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1. Introduction

The development of functional analysis and the theory of linear operators appeared at the
beginning of the 20th century and had a great influence on the study of ordinary differential
equations, partial differential equations, and boundary value problems. In particular, many
results concerning the general theory of operator pencils has marked a rapid development (see,
for example, [5,9,16] and the related sources). This theory is related to the study of boundary
values problems for operator-differential equations and higher-order abstract Cauchy problems.
Since integrated semi-groups were introduced at the end of the 1980s, it has become possible to
deal with ill-posed first-order abstract Cauchy problems (see, [4,7,14]). Many authors have made
series of direct investigations on the abstract Cauchy problem of the second order and higher
order. For more information, we can refer to ([6,11,13,15,17]) and the references cited therein.

The well-posedness the Cauchy problem is a very large classical problem which has been
extensively studied in many contexts. For example in [17], Tijun et al. presented a concise
criteria for C-well-posedness and analytic well-posedness of the complete second order Cauchy
problem.

In [18], Vlasenko and others studied the p-fold well-posedness of the higher order abstract
Cauchy problem of the following form:

" dkuy
ZAszo, t>0, (1.1)
k=0

b (0) =up, k=0,....,n—1, (1.2)
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where A, (k=0,...,n) are closed linear operators that act from the complex Banach space X
into the complex Banach space ). We denote the norms on & and ) by ||| , and |||, respectively.

They obtained well-posedness conditions, which characterize the continuous dependence of
solutions and their derived on the initial data.

It should be noted that the higher order abstract Cauchy problems of the form (1.1), (1.2)
have been studied by many authors, since they describe several models derived from natural
phenomena, such as description of vibrations (see, [1,2,10]), viscoelastic pipeline in [12]. This
means that it deserves to study the p-fold well-posedness and exponentially p-fold well-posedness
of a higher order abstract Cauchy problem. The abstract Cauchy problem for the higher order
has been extensively investigated by many authors (see, [13,18,19] and the references therein).
We refer to some researche which relates directly to our work (see, [18,19]).

In [18], Vlasenko et al. investigated the equation (1.1) with a characteristic polynomial and
its resolvent

PN = Zn:Ak)\", RN =P (), (1.3)
k=0

the authors derived some new conditions represented in the estimates using R () to ensure the
correct setting of the p-fold of the problem (1.1), (1.2).

Motivated by this work, this paper aims to establish new sufficient conditions which guarantee
the p-fold well-posedness and exponentially p-fold well-posedness of the problem (1.1), (1.2).
These conditions are expressed in terms of the decay of the auxiliary pencils P; (A) and 9, (A),
which are respectively defined by:

J

PN =) A, (1.4)
k=0

QN =D AT (1.5)
k=j+1

for j € {0,...,n—1}.

As we mentioned before, the results of this work extend and improve the previously known
results. More precisely, we will consider a higher order abstract Cauchy problem and give some
new sufficient conditions to ensure p-fold well-posedness and exponentially p-fold well-posedness
of the problem (1.1), (1.2). In our analysis, it is not necessary to use all the operators Ay,
k=1,...,n, which are required in some relevant preliminary work, see [18]. This new feature
makes the p-fold well-posedness of the higher order abstract Cauchy more important and useful
as well. The results of this article are new and they extend and improve previously known results.

The content of this paper is organized as follows:

Some necessary concepts and preliminaries are reviewed in Section 2. Section 3 is a section of
intermediate results, where we show some lemmas which are necessary for our analysis. Finally,
in Section 4, we give and prove our main results.

2. Preliminaries

In this section, we briefly recall some notations and definitions which are used throughout
the paper.
Let G (a, 6) be the sector of the plane defined by
G(a,0) = {)\za—l—rei“’, lpl <6, a,r >0, g <9<7r}.

In order to discuss the statement of our problem, we need the following definitions.
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Definition 2.1 (see [18]). By solution of the problem (1.1), (1.2), we mean every function u
which satisfies the conditions:

(i) we CM(RY, X)NC" 1Ry, X);
(i) Aru € CERY, V)N CH 1Ry, V);
(i11) u satisfies condition (1.2).

Definition 2.2 (see [18]). The abstract Cauchy problem (1.1), (1.2) is said to be determined if
for fized {uk}g_l , there exists only one solution.

Definition 2.3 (see [18]). Let p € {1,...,n}, the problem (1.1), (1.2) is said to be p-fold well-
posed if every solution u verifies:

n—1

[w? = )] <a () D unllys >0, (2.1)
k=0

where q is a non-negative function from Ry to R.

Definition 2.4 (see [18]). The problem (1.1), (1.2) is said to be exponentially well-posed if
q(t) =Ce*t, for C >0, and w > 0.

