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In this article we prove a boundary Morera theorem for a matrix ball of the second type.
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In this article we consider a boundary version of the Morera theorem for a matrix ball of the
second type. Our starting point is Nagel and Rudin’s result (see [1]), which says that if f is a
continuous function on the boundary of a ball in C™ and the integral

2m
/ f (w(eiwa Oa MR O)) eingp = 07
0

for all (holomorphic) automorphisms % of a ball, then the function f is holomorphically extends
into the ball. For classical domains an analog of a boundary Morera theorem was obtained in [7].

Let C[m x m] be the space of [m x m]-matrices with complex elements. We denote by
C" [m x m] the Cartesian product of n copies of C[m x m] :

C*"mxm]=C[mxm] X ..... x Clm x m].
Set (see, for example [2])
Br={ZeC'imxm]: I-(Z,Z) >0},

where (Z,Z) = Z1Z{ + Z2Z5 + ... + Z, Z} is a 'scalar’ product, I is the identity matrix [m x m],
Z¥ = 7/, is the adjoint and transposed matrix to Z,, v = 1,2,....,n. By is called a matriz ball
(of the first type). Here I — (Z,Z) > 0 means that the Hermite matrix I — (Z, Z) is positively
defined, i.e. all eigen values are positive.

The skeleton of By is the set

X;={ZeC'"lmxm]: (Z,Z)=1}.
The domain Bj; in spaces C™ [m x m]:

Bir={ZeC"lmxm]:1—-(Z,2)>0, Z,=2, v=12,..,n}, (1)
where [ is, as usual, the identity matrix of order m, is called a matriz ball of the second type
(see [3]).

The skeleton of this domain is the following manifold:

Xy ={ZeC"imxm]:(Z,2)=1, Z =2Z, v=1,2,...,n}.
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Lemma 1. The domain By has the following properties:
1) Byy is bounded;
2) Byr is a complete circular domain;
3) Brr and its skeleton Xy are invariant under unitary transformations.

Proof. 1. The definition of the domain implies that each diagonal element of the matrix
(Z,Z) is positive and less than 1, and the sum of the squares of the modules of all elements
in Z,, v =1,...,n, does not exceed m. This implies that the matrix ball of the second type is
bounded.

2. If Z € Byy and o € C, |a| < 1, then

I—{(aZaZ)=1—|a*(Z,Z) =I(1 — |o|*) + |a]* (I — (Z, Z)) > 0.

3. Invariance under unitary transformations means that if U is a unitary matrix of order m,
then for Z € B;; we have UZ € Byr and ZU € Byy. Indeed,

I—(UZ,UZ)=1-UZ\Z\U* —UZyZoU* — ... — UZp ZyU* =
— [ —U (2121 + Z2Za + e+ 20 Zn) U* = 1 = U (Z,2)U* = U(I — (2, Z))U* >0,

and
(ZU,ZUY =(Z,Z).

The invariance of the skeleton is proved similarly. O
We consider normalized Lebesgue measures p in By and o on the skeleton Xy, i.e.

du(Z) =1 and do(Z)=1.
B][ XII
We define the space H! (Byy) as follows: a function f belongs to H! (Byy) if it is holomorphic
in By and
sup / |f(rZ)|do(Z) < cc.
0<r<1JX;;

We fix a point A® € X7 (A° = (A9, ...,A?)) and consider the following embedding of a unit
disk A in the domain Bjy

{WG(C”[mxm]: W, =¢A ¢ < 1, 1/:1,...,n,}. (2)

By this embedding the boundary T of the disk A transforms into the disk on X;;. If ¢ is
an automorphism of the domain By, then the set (2) under the action of this automorphism
becomes some analytic disk with the boundary on Xj;.

Theorem 1. Let f be a continuous function on Xr;. If f satisfies

/T FB(EA%))de = 0 3)

for all automorphisms i of the domain By, then the function f has a holomorphic extension F

in Byr of the class C(Byy).

