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1. Introduction and preliminaries

Let u(z) € C?(D) be a twice smooth function in the domain D C R™. Then the matrix

Pu N\ . , 2 0u _
—— | is symmetric, = . Therefore, after a suitable orthonormal transfor-
O0x;0xy, Ox;0zx,  Ori0x;

mation, it can be transformed into a diagonal form

A0 .00

BQU 0 )\2 NN 0

S —— % s

0 0 ... A\

. . 0u

where \; = A;(z) € R are the eigenvalues of the matrix 9200 ) Let
J
Hiu)y=H"N = > X, ... A

1< < <gr<n
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be the Hessian of dimension k of the vector A = (A1, Aa,..., \n).

Definition 1.1. A twice smooth function u(z) € C?(D) is called m-convex in D C R", u €
m — cv(D), if its eigenvalue vector A = AN(x) = (A1(z), Aa(x), ..., Ay (z)) satisfies the conditions

m—cvNC*D)={H"(u)=H"(A\(2)) >0, Vz €D, k=1,....n—m+1}.

When m = n the class n — cv coincides with the class of subharmonic functions sh =
{M+X+--+ X, =0}, when m = 1 it coincides with the class of convex functions cv =
{M20,A220,...,\, >0}, moreover cv =1—cv C2—cv C --- C n—cv = sh. The theory
of subharmonic functions is a developed and important part of theory functions and mathe-
matical physics. The theory of convex functions is well studied and reflected in the works of
A. Aleksandrov, I. Bakelman, A.Pozdnyak and others (see [2-5]). When m > 1 this class was
studied in the series of works by N.Ivochkina, N.Trudinger, X. Wang et al. [11,19-21] (see
also [8]).

If we want to construct a good theory of m — cv functions, then the class of functions C?(D)
is not enough. For example, if we want to solve the equation

H* " (u) = f (u,x),
ulop = ¢

or want to work with extreme m — cv functions, such as maximal m — cv functions, we need to
extend the definition of m — cv functions to a wider class of upper semi-continuous functions.
In the work of N.Trudinger, X.Wang [21] m — cv functions are introduced in the class of upper
semi-continuous functions u(z) in the domain D C R™, using the so-called "viscous" definition,
that is H*(q) > 0, k = 1,2,...,n — m + 1, for any quadratic polynomial ¢(z), such that the
difference u(x) — g(x) has only a finite number of local maximum in the domain D. In addition,
in this work H"~™%!(u) (maximum degree operator) is defined as a Borel measure and with the
help of this operator the capacity of condenser C(FE, D) was introduced, a number of potential
properties of this capacity was proved.

To expand the domain of definition of m — cv functions from C?(D) to a wider class of semi-
continuous functions, we have proposed a completely new approach, the connection of m—cv func-
tions with m-subharmonic (sh,,) functions in complex space C™. The theory of sh,,-functions is
well developed and is currently subject of study by many mathematicians (Z. Blocki [6], S. Dinew
and S. Kolodziej [9,10], S.Y.Li [13], H. C.Lu [14,15] and etc). Quite a complete overview of this
theory is available in the survey article by A.Sadullaev and B. Abdullaev [1] in proceedings of
Mathematical Institute of the RAS.

Let us recall that the theory of the sh,,-functions is based on differential forms and currents
(ddcu)k/\ﬂn_k’ >0, k=1,2,...,n—m+1, where 8 = dd° ||zH2 is a standard volume form in C™.
A twice smooth function u (z) € C%(D), D C C" is called strongly m-subharmonic u € shy, (D),
if at each point of the domain D

Shm(D):{u€C2: (ddcu)k/\ﬁ”_k>0, k:1,27...,n—m—|—1}:

(1)
_ {u €02 ddoun Bt >0, (ddw)’ A B2 > 0,. .., (ddw)" " A BT > o} :

where 8 = dd¢ ||z||* is a standard volume form in C™.
Operators (ddcu)’C A B"F are closely related to the Hessians. For a twice smooth function

- 2
u € C?(D), the second-order differential dd“u = 1 > ﬂdzj Ad Zi (at a fixed point o € D) is
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a Hermitian quadratic form. After a suitable unitary coordinate transformation, it is reduced to

a diagonal form dd‘u = % [Mdzy AdZ + -+ Apdzy AdZ,], where A1, ..., A\, are eigenvalues
2

of the Hermitian matrix ( ), which are real: A = (A1,...,A,) € R". Note that the

g
6Zja 2k

unitary transformation does not change the differential form 8 = dd¢ ||z||* . It is easy to see that
(dd“u)* A B"F = kl(n — k) H" (u)B", (2)

where H*(u) = > Aj, ... Aj, is the Hessian of dimension k of the vector A = A(u) € R™.
11 < <jr<n
Hence, the twice smooth function u(z) € C?(D), D C C" is strongly m-subharmonic if at
each point o € D it satisfies the following inequalities

H*(u) = HF(u) >0, k=1,2,....n—m+ 1. (3)

Note that, the concept of the strongly m-subharmonic functions in a generalized sense is also
defined for upper-semicontinuous functions.

