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On the Zeta-Function of Zeros of Some Class of Entire
Functions

Vyacheslav I. Kuzovatov*

Institute of Mathematics and Computer Science
Siberian Federal University

Svobodny, 79, Krasnoyarsk, 660041

Russia

Alexey A.Kytmanovf

Institute of Space and Information Technology
Siberian Federal University

Kirenskogo, 26, Krasnoyarsk, 660074

Russia

Received 25.07.2014, received in revised form 20.08.2014, accepted 26.09.2014

Using the residue theory, we give an integral representation for the zeta-function that enables us to

construct its analytic continuation.
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Introduction

The question of the integral representation for the zeta-function associated with some entire
function was studied by V.B. Lidskii and V.A. Sadovnichii in [1], where an entire function f (z)
of a certain type was considered.

In [2] A.M.Kytmanov and S.G.Myslivets introduced the concept of the zeta-function as-
sociated with a system of meromorphic functions f = (f1,...,fn) in C*. Using the residue
theory, these authors gave an integral representation for the zeta-function, but the system of
functions fi, ..., f, was subject to rigid constraints.

Let f(z) be an entire function of order p with zeros z1, 22, ..., such that f(0) # 0. Then,
according to Hadamard’s theorem on factorization (see, for example, [3, Chapter VIII, S. 8.2.4]),
the function f (z) is represented in the form

f(z)=e?PP(2),

where P (2) is the canonical product constructed by the zero set of the function f (2), and Q (z)
is a polynomial with the degree not higher than p. In this case, the canonical product P (z) has

oo oo
z z 2z 4 (2?2 = )P
P =T18(Z) =T (1- 2 ) s emtir e
n=1 n n

n=1

the form
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and p< p
Thus, under f (z) # 0 we have locally (in accordance with [3, Chapter VIII, S. 8.2.4])

Inf(z)= ln(eQ(Z)P (z)) =In e?® L P(2)

ﬁ(l—i)e;*( )22+ (& ]

n=1

+Zln[( )ezﬁ(z”) [+t ]
z>+2[ln(1—j)+1ne; (&) 72+ H+(E /p}_

n=1 n
> z z 2\ 2 z\?
z) + ln<1—>++(> 2+...+(> .
Z Zn Zn Zn / Zn /p
Differentiate this relation once. We obtain
fz) 1 1z 1 A
f(z)i +Z = Zn +zn+zn zn+"'+ Zn Zn|

p—1
=Q'( +Z[ - +—+Z2 ...+Z,,].

Zn — & Zn Zn Zn

—Q(x)+Mn

n=1

We rewrite the expression under the summation sign to get

p p p
1 z 2Pl 1 L= (Z) 1 1= (i) 1- (Zin)

m 2T T T I E ez T a2
z p zZ p
-1 1, e +1*(7ﬂ,) *() 2P
Zn — Zn 2 &2 L, =z Zn — 2 Zn — 2 (2, — 2) 2h°
Thus .
f'(2) , 2P
= z) — — .
ORRAC D S ewr

The resulting series converges absolutely and locally uniformly for z # z, since p < p1 < p
([3, Chapter VIII, S. 8.2.3]). Here p; is the index of convergence of zeros.

Recall ([3, Chapter VIII, S. 8.2.2]) that the lower boundary of positive numbers « for which
the series Y |z,| “ converges is called the index of convergence of zeros. Denote it by ps.

Henceforth we assume |z1] < |22] < ... < |z,] < .... Let some number ng of zeros of the
function f (z) lies inside the circle |z| = R, and the rest lies out. Then

no oo

M Mo R I
“— (2n — 2) 2n N = (2n — 2) 21 n (2n — 2) 20

Suppose that for the zeros of the function f (z) the following estimates hold:
|z — zn| > &2/, when |z,| < |z], (1)

|z — zn| > & 20l when |z,| > |7|, (2)
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where for convenience only one constant 4 > 0 is introduced. We discuss the conditions under
which the estimates (1) and (2) would hold true below.

