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The 2D Motion of Perfect Fluid with a Free Surface

Victor K. Andreev*

Institute of Computational Modelling SB RAS
Akademgorodok, 50/44, Krasnoyarsk, 660036
Institute of Mathematics and Computer Science
Siberian Federal University

Svobodny, 79, Krasnoyarsk, 660041

Russia

Received 10.10.2014, received in revised form 10.11.2014, accepted 20.12.2014

The 3D continuous subalgebra is used to searching new partially invariant solution of incompressible
perfect fluid equations. It can be interpreted as a non-stationary motion of a plane layer with one
free surface. The wvelocity field and pressure are determined in analytical form by using Lagrangian

coordinates.
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Governing flow equations and main results

The Euler equations for 2D motions of a perfect fluid are recorded by

1
Up +UUy +VUy + —pr =0, ugy +vy, =0,
P (1)

1
vt—i—uvz—f—vvy—l—;pyzo,

where p is the constant fluid density, u and v are the velocity components in the z and y
directions, respectively, p is the pressure. The group of point transformations admitted by the
system (1) is computed in [1]. Corresponding this group basic continuous Lie algebra includes
the three parametrical subalgebra (0,,t0, + Oy,0p). It has the invariants ¢, y, v and partly
invariant solution of (1) rang two and defect two necessary to seek in the form v = u(z,y,t),
v=uv(y,t), p=p(z,y,t). From continuity equation u, + v, = 0 we obtain the relations

U((E, Y, t) =u (ya t)x + ug (y’ t)a U1(y, t) + vy (yv t) = 0. (2)

Impulse equations (1) are equivalent to the following

2

1

2 _ I _ el

uyy + vury, +ud = f(t), P Uy t) = Ft) = (3)
ly = —vi —vvy, Uz +vugy +urue =0

with arbitrary function f(¢).
Let us introduce the Lagrangian coordinates (7,t) by the solving Cauchy problem

dy _

dt - ’U(yat)v y|t:0 =1 (4)
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We introduce the following denotations

[¢] [¢] o
Uy (777t) = ul(y(nat)vt)a U2 (777t) = u2(y(nat)7t)a v (777t) = U(y(nat)vt)7
where y(,t) is a solution of (4). Then the first equations (3) can be reduced to Riccati equation

2
Uye + Uy = f(t).

It has general solution

G () = % {m [g(t) (1 +uro(n) /O t 921(75) dt)] } (5)

Here g(t) is the solution of the Cauchy problem

9" = ft)g=0, g¢(0)=1, ¢'(0)=0, (6)

and ujo(n) is the initial value of function wuq(y,t).
The another functions can be found by the formulae

vty = b [t [ bl i )
Bt = [t oty [~ [ 0 it an 0
b .0) = wntmesp [ = [ o)t )
Fon =0~ [t [~ [ 6 i (10

with arbitrary function I (¢). So, all unknowns can be determined in analytical form.
Now we show that this solution can be interpreted as an unsteady motion in a strip with one
free boundary, see Fig. 1.
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Fig. 1 Geometry of the motion

Really, at the initial time liquid fills the strip of thickness y = hg = const. The line y =0 is a
Y
rigid wall. Initial velocity field has the form wg(x,y) = u10(y)x +u20(y), vo(y) = — / u10(y) dy,

0
vo(0) = 0. The upper line y = h¢ is a free boundary and at the initial time the pressure p(hg,0)
coincides with outer pressure pous = p1o + poor?/2. For all ¢ > 0 the strip motion is described

— 4 —



Victor K. Andreev The 2D Motion of Perfect Fluid with a Free Surface

by the formulae are found above, where pous = p1(t) — po(t)2?/2 must be given, so f(t) = po(t),
f(0) = pgo. The evolution of the free boundary is defined as

h(t) = ﬁ /Oho {1 + u10(n) /Ot g2l(t) dt} _1d77. (11)