Proof. On X1 the subgroup of the automorphisms leaving 0 fixed acts transitively (see [3]).
Since X7 is invariant with respect to unitary transformations, the condition (3) is satisfied for
any point A € Xjj.

First of all, we parametrize manifold X;; (a§ follows: for Z € X we put Z = e*?U, where 0 <
1

1

0 < 27, and in the matrix U; the element u;," in the left top corner is positive. We denote the
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manifold of such matrices by X . This way we parametrize not the whole set X;7, but some
smaller set, which differs from X;; by a set of zero measure.
The normalized Lebesgue measure do can be written as (Lemma 8.4 in [2])

a9 1 de

where ¢ = €', and the measure o, is positive on X 7.
Multiplying equality (3) by doj and integrating over X T, from (3) we obtain

f(W(2))zpydo(Z) =0, (4)

Xrr
where z;, are components of vector Z = (Z1,Za, ..., Z,), p,g=1,..m, v=1,....n.
We consider the automorphism 4 translating the point A = (Ay,..., A,) from By into 0
(see [3]). It is defined up to a generalized unitary transformation.

Then we substitute the automorphism z/;;l in (4) instead of ¥ and change variables W =
V11 (Z). We get

FOW )y (W)do (pa(W)) =0, (5)

Xrr

where 7,/11‘,44" are components of the automorphism 4.
By Corollary 7.7 from [2] we have

do(Ya(W)) = P(A,W)do (W),
where P (A, W) is an invariant Poisson kernel for the matrix ball By of the second type.
Then, from the condition (5) we have that
| TW)pg (W)P(AW)do (W) = 0 (6)
II

for all points A = (A4,...,A,) from Bry and all p,g=1,....m, v=1,....n.
Thus, taking into account the properties of the Poisson integral of continuous functions,
Theorem 1 follows from the next assertion.

Theorem 2. If for f € L'(X ) the equality (6) holds for all automorphisms 14 of domain Byy,
then f is a radial boundary value of some function F € H'(Byy).

Proof. The invariant Poisson kernel for a matrix ball of the second type has the form

- _ Gnibn
det(I — A1 Ay — ... — A AL) 2
P(A’ W) = ( 1* : = )(m+1)n =

|det(I — A1W1 — eeeen - Aan)|

_ (m+1)n
_ (det(I — A1A1 — e — AnAn)) 2

(det(I — AWy — oo — AW)) F 0 (det(T = Wi Ay — oo~ W A))
We write the elements of matrices A and W in the vector form:
A= (A1,..,A,) = (a}l, ...,a%m; ) a}nl, vy a,lnm; ety ATy ey A e
"';afnl’ ""a?nm) = (||a11)q|| yrty ||aZ(IH) ?
W=W,. ,W,) = (wh, e WY e wh ks wly L w]
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W e Wikn) = (|Jw) )
where Haqu = Haqu ”wqu = qupH pg=1l..m, v=1..n
We shall compute

~ ., OP(A, W)

Z Z aau ! (7)

pg=1v=1
Denote - -

I*WlAl 7...7WnAn: ||Oést (S,jil,...,m),

where

m n

vV -V 1% 14 14 14 .
Qs = 055 — E E :wskajka Ajp, = Ay, We, = Wi, 8,7 =1,...,m,
k=1v=1

and d,; is the Kronecker symbol.
Calculations show that

z’":"ay ddet(I — WA - W,A,)
e pq 3au
= det(I — Wlfil — . — WnAn) — det(I — lezll — .= WnAn)[p,p],
where det(I — Wi Ay — ... — Wy, Ay)[p, p] denotes the cofactor of the element ay, in the matrix
I - WA, — ... — W, A,.
Then ~
i": 2”: _, Odet(I — Wi Ay — ... — W,A,)
—10—1 oo aazuﬂq
=mdet(I — Wi A; — ... — W, A,) Zdet (I —WiA; — ... — W, A,) [p,p].
p=1
Similarly
Z ia odet(] — A1 Ay — ... — A, 4A,)
p,qg=1lv=1 " 805‘1
=mdet(l — Ay Ay — ... — Ay A,) = > det(I — AyAy — ... — Ay Ay) [p,p] -
p=1
Therefore, the expression (7) is equal to
( i 1) Z det(I — ngl i anzln)[p,p]
m (m p=1
———nP(AW _ _ —
y — nPAw) det(I — Widy — ... — WnA,)
> det(I — AjAy — ... — Ay A)[p, p)
p=1 _
det(I(m) — Alzzll — . — AnAn) N
m(m+ 1) i i1 i i1
= #nP(A,W)[Sp (I—WiA) — .. —W,A,) " —Sp(I — A1A) — ... — A A) 7] (8)