Lemma 2.5 (Jordan lemma (see [3])). Let m be positive constant and Q (z) be a continuous
function in the upper half of complex plane, such that for |z| > R

Mp = max |Q (2)| = 0, R — oo,
z€l'Rp
where T'g is the semicircle of |z| = R in the upper half of the complex plane. Then

lim e™*Q (2)dz = 0.
R—o0 Tr

Theorem 2.6 (see [16]). Let Banach space X and A is closed linear operators from X into X,
such that |A|| < ¢ < 1. Then (I + A) is reversible and (I + A)™" is bounded operator.

3. Intermediate results

In this section, we establish three fundamental lemmas and for convenience we present their
proofs. The following lemmas are useful for the proof of our main results in the last section.

Lemma 3.1. If there exist j € {0,...,n — 1} such that
Hy) G(a,0) C p(Q; (V) »
Hy) |97 (V) Az, < C I elz)ly, k=1,

n

) )

InC;
-1 N _ - J .
Hs) HQ]. ()\)AkaX<C]|)\| illzlly, k=0,...,], with I (asind) <qy <j—k+1,
then,

G(a,0) C p(P(N),

and
[P~ (0) Ag |, < Ce™ flally, k=1,....n. 3.1)
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Proof. If A € G (a, ), then X € p(Q; (N)), and Q; (A) are invertible, j = 0,...,n — 1. In fact, by
assumptions (1.3), (1.4), and (1.5), it can be easily write:
P = NTQ;(N+P(N) =
NEQ; (W) [T+ 277197 ()P (V)]

By using the Theorem 2.6, we show that the operator (1.3) is invertible.
By (Hs), we have

Pt NP W, < ST () Ak, <

J

k=0
j .
< Oy NI
k=0
If welet N =max(j+1—k—gqy;), then
i Ci(j+1
Iiiert R )|, < LU ED.

RS

From assumption (Hs), we decuce

In Cj

Ny > In(asinf)’

From the above discussion, we can get
ATt NP (W, < 1 (3.2)
We deduce that the operator pencil
I+X71Q7 (NP (),

is invertible as well as P (). Consequently

P A=A I+ VP () 9. (3.3)
If we put
Ry (N = (I+A771Q (NP (V) (3.4)
Make substitution of (3.4) into (3.3), we have
P =R;MATTIOT (). (3.5)

Then, we conclude

[P~ ) x| <HR; WL I T77H1Q5H () Axe]| -
Using assumption (Hs), we get

[P (N Apz || S CIR; WL INT7THAP T e ]

From (3.2) and Theorem 2.6, we conclude that R; () is bounded, i.e, 3Gy > 0, such that

IR Ml < Go. (3.6)

According to (3.6), we can finaly write
HP_l ()\)AkaX < Gpe?P |zl v, k=1,...,n, (3.7)
where G1 = CGy. O
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Corollary 3.2. If the hypotheses (Hy), (Hs) and (H3) are fulfilled, then

P72 () Qe (V]| < Ce?M i (IA])  k=1,...,m, (3.8)
where
o)=Y AL (3.9)
i=k+1

Proof. From (1.5), we can easly get

PN (V) =P L)) i ANi—h—1

i=k+1

according to Lemma 3.1, we find

n

Py < 3 TP Al <
i=k+1

< CePNT R = cerP g (),
1=k+1

where f, is defined in (3.9).

Lemma 3.3. If the hypotheses of Lemma 3.1 are satisfied and u is a solution of problem
(1.1), (1.2), then there exists M > 0, such that

n—1
[lu™ ()| < Mela—acosO)t Z lur |l 5 (3.10)
k=0
for
> —L, m=0,...,n—1.
cosf

Proof. If the hypoteses of Lemma 3.1 are satisfied, then relation (3.1) is true and by applying
Lemma 1 in [19], we obtain the following representation for solution u and its derivatives:

n—1

1 m _Atp—1
/FA eMp (A)kzzogk (A) updA, (3.11)

for t > —é, and T' is the boundary of G (a,0).
It follows that

n—1
C m _
™ (D) < 27/ A e ST (0) O (| . (3.12)
TJr k=0 X
As a consequence of Corollary 2.2, we can able to write
C n—1
lu™ @)l < 5 /F A e BreTMEN fi (JAD) flu ] 4 dA, (3.13)
k=0

for A € G (a,0), where
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|A| <a+r, and ReX = a+ rcosf.