Definition 1.2. The function u(z) defined in a domain D C C™ is called shy,, if it is upper
semi-continuous and for any twice smooth sh,, functions vy,..., v € C%(D) N shy,(D) the
current dd°u A dd°vi A -+ A dd°vyp_m A B defined as

[ddcu AddCv A -+ ANdd°vp—_ym N 5’”’1] (w) =

= /uddcvl Ao Addvp_ A BT AddCw, we FOV. (4)

is positive, | udd®vy A--- Add“vy_pm A BT Addw =0 Vw e FOY w > 0. Here FOO(D) is
a family of infinitely smooth finite in D functions.

In the Blocki’s work [6] it was proved that, this definition is correct, that for u € C?(D)
functions this definition coincides with the initial definition of sh,,-functions.

2. Relation between m — cv and sh,, functions

To establish a connection between m — cv functions and sh,, functions, we embed a real
space R} into a complex space C7, R} C C} = R} + iR} (2 =z +iy), as a real n-dimensional
subspace. Then, we extend the function u(z), given in the domain D C R? into domain
Q=D x iR} C C? as u®(z) = u® (z + iy) = u(w), by assuming it is a constant on parallel planes
110 :{ZG(C": x=2aY, yER"}.

Theorem 2.1 (see [16,18]). A twice smooth function u(z) € C*(D), D C R?, ism — cv in D,

x
if and only if a function u®(z) = u®(x +iy) = u(z), that does not depend on variables y € R}, is
shy, in the domain ).
Theorem 2.1 allows us to define a m-convex function in the class of semi-continuous functions.

Definition 2.1. An upper semi-continuous function u(zx) in a domain D C RZ is called m-convex
in D, if the function u¢(z) is strongly m-subharmonic, i.e. u(z) € shy, ().

This definition is convenient in the study of m-convex functions, by transferring well-known
properties of sh,,-functions to the class m — cv. We present some non-trivial ones:
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— (Approxzimation). We take a standard kernel K;(z) = %K (%), 0 > 0, where
- K(z) = K(|2|);

~ K(z) € C*(R");

—suppK = B(0,1);

- [K(z)de = [ K(z)dx=1.
R™ B(0,1)
Then the convolution

usty) = [ u@)Ksto =)o = [ ula+9)Ksa)da (5)

has the property, that us(z) € m — cv(Djs), where Ds = {x € D : dist(xz,0D) > §}, us(x)
decreases as ¢ | 0 and converges point wise to the function u(z) € m — cv(D).
— the limit of a uniformly convergent or decreasing sequence of m — cv functions is m — cv;
— the maximum of a finite number of m — cv functions is an m — cv function;

— for an arbitrary locally uniformly bounded family, {ug} C m — cv the regularization u*(x)
of the supremum u(z) = 4 sup ue(x)} will also be an m — cv function. Since m — cv C sh, then
0

the set {u(z) < u*(z)} is polar in C" ~ R?". In particular, it has Lebesgue measure zero.
Similarly, for a locally uniformly bounded sequence, {u;} C m — cv the regularization u* (x)
of the limit u (z) = _li?rolouj (x) will also be an m — cv function, and the set {u(x) < u* (x)} is
polar; ’
—if u(z) € m—cv(D), then for any hyperplane IT C R™ the restriction u|g € m —cv (D N1II).
From this property it easily follows that if u(x) € m — cv(D), then for any plane II C
R™, dimII = m, the restriction u|r € sh(D NII).
For m = 1 it is not difficult to prove that a convex function u(z) € 1 — cv(D) belongs
to Lipschitz class, i.e. u(x) € Lip(D). In the work [20] N.Trudinger and X.Wang proved a

n
generalization of this remarkable result, that any m-convex function u(x) € m—cv at m < ) +1

n

is Holder with ta=2—— " Lips (D).

is Holder with exponent « pem——— u(z) € Lips (D)
Example 2.1. (fundamental m — cv function).

