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Abstract. The paper gives a simpler proof of Puiseux’s theorem on the algebraic function for polyno-
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Introduction

Isaac Newton, in a letter to Oldenburg [1], outlined the idea of an algorithm for finding a
solution to an algebraic equation F'(z,w) = 0 in the form of a series with a fractional exponent of
the variable z. Now it is called the Newton diagram method. It should be noted that Newton did
not consider the question of the convergence of the resulting series. For the first time, the fact
that the solutions obtained by the Newton diagram method converge in a certain neighborhood
of zero was proved by Victor Puiseux in [2]. This fact is called Puiseux’s theorem.

The next stage in the development of interest in this issue were works using techniques
equivalent to resolving the singularities of algebraic curves in modern terminology. Namely,
for an algebraic curve V, defined by the equation F'(w,z) = 0, are constructed a non-singular
curve V and a map ¢ : V — V such that the restriction ¢ : V '\ ¢_1(Vsmg) = V\ Viing is a
birational isomorphism. The map ¢ is a composition of blow-ups of singular points (o —processes).
For a non-singular curve V identification of regular branches in a neighborhood of points from
¢ (Vsing) is possible due to the implicit function theorem. These branches are mapped by ¢
into solutions of the equation F(z,w) = 0, which are given by convergent series. A thorough
presentation of this approach to finding solutions to the equation F'(z,w) = 0, in the language
of modern algebraic geometry is given in the [3, 5, chapter 2], as well as in [4, section 8.4].

Puiseux’s theorem can also be obtained from other considerations, for example, from the
expansion of the polynomial F'(z,w) into the product of irreducible Weierstrass polynomials with
respect to the variable z. By considering each irreducible polynomial separately, it is possible
to construct a local parameterization of the branch of the curve it defines. Each of the formal
solutions of the equation F'(z,w) = 0 coincides with one of the obtained parameterizations, and
is thus convergent. A detailed proof of this fact can be found in the monograph [4, section 8.3].

For some classes of equations, the proof of Puiseux’s theorem can be obtained without using
the constructions discussed above. This paper presents one such class of equations whose coef-
ficients are convergent Puiseux series. It is shown that all convergent solutions can be obtained
immediately from the Newton diagram of the original equation, and, in particular, intermediate
resolutions of singularities can be omitted. Thus, the proposed method is of interest for assessing
the theoretical complexity of solving equations of the form F(z,w) = 0.
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1. Newton’s diagram and statement of the main theorem

In this paper we consider an arbitrary equation of two complex variables

F(z,w) = Z apaz®w’ = ZAB(z)wﬁ =0, (1)

(B,a) CACN? B8
where Ag(z) € Clz].

Definition 1. A Puiseux series in one variable is a formal algebraic expression of the form

+o00 .
f(z)= Z Anz™,

n=no

where ng is an integer, m is natural (for m = 1 the result is a Laurent series), coefficients a,
taken from some ring R.

Definition 2. Newton’s diagram N(F) of equation (1) is the set of compact faces of the un-
bounded polyhedron c.h. (UPg), where Ps = {(8,s) : s = a} (c.h. denotes the convex hull).

Let us give a brief description of Newton’s algorithm.
It is necessary to find all solutions w = w(z) of equation (1) in the form of Puiseux’s series:

F(z,w(z)) =0.

The strategy for finding solutions w(z) is the following:

Let w(z) = cz% + w(z), where w is a series of monomials of degree > ¢ and let o = P Then
q

F(z,w(z)) = Z aﬁaza(cz"+{5)6: Z (agacﬁz“+§’8+o(z"5+o‘)),
(B,2)€A (B,a)eA

In order for F(z,w(z)) =0, it is necessary that the quantity
P 1
a+=f=—(aq+pph)
q q

reaches a minimum on A in at least two points, i.e. on some edge 7 C N(F). So, the condition

ono = P is as follows:

q
(1) N(F) has an edge 7 with the slope o, i.e. with the directing vector (g, p).
And the condition on ¢:
(2) ¢ is a nonzero solution to the equation

Z aa,@cﬁ =0.

(B ,)eT

The number of such roots (taking into account multiplicity) is equal to the length of the projection
7 onto the 3 axis.

Let us formulate the main result of this work.

Theorem. Let the equation F(z,w) = 0 be such that each edge of its Newton diagram does
not contain integer points other than the vertices. Then each of its solutions, obtained using
Newton’s algorithm, is a convergent Puiseux series.
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2. Auxiliary statements

We precede the proof of the theorem with several auxiliary statements.