1 1

Estimate the first sum using (1) and the fact that ﬁ il We have
z Zn

no P no
< p < p
Z(anz)zg \Z(z \HZ |Z‘Z(5‘z||z|!’
n=1 n=1
217 32
5 2 <l
n=1 | n|
Estimate the second sum using (2). We get
o0 o0 oo oo
zP zP 1 1
< < el < 2f” =
G| S 2 G S 2 e < 2 G
2 5
-5 Z PSRN 2" - &2
n=ng+1 | ”|
Let us now discuss the conditions (1) and (2). Let
|2 = zn| = |2| = [2n] > 2],
i e. 2]
z
el = 8121 > el el > 22
Setting z = z,,+1, we obtain the following system of inequalities:
£ | | I e |21]
> > : = D>
1 (1-6)"
| 241 |21

Then

n=1 |Zn+1| n=1
> 1 1 & n 1
a < o (176)a = a’Saa a>03
,;1 |znt1” |2l ,;( ) |21

where S and S, denote the corresponding sums of the series. Thus, we have shown that the
conditions (1) and (2) would be true for an entire function with p; = 0.

In what follows we consider entire functions f (z) of the zero order with the index of conver-
gence of zeros p; = 0. The conditions (1) and (2) hold for the zeros of such functions.

Given the above calculations and reasoning, as well as the fact that p < p; < p (see [3,
Chapter VIII, S. 8.2.3]), we obtain

if 2 # z,.
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1. The first integral representation

Let f (z) be an entire function of the zero order in C. Consider the equation

f(z)=0. (4)

Denote by Ny = f~1(0) the set of all roots of (4) with the multiplicity counted. The number of
zeros is at most countable.

Further assume that the following asymptotic representation holds true on a positive part of
the real axis (vg is a non-negative integer)

f'(2) Niwy 2 400, i e f(z) Vo %:O<1>. (5)

flz) &= f(2) 2 PR

v=0

F-amoft).

Our goal is to obtain an integral representation for the zeta-function (s (s) of (4) that was
defined in [2] as

If vy = 0 then

aENy

where s € C. We choose the minus sign in the definition of the zeta-function only for conve-
nience in writing the integral formulas; below we explain what value is taken for the multivalued
function (—z)°

Let z = 2 4 iy. Suppose that the function f is not equal to zero at any point of Ry := {z €
C:x >0,y =0}. This means that Ny NR; = @.

Consider a domain D C C of the form
D={2e€C:r<|z|<R}I\{z€C:r<Rez<R,Imz=0}

and 0 <r < R.

Observe that D is a simply connected domain. Its boundary v = 9D consists of the in-
tervals [r, R] on the real axis, the circle Sk of radius R centered at the origin with positive
(counterclockwise) orientation, the interval [R,r] on R obtained from [r, R] by the change of
orientation, and the circle —S, obtained from S, by the change of orientation.

Choose the radii » and R so that y N Ny = @.

Consider the integral
_ 1 -5 /' (2)
I(s) = m/y(—z) e (7)

The functions (—z)° = e~*™(=2) are holomorphic in D, where In¢ denotes the principal
branch of the logarithm, i. e. the holomorphic branch In¢ on C\ {¢( € C: Re ¢ <0, Im ¢ = 0}
equal to zero for ¢ = 1. It is obvious that I (s) is an entire function in s € C.