Yon(2,0) = { Infa it m=1 1 (6)
— || m>g+1
Thus, for m < n + 1 the fundamental function is bounded and Lipschitz, and for m > n +1

it is equal to —oo at the point x = 0. Note that for m = n, i.e. for the subharmonic case it

1
coincides with the fundamental solution fﬁ of the Laplace operator A.
x

3. m — cv polar sets and m — cv measure
Definition 3.1. By analogy with polar sets in classical potential theory, a set E C D C R™ is

called m — cv polar in D, if there exists a function u(z) € m — cv(D), u(x) # —oo, such that
ulp = —oc0.
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From the embedding m — cv(D) C sh(D) it follows that every m — cv polar set is polar
in the sense of classical potential theory. In particular, for a m — cv polar set F it is true
Hon—2+e(E) =0, Ve > 0: and, therefore, the Lebesgue measure of a m — cv polar set F is equal
to zero.

m — cv polar sets have another unexpected phenomenon, that when m < g + 1 they are

n
empty, i.e. if the set E C D is m — cv polar, m < 5 + 1, then £ = @. This follows from the
n
fact that for m < 3 + 1 any m — cv function is Holder continuous (see section 2). However, for
n
m > 5 + 1 there are non-empty m — cv polar sets. Therefore, the properties of m — cv polar sets

proved below are meaningful only for the cases m > g + 1.

Theorem 3.1. The countable union of m — cv polar sets is m — cv polar, i.e. if E; C D is

oo
m — cv polar, then E = |J Ej is also m — cv polar.
j=1
The proof is identical to a similar proof for polar sets and we omit it.
Potential theory is usually constructed in regular domains with respect to one or another
class of functions.

Definition 3.2. A domain D C R™ is called m— cv regular if there exists p(x) € m—cv(D) such

that p(x) <0, lm p(x) = 0. It is called strictly m — cv regular if there exists a twice smooth
z—0D

strictly m — cv function in some neighborhood of the closure D* D D such that D = {p(x) < 0} .
Strictly m-convexity of the function p(x) in DT means that for some & > 0 the difference
p(z) = & ||z||* is an m — cv function in D .

In the theory of m-convex functions, m — cv measure plays the same role as the harmonic
measure in classical potential theory. To exclude trivial cases, m — cv regular or even strictly
m — cv regular domains are usually taken as a fixed domain D C R™.

Let £ C D be some subset of a strictly m — cv regular domain D C R™.

Definition 3.3. Consider the class of functions
UE,D)={u(z) em—cv(D): ulp <0, ulp < -1} (7)

and put w(x, E,D) = sup{u(z) : u € U(E,D)}. Then the regularization w*(x, E, D) is called
m — cv measure of the set E with respect to the domain D.

From the property of the upper envelope of m — cv functions it follows that w*(z, E, D) €
m — cv(D). By Choquet’s lemma (see [12,17]) there is a countable subfamily U’ C U(E, D)
such that {sup {u(z)}: u(z) e U'(E,D)}" = w*(z,F, D). It follows that an m — cv measure
w*(z,E,D) can be represented as a limit of a monotonically increasing sequence {u;(x)} C

U(E,D) : [jllrgo uj(x)} . w*(x, B, D).

In the particular case when E CC D is compact, the functions u;(x) € U(E, D) can be
chosen to be continuous in D, which can be easily verified by continuing u,(xz) € U(FE,D)
into some fixed neighborhood Dt O D and then approximating them with smooth functions
uj = uj 0 Kp(x —y) € m—co(DT)NC>®(DT), j,k=1,2,..., we can fined a sequense u;j, €

m—cv (DT)NC> (D) monotonically increasing and {u;i, (z)} C U(E, D) : [_im Ujk; (x)}
Jj—o0
w*(z, E, D).
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Properties of m — cv measures:

1) (monotonicity) if Ey C FEs, then w*(x, E1,D) > w*(x,Es,D); if E C Dy C Ds, then
w*(z,E,D1) 2 w*(z, E, Ds).

