23/2(F) is finite on T’
and suppw C I" then one can extend w into 99 setting w = 0 in 9N\ I' and consider the integral
in (2.31) over the whole boundary 9. In this case Theorem 2.1 is formulated as follows.

Theorem 2.3. Let the assumptions I-III and (1.5) be fulfilled, f € L*(Q2), ¥(B8) € W23/2(3Q),
w(z) € WS/Q(F), g(z) € C(Q). Let also w(x) be nonnegative and finite on T, suppw C T,
w(x) =0 on IQ\T and (2.1)-(2.4) hold. Then the problem (0.2), (0.3), (2.31) has a solution
(u(x), k). Moreover, u(x) satisfies (2.5) for almost all x € Q. If in addition g =0 or (2.6), (2.7)
are fulfilled, then the solution of the problem (0.2), (0.3), (2.31) is unique.

Theorem 2.2 can be reformulate for the problem (0.2), (0.3), (2.31) in a similar manner.

Theorem 2.4. Let the assumptions I-1II be fulfilled, f € L*(Q), ¥(B) € W§/2(89), w(z) €
W;’/Q(I‘), g(z) € C(Q), B € L*=(Q). Let also (2.1)—(2.4) hold, f > 0 for almost all x € €, the
function w(z) be nonnegative and finite on T, suppw C T, w(z) =0 on IQ\T and 8 > po for
almost all © € 0. Then the problem (0.2), (0.3), (2.31) has a solution (u(x),k). Moreover,
u(x) € L (Q) and (2.29) is fulfilled for almost all x € Q. If in addition g = 0 or the inequalities
(2.6) and (2.7) are valid, then the solution of the problem (0.2), (0.3), (2.31) is unique.

— 46 —



Anna Sh. Lyubanova On an Inverse Problem for Quasi-Linear Elliptic Equation

3. Examples and comments

As mentioned above the interest to the identification of coefficients in the elliptic equations,
among them (0.3), is due to its extensive applications. Certain examples of such problems were
considered in [6]. In particular, the special case of (0.3)

—kdiv(M(x)|ulP~2Vu) =0 (3.1)

describes the steady-state isothermal gas filtration [13] where p = 3, M(x) = (mu1)'E, u is the
pressure of a liquid in the pores, p; is the viscosity of liquid, k£ and m are the average permeability
and the porosity of the rock. In this case ¥(p) = (p—1)~}|p[P~2p and g = 0. The equation (4.1)
satisfies the assumptions [-III. If the other hypotheses of Theorem 2.1 coincide, then the inverse
problem (3.1), (0.2), (0.4) has a unique solution.

In [14] the physical model of the non-equilibrium effects in a simultaneous flow of immiscible
fluids in porous media is presented. For the steady-state flow with capillary counter-current
imbibition the basic equation for the effective water saturation assumes the form

kAY(u) =0 (3.2)

where u is the actual water saturation, the coefficient £ depends on the air permeability of the
porous medium, its porosity (the relative volume occupied by the pores), the surface tension and
a (conventional) contact angle at the triple water-oil-solid boundary,

P fils)fa(s)
00 =~ [ i e

The dimensionless nonnegative quantities f; and fy are called the relative permeabilities and
satisfy the inequality 0 < f; < 1. The function Leverett J is the dimensionless capillary pressure.
f1(s) is a monotonic non-decreasing smooth function. The function f5(s) is a monotonic non-
increasing smooth one. Finally, the nonnegative function J(u) monotonically decreases. The
function 1 is continuous and strictly increases on (—oo, +00). Therefore under the hypotheses
of Theorem 3.2 the inverse problem (0.2), (0.4), (3.2) has a unique solution (u(x), k).

Some kinds of equations (2.30) are involved in modeling the electric fields of semiconductors.
In the absence of an external electric field the stationary nonlinear dissipative equation for the
potential u of the self-consistent electric field of a semiconductor takes the form [15]

€ g2
—kA(u+ §u2 + €u3) + Aulfu =0

where the positive parameters k£ and A depends on the electric susceptibility of the semiconductor,
the parameter € > 0 depends on the temperature of free electrons, ¢ > 0. These equations can
be reduced to (0.3) with the appropriate function ¥(p) satisfying the assumption IV.

The last point of our considerations is the stability of the solution to (0.2), (0.3), (0.4) with
respect to ¢. One can prove it much as the contractibility of the operator A was established in
Theorem 3.1.
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O6 oaHoIT oOpaTHOIl 3aa4de AJIs1 KBAa3WJIMHEIHOTO
JLJIAIITUYECKOT0 ypPaBHEHUSA

Anna II1. JIrobanoBa

Hccaredyemesa zadava udenmudurayuu Heu3s8ecmmozo nocmoarHozo koaphuyuenma 6 cmapuwem “aere
YPABHEHUA C HacmHbmy npoudeodrvmu —kM(u) + g(x)u = f(z) npu epanuwnom ycaosuu Jupuzae.
3decv Y(u) — neaunetinan sospacmarowan Gyrkyua om u, M — aunetinodi camoconpastcertvili IAAUNMU-
weckutll onepamop emopozo nopadka. Kospduyuenm k soccmarasausaemesn no 0onosHUMEALHbIM WHME-
2PANLHBIM OGHHbIM 1A eparuYe. JJoKa3veaemea CYWecmeosarue U eOURCMEERHOCTG PeulerUa 00pammHotl
360a4U, 8KA0%AI0ULE20 GYHKUUIO U U NOA0AHCUMENLHOE JelCEUmesbHoe YUcAo k.

0 : A A A -
Karoueswie caosa: obpamnas 3a0a4a, Kpaesas 3a0a4a, IANUNMUYECKOE YPABHEHUE 8MOPO20 NOPAJKA, Meo
PeMA CYWELCMBOBAHUA U eUHCTNBERHOCTUY, HUNDMPAUUSA.
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