Note that I (s) can be written in the form (in accordance with the logarithmic residue theo-

—S

rem)
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Thus
I(s)= Y (-a)"
a€NfND
Choose a sequence Ry, so that Sk, does not contain the zeros of f.
Lemma 1. The integral g (—2)"° ];((ZZ)) dz — 0 as Ry — 400 and Re s > 1.
Ry

Proof. We have

[CONE

‘efs(ln Ri+i(p—m)) efRe sln Rp+Im s(p—m) _ 0 (R];Re s) ,

where ¢ = arg z.
Then the estimates hold for the module of the integral

—S f/ z —S f/ z —he s —Rne s C
/ =) f((z)) 4 < / ‘(72) f((z)) de] S B 0O = R = RResT 0,
Ry, SRy, k
as Ry — 400 and Re s > 1. [l

Denote by I'y = (co,r] U [r,00), Ty = S, UT|. Now, taking R = Ry and letting k tend to
infinity in (7), we obtain
1 s f1(2)
I(s)= —/ —z dz.
(5) = 5 . (—=2) 1D

Lemma 2. The integral I (s) can be continued analytically into the half plane Re s > —vy when
the condition (5) holds.

Proof. We argue as in [1]. For the proof of this lemma we write the integral I (s) as the sum
of four parts:

1 s [ (= 1 s (F1E) R
I(S):Qm'/ST(_Z) f((z))dz+27ri rg(_Z) (f((z))_zzy> =

v=0

1 e w 1 e W
)N [ ()Y de =1 (s) + Lo (s) + I3 (s) + La(s).
2mi Fo( Z) v=0 2 : 2mi Sr( Z) v=0 z¥ ’ 1(8) 2(8) 3<S) 4(5)

We easily see that I (s) and Iy (s) are entire functions in s, and I3 (s), in view of the asymp-
totic representation (5), can be continued analytically into Re s > —1y. Finally, I3 (s) is zero
for Re s > 1 and so its analytic continuation is equal to zero in the whole plane. [

Suppose further that vy = 0. Then, by Lemma 2, I (s) = I1 (s)+12 (s)+14 (s) and for Re s < 1
(as in Lemma 1) the integrals I (s) and I4 (s) tend to zero when r — 0. Thus, we have
Corollary 1. For0 < Re s <1

G0 =5 [ 6/ (J;((j)) —wo) (—2)" dz,

where T'f = (00, 0] U [0, 00).

Consider the integrals over the intervals with opposite orientation. Since

(—Z)_S — (_$e2m')_s — ¢~ 2mis (—.’L‘)_S,
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we obtain

G-y (-
== [T (g ) o e
Summing all integrals over the intervals, we obtain
[ (G ) cortdememe [P (5 ) (oo
= (1 —e72mi%) /OOO (J;((f)) —w0> (—2)"° da.

By obvious calculations we have

TS —iTS

e —e
2

—9mi g i Jp— P . P .. —S - .
1 — e M8 = oS (TS _ o7 TIS) = oS4 =e ™ 2isinws = (—1)" " 2isinws.

Summing all integrals over the intervals, we arrive at the integral

i (1 (2) s
2zsm7rsA (f(m) —w0>x dx.

Summarizing the above, we obtain the integral representation for the zeta-function (y (s) in
the strip 0 < Re s < 1.

Theorem 1.1 Let f (z) be an entire function of the zero order in C and satisfy the condition (6).
Suppose that 0 < Re s < 1. Then

=B [T (L))

f'(x)
f ()

The method of proof shows that if the asymptotic condition (5) holds, we have the following

where wy 1s the limit value of at infinity.

result.

Corollary 2. Suppose that the asymptotic condition (5) holds. Then for —vy < Re s < 1 the

following holds
_sinws [ [ f' () Wy \ s
== ] (m) —qu>x d.

v=0

To conclude this section we compare the obtained integral representation with the integral
representation for the classical Riemann zeta-function ¢ (s) (see, for example, [4, Chapter 2, S. 9])
in the strip 0 < Re s < 1. Namely,

_ sinws [ [TV (14 x) s
C(s)=— /0 {mlnx}z dr, 0<Res<l.