2) w*(z,U, D) € U(U, D) for open sets U C D and, therefore w*(z,U, D) = w(z, U, D);

This property follows from the fact that for concentric balls B(z% r) ¢ B(2°,R) cC U,
0 <r < R, an m — cv measure

W (. B2 7 20 maxd 1 Xm (z,2°) — xm (R, 2°)
(o B, B ) = { b Xm (R, %) — xpm (1, 29)

and therefore in both cases m < n +lorm > n +1 we have w* (2%, U, D) = —1. Here x,, (x, xo)

is a fundamental m — cv function (see (6)).
3) f U C D is an open set, U = |J K, where K; C Io(, then w*(z, K;,D) | w(z,U, D)
Jj=1 J+1
(easily follows from property 2).
4) If E C D an arbitrary set, then there is a decreasing sequence of open sets U; D E,

U DUj41 (j=1,2,...), such that w*(z, E,D) = [lim w(z, Uj,D)] .
j—00

J—00

In fact, if {u;(z)} C U(E,D) is monotonically increasing such that [_lim u](x)} =

1

w*(x, E, D), then an open set U; = {uj < -1+ } has the property as U; D E, U; D Uj1q
J

(j=1,2,...) and

1
w*(z,E,D) < w(z,U;, D) < uj(z) + G

*

Hence w*(z, E,D) = [‘lim w(x, Uj,D)]
j—o0

5) a m — cv measure w*(z, E, D) is either nowhere equal to zero or identically equal to zero.
w*(z, E,D) =0 if and only if E is m — cv polar in D.

Remark 3.1. Property 5 is meaningful only if m > g +1. At m < g + 1 non-empty m — cv

polar set does not exist, so the trivial m — cv measure w*(z, E, D) = 0 does not exist.

Example 3.1. Consider m = 1, a ball B = B(0,1) and a set in it F = {0}, consisting of one
point. Consider a 1 — cv measure v = w*(z, E, B), x € R", v € R as a function in R?;l}). Then
it is easy to see that the convex function v = w*(z, F, B), x € R", v € R will be a cone, with a

vertex at point (0, —1) and a base at {z € 9B,v = 0}. Thus, 1 — cv measure w*(z, E, B) #Z 0.

Definition 3.4. A point 2° € K is called m — cv regular of a compact set K (relatively to D), if
w*(z%, K, D) = —1. A compact set K C D is called m — cv regular compact if each of its points
20 € K is m — cv regular.

Since m—cv(D) C sh(D), then m — cv measure of a pair (K, D) is always no greater than the
harmonic measure of this pair. Consequently, regular compacts in the sense of classical potential
theory are always m — cv regular. Therefore, the closure of the domain G CC D, with a twice
smooth boundary 9G is a m — cv regular compact. It follows that for any compact K C U C D,
where U is an open set, there is always a m — cv regular compact F': K C F CC U C D. All
this shows that the family m — cv regular compact is quite rich.
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6) If the set E lies compactly in a strictly m — cv regular domain D = {p(z) <0}, E CC D,
then m— cv measure w*(x, E, D) continues as m— cv function to a neighborhood p(z) < §, ¢ > 0,
of the closure D.

Actually, since E CC D is a compact set, then there is a constant C' > 0 such that Cp(z) <
—1, Vo € E. It follows that Cp(z) € U(FE, D) and Cp(x) < w*(z, E, D). Therefore, the function

w(zx) = { max {Cp (z), w* (v, E,D)} if x€D

Cp(x) if ¢ D

is m — cv in some neighborhood D* D D, w (z) = w* (z, E, D), Vz € D.
The following theorem plays an important role in the introducing condenser capacity and
further studying the potential properties of m-convex functions.

Theorem 3.2. If a compact set E C D is m — cv regular, then a m — cv measure w* (z, E, D) =
w(z, E,D) and is a continuous function in D, w* (xz, E, D) € C(D).

Proof. According to property 6) a m — cv measure w*(z, E, D) continues to the neighborhood
p(z) <8, § >0, of the closure D and approximating w*(x, E, D) in some neighborhood D* > D
we fined w;(z) € C*®° (DT)Nm —cv (D) : uj(z) | w* (z,E, D).

We fix a number ¢ > 0 and two neighborhoods U = {w*(z,E,D) < —1+¢} D E, D =
{w*(z, B, D) < €} D D. Applying Hartogs’ lemma twice to the sequence u;(x) | w* (z, E, D) and
U > E, D > D find the number j, € N : u;j(z) < —1+2¢, Vo € K, u;(z) < 2¢, Yoz € D, j > jo.
Then u;j(z) —2e < —1, Vo € E, uj(x) —2¢ <0, Yr € D, j > jo, i.e. uj(z)—2¢ € U(E,D).
From here, w* (z,E,D) — 2¢ < uj(x) — 2¢ < w*(z,E,D). This means that the sequence of
smooth functions u; (x) | w* (z, E, D) converges uniformly and w* (z, E, D) € C(D). O

4. Capacity value of a pair (F, D)

We fix a set £ C D, considering, as above, the domain D C R™ to be strongly m-convex. Let
w*(z, E, D) be a m — cv measure of E C D. Then the integral

Pmev(E, D) = —/ w*(z, E,D)dV
D

is called m — cv capacity of the set E with relation to D.
m — cv capacity expresses the capacity value of a pair (F, D). It has the following obvious
properties: P (E, D) 2 0 and Pie (E, D) = 0 if and only if F is a polar set in D.