Lemma 1. Let G C C be a bounded domain with piecewise smooth boundary and let f € O(G)
have a unique zero a € G in G of multiplicity 1. Then for any ¢ € O(Q) the following formula

holds: ) of
i o %07 = p(a) (2)

Proof. 1t follows immediately from Cauchy’s theorem and the residue formula for a meromorphic
function at a simple pole:

B B . of _pla)f'(a) _ o(a)
2mi Joo ¥ F T T )
Note: If in the lemma we assume that f has a finite number of simple zeros a1, as,...,ay € G

in G, then by the residue theorem and formula (2) we get

N
— [ oL = vt g

2mi Joc© T

In particular, when ¢ = 1, we obtain a formula known from the complex analysis course
LA

2mi Joo [

Let us now assume that a is a zero of f of multiplicity pu, i.e. in a neighborhood U of point a

[(z) =(z—a)"Y(2),  ¢(a) #0.
Then, for any sufficiently small complex &, the function f(z) — ¢ has in U exactly p simlple roots
zj(€), tending to a as {— > 0. Indeed, let us make the biholomorphic change (£ — 2)¥» (2) = w
(here is a branch of the radical ¢ (z) can be chosen in U since ¢(a) # 0). Then the function

f(z) — € takes the form w* — &, which shows that it has u simple roots tending to zero as £— > 0.
According to (1) and (2)

1 e _ 1, DO =8 LSS () = pola
2mi ou ?) ! /(,)ULP ) e —¢ 51_>0j290(J(§)) pp(a).

N.

FE) ~ 2mi 220

From here, using the residue theorem, we get

Theorem 1 (on logarithmic residue). Let G C C be a bounded domain with piecewise smooth
boundary and f € O(G) has a finite number of zeros a; € G' of multiplicities in G p;. Then for

any ¢ € O(G) . o
i . Y = zj:ﬂﬂp(aj)-

In particular, for ¢ = 1 the integral on the left is equal to the number of zeros of the function
f, taking into account their multiplicities.

Consider a function in (¢, 2) € C? holomorphic at the origin and having a Taylor expansion
of the form -

D((,2) =2P((, 2) + Z a;;z ¢, (4)
i+j>d

where d > 2, P is a homogeneous polynomial of degree d — 1, and P((,0) # 0, that is, P has a
monomial of the form a4,
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Theorem 2 (A.P.Yuzhakov). The equation ®((,z) = 0 has a solution (branch) of the form

z=2(¢) =Y exl”.

k>2

Proof. Let us choose the weight with respect to which the monomial az¢*~! has minimal degree
in expansion (3). As such a weight we can take (%, 1). Since each monomial z*¢? with respect to

this weight has a degree
3

R D
Si= i (i),
and it is easy to see that on the Newton diagram it reaches its minimum value at a single point
(4,5) = (1,d —1).
Let us denote (¢, z) = ®((, z) — az¢? 1. Then on the skeleton |z| = 72, |¢| =  we have
laz¢?=1] = afr®ts;
10(¢,2)| = ratdtea(r),

where € > 0 and «(r) is bounded. Consequently, for a sufficiently small 7 on the set {|z| = r%} X

r
{5 <[] < r} there is an inequality

laz¢™ > 10(C, 2)) (5)

Considering ®(, z) as a function of z in the circle |z| < r2 with parameter ¢ from the ring
K = {5 < |¢] < r ¢, according to Rouche’s principle, we obtain that it has a single zero in the

indicated circle z = z(¢).
By the logarithmic residue formula (applied to G = {|z| <rd }, o(z) = z):

1 29’ (¢, 2)
=— 2210
) =35 / 3,2
lel=r2
As an integral over the compact set |z| = 7% of a continuous integrand that holomorphically
depends on the parameter ¢ from the ring K, the function z(¢) is holomorphic in this ring.

+oo
Let 2(¢) = Y. ¢,C¢* be the Laurent expansion for z(¢), convergent at least in the ring K.

k=—oc0
The coefficient ¢y, is represented by the integral
1 z(¢) 1 / 2®.(¢, 2)
= — d¢ = ——= 22 dzd
i | G | g g )
ICl=p I<l=

vl

|z|=

-
where 3 < pl €
Recall that
(¢, 2) = az¢t +0(¢, 2),
where 0 is a series in 2°¢7, for which i +j > d.

Due to the inequality (4) on the skeleton |¢| = p, |z| = 72 there is an expansion into a series
of geometric progression

oo

1 1 _ 0
e o R e eSS

az¢d—1 1=0
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convergent uniformly on the skeleton. The integrand expression will then expand into the series
S TS

(=1 i
s (azCa—T)IHT

The degree of the numerator is equal to —k —1+d+dl = —k —1+d(l+ 1), and the degree
of the denominator is equal to d(l + 1). Therefore, the integral of each term is equal to zero if
—k—1> -2 thatis, if £ < 1.