T x)
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2. The second integral representation

Consider an entire function f(z) of order p. In this section we obtain another integral
representation for the zeta-function (y (s) of the zeros z, of f that have the form

Zn = —Qn +18n, qn > 0. (8)

(oo}
For this purpose we consider the integral / z°~te*® dz, in which we make the change of
0

variables 1
Zn T =—Y, T= y’ dx = dy.
—Zn —2Zn
Thus, by (8)
e s—1 1 1 > T
0 1 (—2n) (—2n) (=2zn)" Jo (—2n)
where [ is a ray (corresponding to the change of variables z,, - © = —y) from the origin, and T" (s)
is the Euler gamma-function defined by the formula
I'(s)= / ¥ e " du.
0
Further, we consider the product
- —s - 1 - F(S) — > s—1_zpx
P(s) ¢ () =T ()3 (2) =T ()3 g = 5 = oS [ et gy =
n=1 n=1 ( Zn) n=1 ( Zn> n=1"0
— / sz—leznm dr = / xs—l Zeznr dr
0 n=1 0 n=1
Denoting
F(f,z)=Y_ e, 9)
n=1
we obtain .
LGl = [ 2 F (o) do
0
or

It is necessary to justify the change of the order of summation and integration and explain
why the series (9) converges.
To prove that the series (9) is convergent we use the Cauchy criterion. Consider

le*n®| = ‘e(_Q'rL+i5n)1’7 — o Un®

— |e—qnw . eisnw

— |e_qnw

Then for the convergence of the series (9) it is necessary and sufficient that

lim Ve % = lim e~ » = lim —s <1,

n—oo n—oo n—oo e n

i.e.
lim & > 0. (10)

n—oo n
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To justify the change of the order of summation and integration it is necessary to prove
o0
the uniform convergence of the series Y z*~1e*® on the set [0;+00). We enumerate the ze-

n=1
roS 21,...,2n,-.. in the order of increasing absolute values of the real parts, i.e., g1 < g2 < ... <
gn < ..., and let Re s = 0 > 1. Consider the series of modules

[e.°] oo oo o0
§ ‘l,s—leznx‘ — 2 xﬂ—le—qnx — E xa—le—qlze(ql—qn)x — e Ni® § xa—le(ql—qn)x.
n=1 n=1 n=1 n=1
Consider the function g, (z) = x°~1e(@=9)? and find its extremums. Consider the equation
/ —

For root xg of this equation we have the relation

oc—1+x(q¢1 —qn) =0,
0_1:x(Qn_q1)a
oc—1
Qn7q1.

o =

It is easy to see that for > xg the function g, (z) is decreasing, and for 0 < =z < xg the
function g, (z) is increasing. Thus, the point xg is a local maximum of the function g, ().

Then

o) 0o 00 p 1 o—1 )

_ o
E |1,sfleznx| — ¢ Ni® E xafle(qlfqn)a: < e~ N1 E < ) e(Ql—Qn)iqn,ql —
n=1 dn q1

n=1 n=1
o) o—1 [e%¢) o—1 o—1
o—1 o—1 1
) e g ) )
o—1 oo o—1
~ ) B
€ el qn — 1

For the uniform convergence of the series under study it is necessary that the se-

o] o—1
1
ries g ( converges. The convergence of this series is equivalent to the conver-

n=1 In — Q1

o] 1 o—1

gence of the series Z () . Thus, to change the order of summation and integration it is
dn

n=1

necessary that
0 1 o—1
the series — is convergent. 11

n=1

We have proved the following result.

Theorem 2.1 Suppose that the conditions (10) and (11) are satisfied and Re s > 1. Then

GO =i | e G e (12)

where F (f,x) is defined by formula (9).
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Corollary 3. Suppose that the conditions of Theorem 2.1 are satisfied. Then for 0 < Re s < 1
the following formula holds

GOrE= [ (Fira-1)a

where F (f,x) is defined by formula (9).

Proof. We write the expression (12) in the form
Cr(s)T(s) :/ F(f,z)z* tdz :/ <F (f,x) — x) xs_lda:—i—/ Exs_ldx—i—/ F(f,x)z* ‘dx.
0 0 1

0

In the last equation we calculate the second integral. We have

1 1 1
1 x®
/ fa:s_ldacz/ 5% dr =
0o 0 s—1
since Re s > 1.