Theorem 4.1. The value Pp,eo (E, D) is an increasing and countably subadditive function of the
set: Pmew(E1, D) < Pew (B2, D) for By C Ey and

Pmcv([j EjaD> <

=1

Prev (£, D) . (8)
1

oo
j:

Moreover, P (E, D) is continuous on the right, i.e. for any set E C D and for any € > 0
there is an open set U D E such that Ppeo(U, D) — Prew(E, D) < €.

Proof. Monotonicity of Pp,e,(E, D) obviously follows from the monotonicity of the m — cv

measure. Proof of (8) follows from a similar inequality —w (x, U Ej, D) < —>Y w(a, E;,D)
j=1 j=1
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for m — cv measures: for any sets E; C D and u;(z) € U (E;, D) the sum ) u;(z) is m — cv
=1
o) ! (o)
function in the broad sense (i.e., it can also equal —o0). Besides ) u;(x) € M( U Ej, D> and
j=1 i=1

therefore, 3 u;(x) < ( U D). On the other side,

j=1

sup{Zuj : GU(EJ,D)}

= _sup{u;(x) : u;(2) €U (E;, D)} =Y w(, E;, D),
Jj=1 j=1

ie. Zw e ( U )

Integrating this inequality and using Levy’s theorem, we get
(oo} (oo}
_/w<m, U Ej,D> v < —Z/w(x,Ej,D)dV,
j=1 j=1
so that (8) is true.

It remains to show the right continuity of the set function Pp,e, (F, D). We fix a set E C D
and according to the m — cv measure property, construct a sequence of open sets U; D E,

Uj D Ujya: [ lim w(z, Uj,D)} = w*(z,E, D). So, as w(x,Uj, D) increasing, then again by
j*}OO

Levy’s theorem

lim Py (U, D) = — lim [ w(z,U;,D)dV = / lim w(z,U;,D) =

j—o0 Jj—o0 j—o0

- /[hm w(a, UJ,D)Tdvamw (E.D).

J]—00

Hence, for any € > 0, there is a number jo such that for j > jo the inequality Pp,c, (U, D) —
Prev (B, D) < € is true. The theorem is proved. O

Corollary 4.1. For any decreasing sequence of compacts K1 O Ky D ... the following right

continuity holds
mcv(ﬂ ) = lim Py, (K, D).

For arbitrary given sets G1 C G C ..., G = U G, the left continuity holds
j=1

mcv( U GJ,D> = lim Py (G, D).

j=1

From Corollary 4.1 it follows that the introduced capacity satisfies the Choquet axioms on
the measurability of a capacity quantity Ppe, (E, D) (see [12,17]).
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Theorem 4.2 (Choquet). If a set function C(E) satisfies the following Choquet conditions

a) 0 < C(E) < o0, VE CC D;

b) ifEl C EQ, then C(El) < C(EQ);

c) for any set E C D and number € > 0 there exists an open set U D E such that C(U) —
C(E) <e;

d) for any increasing sequence E; C Ej 11 holds

C( U Eg—> = lim C(E;),

j=1

then any Borel set E € B is measurable, i.e. if E € B, then
C(F)=C.(E)=sup{C(K): K C E — compact}.

Thus, we have obtained that the capacity value Py, (E, D) we introduced above is a mea-
surable function of the sets E C D, Ppew(E, D) = sup {Ppeo(K,D) : K C E — compact}.

5. Hessians H* and condenser capacity

Although the Py, (E, D)-capacity of sets is simpler to define, measurable and has many
properties of capacities, the concept of a condenser capacity is more natural, which is defined
using the Hessians H* as total mass of the measure.

Let us first recall the definition of Hessians H* for a bounded semi-continuous function
u(z) € m — cv(D) N L*(D) as positive Borel measures (see [16]). We embed RY in C?, R} C
CL =R} + iR} (2 = z +1iy), as a real n—dimensional subspace of the complex space C7. Then
an upper semi-continuous function u(x) in the domain D C R? will be m-convex in D, if the
function u®(2) = u®(z + iy) = u(z) which does not depend on the variables y € R}, is strongly
m-subharmonic, u¢(z) € shy, (D X zRZ) in the domain D x iR} (Theorem 2.1).