Here Sp, as usual, is the matrix trace.
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An automorphism of the domain Bj; has the form (see [3])

n
YAW) = RY(I = WiAy — .= Wod,) Y (Wy = A) R, k=1,..,m,
v=1
where R is a block matrix satisfying the condition
R(I—AA — .~ AJA)R=1.

If the condition (6) is satisfied for the components of the map ¥ (W), the same condition is
satisfied for the components of the map

n

paW) = (I = Ay — o~ AgA,) " (1= Wiy — o= Wda) S (W, — A)),
v=1
since matrices R, (I —AA - . — An/_ln) are nonsingular and depend only on A. Then
from (6) we get
; FW)pna” (W) P(A,W)do (W) = 0, 9)

where wfq’”(W) are the components of the map w4 (W), (p,¢q=1,...m, v=1,...,n).
Now we compute the sum

It is obvious that this expression is equal to Sp (@4 (W), A), since

S Yy =Sp (I - Ay — o= Ay An) T (T = WAy — = W d) ™ x
p,q=1lv=1
X (W1A1 + ..+ WnAn — Alﬁl — ... — AnAn)] =
=Sp [(I = Ay = o= Ay A) T (T = WA Ay = o = W dy) ™"
< (1= Ay Ay = = A, A,) — (I = WAy — .. = W, A,))] =
= Sp [(T= Wy — o= Wody) ™ = (T = At == A A) 7], (10)

Using this, we get from (9)

> Ya, W, (1)
where ’
F(A) = fWYP(A,W)do (W) (12)

is the Poisson integral of the function f.
The function F'(A) is real analytic in the domain B;;. We expand F(A) in a Taylor series in
a neighborhood of 0,

F(A)= Y Capa®d’,

|exl,| 8120
where a = (|[apg1]] , -, [|apgnll) and B = (|| Bpgill s -, |Bpgnll) s (p,g =1,...,m) are matrices with
nonnegative integer elements and
m n m n
lo| = Z ZanV’ a® = H H apes.
pg=1v=1 p.a=1v=1
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Then (11) implies

) S 81Cupaa =0
N NNT

m n
> D,
p,q=1v=1
It follows that for || > 0 all coefficients C, g are equal to zero. So, the function F'(A) is
holomorphic in By and belongs to the class H 1(311).
If f is continuous on Xy, then the function F' belongs to C (B 11) and its boundary values on
X5 concide with f. O
The proof of this theorem shows that it remains true if the conditions (3) and (6) are satisfied
only for those automorphisms 14, for which the point A = (A4, ..., A,) lies in some open set
V' C Byj. Therefore the following statement is true.

Theorem 3. If a function f € L*(Xyr) satisfies the condition (6) for all points lying in some
open set V. C Byr and for all components of the automorphism 4, then f is a radial boundary
value for some function F € HY(Byy) on Xpg.
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I'panmunsblii BapuanT TeopeMbl Mopepa Ijid MaTpUIHOIO
Iapa BTOPOTO THUIIA

I'ynmupza X. Xynaiitbepranon
3okupbek M. MaraiikyboB

B smoti cmamve doxasveaemca eparuvhas meopema Mopepa 0aa mMampuurozo wapa 6mopozo mundg.

Karouesvie crosa: mampuunoili wap, asmomoppusm, sdpo ITyaccona, meopema Mopepa.
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