Thus, for Re s > 1 the following equalities hold

! 1

b
o s—1

G = [ (Fra-)etas L TRt

According to the principle of analytic continuation, this formula holds for Re s > 0. Moreover,
for 0 < Re s < 1 we have

oo .s—1 [e'e] s—1
x _ T
— dr = — 2572 de = —
1 x 1 s—1

Hence we obtain

Cf(S)F(S)_/Ol (F(f,x)—;> mSIdac—/loo le dm—l—/looF(f,x)xSldx.

= — 0—-1)= .
s—l( ) s—1

1

Simplifying the expression, we obtain the statement of the corollary. ([l
In the conclusion of this section we give (see, for example, [4, Chapter 2, S. 4]) one more
integral representation for the classical Riemann zeta-function ¢ (s). Namely,

1 [ee] Isfl

If 0 < Re s < 1 the integral representation (13) can be written (see, for example, [4, Chapter 2,
S. 7]) in the form

e —1 =

C(S)F(s):/ooo< ! —1)x51dx, 0 <Res<1.

The difference between the classical integral representation (13) and the obtained integral
representation (12) is that in the classical case it is possible to calculate explicitly the series (9),

since the Riemann zeta-function is defined by the zeros of ie, z, =—1,-2,-3,....

r(l+az)’
Therefore, this classical formula follows from the formula of Corollary 3.

- 497 —



Vyacheslav 1. Kuzovatov, Alexey A.Kytmanov On the Zeta-Function of Zeros of Some Class ...

3. Examples

In this section we consider the examples of entire functions f (z) of zero order, constructed
by the zero set z,, for which the following relation holds

lim @)
z—too f ()

= Wwo,

/
where the ratio ‘; (2) is defined by formula (3).
z

It is well-known that the limit of the sum of a series is equal to the sum of the series consisting
of the limits of its terms, when there is the uniform convergence, i. e.

hiniun (x)zi{iig(llun (x)}. (14)

Example 1. Let z, = —2". Then, in accordance with formula (3)

flz) o~ 1
f () *;H?"'

— converges uniformly on the set [0, +-00)

Since where x > 0, the series Z

x+2" S om0
in accordance with the Weierstrass criterion of a unlforrn convergence of functional series.
Given formula (14), we have

I > S
I —0
:c—1>I—|I-10<> f (E m—»—i—oo z:: z:: —>+oo x + 2" ’

[ (x)
[ (x)

Example 2. Let z, = —q, + iSn, ¢, > 0. Then, in accordance with formula (3)

fle) & 1
f(x) 7230—2”'

n=1

~0asx — +oo.

i. e. wop =0 and

Estimate the terms:
1 B 1 B 1 o 1 1

Since the series Z P = converges ([3, Chapter VIII, S. 8.2.2]), when « > p, the series Z | |

converges. Then the series Z converges uniformly on the set [0, +00) in accordance with
x

n=1
the Weierstrass criterion of a uniform convergence of functional series.

Given formula (14), we have
1

[ () S 1 -
lim = lim Z _— = lim — =0,
z—+too f(x) a—too Tt gy sy A amtoo T o — iSy
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f'(z)
f ()
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i.e. wop=0 and ~ 0 as xr — +oo.
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O n3era-pyHKIIMM KOpHEN OJHOrO KJjacca IeJIbix dyHKITiA

Bsagecaas U. Ky3oBaTtos
Aunekceii A. KeiTMaHOB

C ucnoav3o08aruem meopul, 8biuemos 0aemcs UHMEPaNvbHOe NPedcmasierue Oas 03ema-PyHKyuu, Ko-
MOPOE NO3BONAEM NOCMPOUND GHAAUMUYECKOE NPOJOANCEHUE 03eMa-PYHKUUU.

Karoueswie caosa: dzema-Ppyrnkyus, unmezpasvhoe npeidcmasietue, Ueaas GYHKUUA.
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