If an m-convex function u(z) € m — cv(D) is locally bounded in the domain D C R, then
u¢(z) will also be a locally bounded, strongly m-subharmonic function in the domain D X iRy C
C?. As it is known, the operators

(ddcuc)k/\ﬁ"*k, k=1,2,....n—m+1

are defined for any bounded function u € sh,, (D X z]RZ) as Borel measures in the domain
D xiR? C C2, py, = (ddu®)* AB" %, k=1,2,...,n —m+ 1

Since for a twice smooth function (dd“u¢)*AB"—F = k! (n — k)!H* (u®) 8", then for a bounded,
strongly m-subharmonic function u°(z) in the domain D x iR} C C7, it is natural to determine
its Hessians, equating to the measure

HE (1) = (nuk_ I (nl— i (@) A B~ ©)

Since u‘(z) € shm (D x iR}) does not depend on y € Ry, then for any Borel sets

E, C D, E, C R} the measures mes B, pr (Ez x Ey) do not depend on the set E, C R},

1 1
mes B, pi (B X Ey) = v (E;). Borel measures v @ v (By) = . Ey'uk

k=1,2,...,n—m+1, we call hessians H*, k =1,2,...,n—m+1 for bounded, m-convex function

ie.

(ECE X Ey)7
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u(z) € m—cv(D) in the domain D C R”. For a twice smooth function, u(z) € m—cv(D)NC?(D)
the Hessians are ordinary functions; however, for a non-twice smooth but bounded semi-
continuous function, u(z) € m — cv(D) N L>(D) the Hessians H*, k = 1,2,...,n —m + 1,
are positive Borel measures.

Now we can define the concept of condenser capacity

Definition 5.1. Let K be a compact in the domain D C R™. Then the value
Cn(K)=0Cp(K,D) =

— inf {H{}m“ (D): wem—cv(D)NC (D), ulx < —1, lim u(z)> o} (10)
z—0D

is called the condenser capacity (m-capacity of condenser) of (K,D). For easiness of writing
below, we omit the index "m” in the notation Cy,(K).

Let us prove the following properties of capacity C(K) = C,,(K) = C,,(K, D)

1) The capacity is monotonic, i.e. C(E) > C(K) VE D K (obviously).

2) For any m — cv regular compact K C D holds C(K) = H'; ™" (K).

Actually, since compact K C D is m — cv regular, then w* (z, K, D) = w(z, K, D) € C(D)
and w* (z, K, D) = —1 Vz € K. Consequently,

C(K) = inf {HZ“’”H(D) cu€m—co(D)NC(D), ulxg < -1, lim u(x) > O} < H',™PYK).
z—0D
Conversely, for any fixed €, 0 < ¢ < 1 and for any u € m — cv(D) N C(D), ulg < —1,

lim u(z) > 0, an open set F = {:C €D:u(z)+ g <(l-e)w* (x,K7D)} CC D. Therefore,

according to the comparison principle,
H T (E) 2 (1 o) T H )
In addition, K C F and H",;™*! (D\K) = 0 in D\K. So that
(1—e)" "M H ™ (D) = (1) " T HI M (K) = (1— )" " R (F) <
< HI 7L (F) < HI ™ (D).
Due to the arbitrariness ¢, from here we get
H 7" Y(D) < Hy =™ Y(D),

i.e. inf on the right side of (10) reaches at m — cv measure w*(z, K, D).
3) For any compact K C D

C(K)=inf{C(E): EDK, E m— cv regular} . (11)

In fact, from the monotonicity of capacity (property 1), the left side of (11) does not exceed
the right side, i.e.
C(K)<inf{C(E): ED K, E m— cv regular} . (12)

Now, for any £,0 < € < 1 there exists u € m — cv(D) N C(D) such that u|x < —1,

lim wu(z) >0 and
x—0D
H'™(D) - C(K) < e. (13)
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Let U = {z € D: u(z) < —1+ ¢} a neighborhood of a compact K and F is a m — cv regular
compact set, such that K C E CC U. Consider the open set

F= {JJED: u(x)+g< (1—5)w*(z,E,D)} cc D.

Since F is m — cv regular compact, then £ C F CC D. Therefore, according to the comparison
principle and (13), we obtain

n—m n—m 1 n—m
CE) = HG™ T (B) = HG™ 0 (F) S o et B () <
1 n—m-+1 1
<WHu (D)gW(C(K)qLe).