Thus, Vk < 1 the Laurent coefficient ¢, = 0, thereby z(¢) is holomorphic at zero, and z(0) = 0.
It is easy to show (taking into account the form of § = 22p’ + ¢, where p’ is homogeneous of
degree d — 2, and ordf’ > d+1), so ¢; = 0.

3. Proof of Puiseux’s theorem

Now we prove the main theorem of two-dimensional algebraic geometry.

Let F(z,w) be a polynomial of two variables whose Newton diagram N (F') has an edge with
ends (,p + 8) and (q+a, ).
We also assume that the edge has no other integer points, so F' has the form

(azP + bw?)w® 2’ + Z aijw'z’.
ip+jg>ap+(p+B8)q
The selected two terms can be normalized so that a = 1,b = —1:

(2P — wh)w*2P + E ajw'z,
ip+jg>ap+(p+8)a

The change 2P = &9, z = 5% gives
(F —whes + > e
ip+jq>ap+(p+B)q
But €7 — w? = (£ —w) (&7 + €97 2w + - - + w9 1), which means function F will look like
(€ —w)P(&w) + Z ajw'€’s.
ip+jq>ap+(p+B)q
After the change £ — w = u we get
uP(&,& —u) + > aiwieT
ip+jg>ap+(p+B)q

But according to Yuzhakov’s theorem there is a solution (holomorphic) u = u(§),
therefore, w = & — u(¢) = 24 + series in powers of 2.

4. Comparison with the singularity method
Let us illustrate with an example when the proven theorem leads to the goal faster than
the technique of resolving the singularities of algebraic curves. Thus, the given result can be

considered as an interesting fact for assessing the theoretical complexity of solving an equation
of the form F(z,w) = 0.
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Consider an equation of the form

G(z,w) = az"w® + Z aijziw? =0
i+j>a+p

and satisfying the conditions of Theorem 1. This function has a singular point (0,0) of order
a + . Recall that a o-process centered at the point (0,0) is (for the case of a plane curve) a
transformation which in the affine part of the projective plane is a mapping ¢ : C> — C? , which
in coordinates has the form: (u,v) — (u,uv). After substituting z = u, w = vu we get:

u*tP(av® + Z w87y = y B G (u, v) = 0,
itj>d

from which it is clear that the point (0,0) remains singular for the function G(u, v). This is due
to the fact that the tangent cone at the point (0, 0) for the curve G(z,w) has multiple components
(a component z = 0 of multiplicity o and a component w = 0 of multiplicity 8). According to
the construction of the resolution, it is necessary to continue blow up the singular point, i.e. at
least more than one step is required. At the same time, the use of Theorem 1 immediately allows
us to obtain a convergent solution.

The authors express their gratitude to their scientific supervisor August Karlovich Tsikh for
posing the problem and comprehensive assistance in the work.

This work was supported by the Krasnoyarsk Mathematical Center, funded by the Ministry
of Education and Science of the Russian Federation (Agreement 075-02-2024-1429).

References

[1] I.Newton, Letter to Oldenburg dated 1676 Oct. 24, The correspondence of Isaac Newton.
II, Cambridge University press, 1960.

[2] V.Puiseux, Recherches sur les fonctions algébriques, J. Math. Pures Appl., 15(1850).

[3] J.L.Coolidge, A treatise on algebraic plane curves, The American Mathematical Monthly,
Oxford, 39(1932), no. 5, 293-295.

[4] E.Brieskorn, H.Knorrer, Plane algebraic curves, Birkhduser Verlag, Basel, 1986.
[5] N.G.Chebotarev, Theory of algebraic functions, Moscow, GITTL, 1948 (in Russian).

Ente ogno moka3zarenbcTBO TeopeMbl IIbion3o
00 ajirebpamveckoii byHKINT

Maxkcum U. By3ypHblii

Naba A. Jlonnatun
Cubupckuit de1epalibHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas ®eneparnys

Amnnoramusi. B pabore maHo 6ojiee MpOCTOE JTOKA3ATEIBLCTBO TeopeMbl IIbionzo o6 anrebpamdeckoit
BYHKIUHT JjIsI MHOTOYJIEHOB CIIEIUAIBHOTO BUA.

KuaroueBsbie cioBa: juarpamma Hbeiorona, psiz [Ibonso, ocobast Touka, moiaunom Beiiepirpacca.

— 288 —



