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Abstract. Let m, n and [ be integers with 0 <! < m + n. It is the main purpose of this paper to give

an identity for the sum:
ZZ Bm_aBn_bW<a+b+1>’
a+b+1\man—1I

a=0 b=0
a+b>m+n—I1

where By, (m =0,1,2,...) is the Bernoulli number. As corollary we prove that the above sum equal to
1

5 when [ = 0.
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1. Introduction and main results

As the years have gone by, Bernoulli polynomials and numbers have consistently affirmed their
significance as crucial mathematical entities. Since their introduction in the 17th century, they
have continuously piqued the curiosity of numerous mathematicians and have found applications
across a multitude of mathematical disciplines. Bernoulli polynomials B,,(z) (m =0,1,2,...)
are defined by using the generating function (see e.g., [2—4]):

Tz e m
z
- Bm(x)i

e —1 m!’
m=0

zZe

|z| < 2.

The Bernoulli numbers B,, (m =0,1,2,...) are the values of the Bernoulli polynomials B, (x)
at x = 0 or, equivalently, they are the coeflicients in the power series expansion (see e.g., [2,4]):

|z] < 2.

oo
=3 By
er—1 "ml’

m=0

There are numerous properties associated with Bernoulli numbers and polynomials, which
readers interested in this topic can explore, for instance, in the following references [3,4]. In the
forthcoming discussion, we will confine ourselves to enumerating the properties upon which we
will rely for the demonstration of our results.
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The expression of the Bernoulli polynomials in terms of the Bernoulli numbers is given by

(see e.g., [2-4]): )
Bu(x)=Y" (’]”) Bl (1)

j=0
The Bernoulli polynomials satisfy the well-known relation (see e.g., [2-4]):

4
dx

The Bernoulli polynomials satisfy the difirence equation (see e.g., [4]):

B,.(x) =mBpy—1(x) (n>=1). (2)

Bp(z+1) = Bp(z) =ma™! (n>1),

from which
Bu(0) = Bu(1) (n>2), 3)
Many mathematicians, over the course of time, has been deeply intrigued by the pursuit of
identifying and rigorously establishing mathematical identities related to Bernoulli numbers. For
example, in the work by Vassilev and Missana [4], an interesting identity was established for all
positive integers m and mn:

<—1>mg (1) B = S (1) 8o

a=0

In another research, Agoh and Dilcher [1, Lemma 1], for all m,n > 0, proved the following
identity:

m n

afm+n+1 afmt+m+1

az:%(_l) ( m—a )Bm—aBn+a+1 - ;(_1) ( n—a )Bn—aBm+a+1 =
= (_1)n(m + n)BT)'L-'rTL-‘rl'

One can also find several identities in [4, Corollary 19.1.18].

The aim of this paper is to establish an identity for the sum associated with the Bernoulli
numbers, which is presented as follows:

Let m, n and [ be integers with 0 <! < m + n. Set

Stmnl)= 3 Bm_aBn_bm@(awH)

=i a+b+1\m+n—1
a+b>m—+n—I

Our main identity is the following:

Theorem 1.1. Let n < m be non-negative integers such that m+mn > 3. If0 <l <m+n—3,
then

Stmonid) 7] {n(;;) +m<n)} (min—2r 1) t2-2mp oo

— 2r (m4+n-=10)!

where it understood that the sum is extended over those r such that |+ 1 —2r > 0.

1
Remark 1.2. When relying on the right-hand side of Formula (4), we opt for By = 3 rather than

1
—5 and this selection is quite common, as many researchers adopt it (see e.g., [3, Remark 1.2]).
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In the special case, when [ = 0, the sum in Formula (4) becomes restricted to only one term
(for r = 0), and then we have:

(m+n—-1)(m+n—-2)--

(m +n)! .(2)3031231’

(m +n)

which proves the following corollary:

1
Corollary 1.3. Let n < m be non-negative integers such that m+mn > 3. Then S(m,n,0) = 5

2. Proof of Theorem 1.1

The subsequent lemma will assume a pivotal role in establishing the proof for Theorem 1.1.