1

Hence, the right side of (11) does not exceed ————
(1 _ E)n m+1

(C(K) +¢). Since ¢ it is arbitrary,
it does not exceed C(K), i.e.

C(K)>if{C(E): ED K, E m— cv regular} .

This inequality, together with (12), gives us the required statement.
4) If a compact K C D is m — cv regular, then

C(K) =sup{H; """ (K): uem—cv(D)NC(D), -1 <u<0}. (14)
Proof. Since C(K) = H* ™*1(K), then
C(K) <sup {H; ™" (K): uem—cv(D)NC(D), -1 <u<0}. (15)

On the other hand, for any function v € m — cv(D) N C(D), we set v(r) =
=max {(1+e)w(z,K,D), u(x)}, 0 < e < 1. Thenv € m—cw(D)NCD), -1 < v <0
and lirgD v(x) = 0. Therefore, according to the comparison principle

x—

(L+e)" ™ HG=™ (D) > Hy =" (D) > Hy ™" (K.
Since H?~™*! (D\K) = 0, then
H=m () = B ().

From here,
(1 +€)n—7rL+1Hg—m+1(D) 2 H;L—m—&-l(K) 2 H;L—m-‘rl(K)

and tending € — 0 we will receive
C(K) = HE™"F1(K) > HE " 1(K),
Due to the arbitrariness of the function u
C(K) > sup {H{}_mH(K) tu€em—co(D)NC(D), -1 <u<0},

which together with (15) gives us (14).
We define the external capacity in a standard way by assuming

C*(E)=inf{C(U):U D E — open},
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where the capacity of an open set is
CU)=sup{C(K): KCcU}=sup{C(K): KcCcU, K m—cv regular}.

Let us note the following properties of the external capacity

5) For any compact, K C D its external capacity C* (K) = C (K).
This follows from property 3).

The following property of capacity is very important in practice.

Theorem 5.1. If a set U C D 1is open, then
C(U)=sup {H; " (U): uem—cv(D)NC(D), —1<u<0} =
=sup {H """ (U): uem—cv(D)NC>®(D), —1<u<0}. (16)
Proof. For any m — cv regular compact set K C U we have
C(K) =sup {H; """ (K): uem—cv(D)NC(D), -1 <u<0}.

Therefore, C(U) > C(K) > H! ™! (K) for any fixed u € m — cv(D) N C(D), —1 < u < 0.
Since K C U is an arbitrary m — cv regular compact, then C(U) > H?~™%1 (U). From here,

C(U) = sup {H{f‘m"’l (U): uem—co(D)NC(D), -1 <u<0} >

>sup {H} """ (U): uem—co(D)NC®(D), -1 <u<0}. (17)

On the other hand, we fix an arbitrary m — cv regular compact set K C U. According
to property 7) of the m — cv measure, the Py, (¥, D)-measure w(z, K, D) m — cv continues
into a certain neighborhood G' > D. It follows, that w(x, K, D) can be approximated in some
neighborhood of D by infinitely smooth m — cv convex functions u;(z) | w(x, K, D). Since the
compact K C U is m— cv regular, then w(z, K, D) is continuous in D. From this the convergence
u;j(z) } w(z, K, D) will be uniform and the sequence of Borel measures Hf};mﬂ weakly converges
to the measure HJ~"*, Hp—"m o HI—m L

From the properties of convergent Borel measures we have

C(K) = Hy™™ "1 (K) = Hy™™ 1 (U) < lim Hy7" (V). (18)
j—o0 ’
Let’s us now fix a € > 0 and put it down v; ulj_; 6. Then —1 < v; <0, for large j > jo and
€

therefore,
Hg],_7n+1(U) — (1 + E)n*erl H;L]—m-i-l(U) <

<(1+e)" " sup {H™ N (U) s w e m — (D) N C®(D), ~1 <w <0} .
From here and according to (18) we have
C(K) < lim H}7"(U) <
< (1 +5)js?1;)o{Hg’m+l (U): wem—co(D)NC®(D), -1 <w<0}.