Let us consider two simple cases of the solution (5)—(11), when u19 = a = const or uig = by,
b = const. For the first case the exact solution can be written in Eulerian coordinates as

u(z,y,t) = % InG(t)x + I u20(G(t)y),

G(t)
v(y,t) = 9 In G(t) 12
yt)=—>5, Y, (12)
1 92 y? 2
;p(%yvt) =0L(t)+ B IHG(t)g - f(t)g )
where
b1
G(t)=g(t 1—|—a/dt} 13
W=si+a [ oo (13)
The equation of the free boundary is
ho
= = —. 14
y=h(t) = g (14)

If we take g(t) = coswt, f(t) = —w? (g(t) = chwt, f(t) = w?), w = const, then the solution
exists up to the time ¢, = /2w (exists for all time). The solution has to be periodic one if
g(t) =2 — coswt, f(t) = w? coswt(2 — coswt) L.

For the second case the formulae have a more complicated shapes and we give here only
equation of the free boundary, namely,

_ _ 1 n K —2
yfh(t)fbg(t)fgg_Q(t)dtl [1+bh0/0g (t)dt]. (15)

Remark 1. In well-known [2] solutions are sought of the shape ¢ (x,y,t) = F(y, t)x+ G(y,t)
for stream function (u; = ¢y, v1 = —t;). The unknowns satisfy the eq’s

Fty + (Fy)2 _FFyy = fl(t)v th"'FyGy _Fny = fQ(t)a

G:/Udy—hF+h2y, hy, — fi(t)h = fa(t).

Some particular solution are presented in handbook, see [2, table 13.9, p. 944]. But in this paper
we have found exact solution in analytical form.

The problem has a stationary solution. Indeed, the function v(y) satisfies the eq'n vv,, fvg =
— fo = const with general solution

a) v= |£(1|sin[\/|Cl|(C’2iy)}, fo>0, Cy <0

b) v==4fo(Caty), fo>0, Ci1=0;

c) v= |é81—0|ch{\/67'1(02:|:y)], fo<0, C1>0;
\/ 1

d) vz@sh{\/a(Cgiy)}, fo>0, C1>0.
1
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However, the only case a) has a physical meaning. Really, let us take hg = 7/+/|C1], then we
obtain formulae

_ Ty _hovifo . Ty
u=—+/forcos—, v= sin —= |
ho s ho
1 h?
p:lo—fo(xz—I—gsirfﬁy), lp = const > 0,
1% 2 s ho

which describe the flow in a strip 0 < y < hg, |z| < oo, with rigid walls y = 0, hg. The solution
obtained is the periodical with respect variable y.

Conclusion

The partially invariant solution of the perfect fluid equations is investigates. This new solution
describes the unsteady motion with a free surface. As was shown by examples the solution may
has collapse in finite time or to be periodical one. Not that this phenomenon depends on pressure
gradient f(t). There has been previous works devoted exact solutions of perfect fluid motions
with a free surfaces [3].
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JIBymMepHOe IBUXKEHNEe MAeaJbHOI >KMJIKOCTH CO CBOOOJTHOII
MOBEPXHOCTBIO

Bukrop K. Anjnpees

Henpepovishas mpéxmepran nodarzebpa ucnosv3yemcsa 0Af HaATONHCOEHUS HOB020 YACTMUYHO UHBAPUAHM-
H020 peweHus Ypashenull udearvrotll Hecorcumaemots srcudkocmu. OHo unmepnpemupyemcs Kax Hecma-
YuoHapHoe J8udIceHUe NAOCK020 CA0A O c80600H0T noseprrocmuvio. IIpu smom noas ckopocmetds u das-
aenul onpedeasromes (¢ nomowvio nepemennuir Jaepanoica) 6 anasumuneckom sude.

Karoueswie caosa: udearvras scudkocms, aCMUWHO UHEAPUGHMHOE PEULEHUE, HECTNAUUOHAPHOE d8UdICe-
Hue, c606001AA NOBEPTHOCTND.