Lemma 2.1. Let m and n be positive integers. Then

]\/Irn,n

Bu(e)Ba) = 3 {n(;"> ; m(; >} BorBin-nle) () B,

r=0
where My, , = max {| 2], 2]}
Proof. See e.g., [2, Ex. 19 p. 276]. O

Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose that n < m and [ be non-negative integers such that m +n > 3
and 0 <1< m+n— 3. Then according to Formula (1) we have

5 ()2 e et

a=0 b=0

Differentiating (m +n — [ — 1) times both sides of Formula (5) with respect to z, then dividing
by (m +n —1)! gives

ii m n B. B _ 1 a+b xa+b—m—n+l+1:
— a)\b) " " mrn—Il\m+n—1-1

a=0 b=0
_ ;' (Bm(x)Bn(x))(m+nilil)- (6)

(m+n-—1)
By using the following elementary identity:

1 a+b _ 1 a+b+1
m4+n—Il\m+n—1—-1) a+b+1\m+n—1
we can rewrite Formula (6) as:

Em: En: Bm,aanaw (a +b+1 ) xa+b—m—n+l+1 _

g at+b+1\m+n-—1I
1 (m+n—1-1)
= == B B .
(m+n—l)!( m (@) "(x))
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Taking x = 1 gives

1

(m+n—1-1)
mtn_1) ) (1

S(m,n,l) = (Bm(w)Bn(x)

Now, taking into consideration Formulas (2) and (3), Lemma 2.1 allows us to get

(Bm(x)Bn(x))(M"*l*”a) _ iné {n(Q"D 4 m(;lr)} «

x(m+n—2r—1)(m+n—2r—2)---(14+2—2r)BsBi11_2p. (8)

Consequently, one can show that Formulas (7) and (8) imply Formula (4). This completes the
proof. O

The author wishes to express gratitude to the referees and the editor-in-chief for their valuable
comments and suggestions. Also, the author is thankful to Bakir Farhi for his help.

References

[1] T.Agoh, K.Dilcher, Integrals of products of Bernoulli polynomials, J. Math. Anal. Appl.,
381(2011), 10-16. DOI: 10.1016/j.jmaa.2011.03.061

[2] T.M.Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York, 1976.

[3] T.Arakawa, T.Ibukiyama, M.Kaneko, Bernoulli Numbers and Zeta Functions, Springer
Japan, 2014.

[4] H.Cohen, Number Theory, Volume II: Analytic and Modern Tools, Springer-Verlag, Berlin,
2007. DOI: 10.1007/978-0-387-49894-2

[5] P.Vassilev, M.V.Missana, On one remarkable identity involving Bernoulli numbers, Notes
on Number Theory and Discrete Mathematics, 11(2005), 22-24.

O HOBOM TOXKJIECTBE JIJIsI JIBOMHOI CyMMBbl, CBSI3aHHOI
¢ yucjgamu bepnyiinm

Bpaxum Mwutty
Vuusepcurer Kacau Mepbax Yapria, Amxkup
EDPNL & HM Laboratory of ENS Kouba, Amxup

Awnnoranus. [lycte m, n ul — memnsie uncia ¢ 0 < | < m~+n. OCHOBHOM IeJIBbIO TAHHON CTATHHU SBJISIETCST
JIaTh TOXKJIECTBO JIsI CyMMBI:

m n m n

SN BuuB () G) <a+b+1)

m—an— )

= a+b+1\m+n—1
a+b>m+n—I1

rae Bn, (m =0,1,2,...) — uucno Bepuymmu. B kauectBe ciiescTBust MBI IOKA3bIBAEM, YTO yKA3aHHAS

BEIIIE CYMMa PaBH o 1IpA [=0.

KuaroueBbie cioBa: mHorowien bepuysuin, uncio Bepuysu, npousBojsias QyHKITUS.
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