Due to the arbitrariness of the number ¢ > 0

C(K) <sup {Hp "™ (U): wem—cv(D)NC™(D), -1 <w <0}
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and taking here the supremum over all m — cv regular compacts K C U we get
C(U) < sup {/ (dd°w)" : wem—cv(D)NC®(D), 1< w< 0} ,
U

which together with (17) proves the theorem completely. |

Remark 5.1. If U CC D and K C U is an arbitrary fixed compact, then m — cv measure
w*(z, K, D) m— cv continues into a fixed neighborhood D* > D such that the extended function
does not exceed 1 in DT. According to properties 2) and 4) we have

C(K) <sup {H} " (K):uem—cw(G)NC(G), -1<u<0inDand |ul<1in D'} <
<sup {H} " (U): uem—cv(D)NC(D), -1<u<0} =C(K).
So that
C(K)=sup{H """ (K): uem—cv(G)NC(G), —1<u<0in D and |u| <1in D}.
Using C(U) =sup{C (K): K CcU, K m — cv regular}, for an open set U CC D we get
C(U) =sup {H} ™ (U): uem—cv(D)NC(D), -1 <u<0 in Dand |u| <1 inG}.

Moreover, approximating w*(z, K, D) in the neighborhood D by infinitely smooth functions,
just as in the proof of Theorem 2.1, we obtain

Corollary 5.1. If U CC D— an open set lying compactly in D, then
cU)= sup{HL‘_mH(U): uem—cv(D)NC*®(D), -1 <u<0in D and |u| <1in GDDD}.

This relation is useful in practice because the Hessian H?~™*! here is an ordinary function,
defined in the neighborhood of D.
6) The external capacity of condenser C*(FE) is monotonic, i.e. if By C FEs, then C*(F;) <

C*(Esy); it is countably subadditive, i.e. C* < U Ej) < Y CH(Ej).
J J

In fact, monotonicity C* follows from monotonicity C'(K) in the class of pluriregular com-
pacts. Let us show countably subadditivity: firstly let E; C D are open sets and E = |J E;.
J

According to Theorem 5.1

C(E) =sup {Hffm+1 (E): uem—cv(D)NC>(D), =1 <u<0}

N

< sup { ZHZ;‘"L'H (Ej):uem—co(D)NC*(D), —-1<u< O} <
J
< Zsup {H} " (E;): uem —cv(D)NC®(D), -1 <u<0} < ZC(Ej).
J i

For arbitrary sets F/; C D, for a fixed € > 0 we will construct open sets U; D E; such that
O(U;) — C*(E;) < 2% Then

S o) > Y oW -« > c(UUj) s CME) —¢
J J J
and from here, at ¢ — 0 we obtain the required statement.
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7) For any increasing sequence of open sets U; C Uj11, C’(U Uj> = lim C(U;).
j j—o0

It obviously follows from the fact that any compact space K C |JU; belongs to Uj, starting
J

from some j > jo.

We prove that the introduced outer condenser capacity C*(E) satisfies the Choquet axioms

on the measurability (see Theorem 4.2).

Theorem 5.2. Any Borel set E € B is measurable, i.e. if E € B, then

C*(E)=C.(E)=sup{C(K): K C E — compact}.
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m — cv mepa w*(z, F, D) n emkoctb kKouaencaropa C(FE, D)
B KJIACCe M-BBIMYKJIbIX (OYyHKIII

Azumbait Cagyniaen

Haruonasbubiil yHUBEpCUTET Y30€KHCTAHA

WNucruryr maremaruku nM. B. 1. PomanoBckoro Akaiemnn Hayk Y306ekucraHa
Tamkent, Y30ekucran

Pacynb6ek Illapunos

VPpreHucKuii roCyJapCTBEHHbIN YHUBEPCUTET

Ypreuu, Ysbekucran

Myxuanuu McmonsioB

Harmonasbuberit yHUBEpCUTET Y30€KHCTAHA

TarmkenT, ¥Y36ekucran

Annoranus. B ganxoit pabore nsydarorcsi camble HadaJIbHbIE [IOHITHsI TEOPUH [IOTEHIINAJIA: [TOJISIPHBIE
MHOXKECTBa U 1M — CU ME€PhI B KJIACCE M-BBITYKJIbIX (DYHKIUHA B BelecTBeHHOM npocrpancTse R™. Mbl
TaKk>Ke U3ydaeM eMKocThb KoHgencaropa C(E, D) B knacce m-BolyKJbIX GyHKIMHA 1 Gy1eM JI0Ka3bIBATD
HEKOTOPbIE ee IOTEHIINAJIbHbIE CBOWCTBA.

KuroueBslie ciioBa: m-cybrapMoHUUIecKue (OyHKITNN, BHITYKJIbIEe (DYHKIIUN, M-BBITYKJIbIe (DYHKITUH, 7 —
€U TOJITPHOE MHOXKECTBO, M — CU Mepa, OOPEeJIeBCKUEe MEePbl, TeCCUAHDL.
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