By using parametrisation A\ = a + 7¢?, then the estimate (3.13) can be written as follows

n—1

m ¢ > m a—+r cos o(a+r
[u™ @)l < ;/0 (a )™ e treos ey 7 f (r) [lug] dr,
k=0

therefore

n—1

m C a—a cos > o cos a+r m
o @l < e 9>/0 (08O S (g )™ fi (r -+ a) [Jug] dr <

k=0

C

N

™

If we let -
]_-k (t) — / e(0+tcos 0)(a+r) (a + T>m flc (’I“ + a) d’l",
0

Make substutition of (3.9) into (3.15), we have

Z / e(a+tcos€)(a+r) (a+r)m+i—k—l dr

i=k+170

F (t)

= Zn: (m+i—k—1)
imkt1 (0 + tcosf)mti=k’

On the other hand, before proceeding next step, we first introduce this assumption
H,) there exists a > 0, such that |o + ¢t cosf| > a.
By assumption (Hy), we obtain

].'k (t) < i M

amti—k
i=k+1

Due (3.16) and (3.14), we obtain

n—1
la™ (@)l < Ne Y urllx s
k=0

for
—0
cos 97 = 05 ;T — ]-7
where
n .
C (m+i—k—1)!
N =— max — ,
T k=0,.n—1 amti-
m=0,...n—11=k+1
and

w=a—acosf < 2a.
Lemma 3.4. If A € G(a,0), and T is the bound of G (a,0), we have

0 k<m,
i/e)\tAmfkfld)\: tk—m
r

) — k>=m.
21 e —m)! m

=309 -

n—1 o0
7et(u,—acos€) Z/ e(a+tcos€)(a+r) (a + T)m fk (7" + a) HukHX dr.
k=00

(3.14)

(3.15)

(3.16)
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Proof. Let us introduice the sets I'r, Ag, and A as follows:
r={xeTl, [N <R}.

AR:{)\GC\g(aae)a |)‘|:R}
A=TgrUARg.
We have:

/eMAm*kfldAz e”Am*HdAJr/ AN (3.17)
A I'r AR

We set
w (A) _ €>\t>\m_k_1.
By using the parametrisation A = re’”, for A € A, with w € [t — 0,7 +0],0< 0 < g, we can
write:
|)\,¢} ()\)‘ _ |e)\t)\m—k| — ‘ez\t’ ‘)\m—k‘ _ etRe)\Rm—k _ etRcoseRm—k.
Thus, if £ < m, it is clear that
tR cos ORmfk =0

lim e

;
R—o0

and by virtue of Jordan lemma, we obtain

lim eMAmE=Lgx =0, (3.18)
R—o0 AR

and
/ MAMTRLgN = 0. (3.19)
A

In light of (3.17), (3.18) and (3.19), we have

R—o0 I'r

/e”w—’“—ldA = lim [ MNTFTN =
r

= lim [ M\ %14\ — lim MATTRTLgN =

= 0-0=0.

On the other hand, if k > k+ 1> m, we can write

m,
/ At k—1 M

AT\ = /7@:
A A )\k+1—m

271—7/ k—
= —_— m 0 =
(k—m)!w ©0)
N
= ——_tFm 3.20
) , (3.20)
which leads to
/e’\t/\m’k’ld/\ = lim eMAmTETLg) =
r R—o0 'r
= lim [ M\ F1d) — lim eMAMTETL g =
R—oo A R— o0 AR
2m
= — ™, 3.21
(k—m)! (3:21)
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Hence, by virtue of (3.21), we obtain

1 At ym—k—1 th—m
— A™ d\ = — 3.22
27ri/pe &k —m)!’ (3:22)

for k > m.

4. Main results

In this section, we use the results obtained in the previous section to obtain new appropriate
conditions ensuring that of any solution u of problem (1.1), (1.2) and its derivatives «/, ..., u®~1
at any fixed point ¢ = ¢y > 0 continuously dependent on all initial data (1.2).

We are now in a position to establish the following results.

Theorem 4.1. If hypotheses (Hy) and (Hs) of Lemma 2.1. are satisfied and, further assume
that
197" (\) Awz ||, < CIN 42l (4.1)

for fixed p in {1,...,n} and k=1,...,n—1 . Then problem (1.1), (1.2) is n-fold well-posed.
Proof. From (1.5), we have

n—1
QT NA, = N [ Qi (M) — Z Ap\F—i1
k=j+1

n—1
= NI 3T Q7 (W) AT A

k=j+1
Due the condition (4.1), we get
n—1
- j—n+1 k+j—n—p+2
197 ) Aull, SAPT" 0 Y AT (4.2)
k=j+1

From the above inequality (4.2), it can be easy to write

n—1
HQ;I (}\) AnHX < |)\|J*P+1 |)\|P*n+c Z |)\‘k7n+1 . (43)
k=j+1

Since p < n and k < n — 1, there exists G2 > 0 such that:
1971 (V) Anl[, < G2 AP (4.4)

This together with (4.1), leads that the hypotheses of Lemma 3.1 are verified. By virtue of
Lemma 3.3, if u is a solution of the problem (1.1), (1.2), for any o > 0

n—1
™ ()l < MeHes O 7 (4.5)
k=0
for ¢t > —L, and m = 0,1...,n — 1. For an arbitrary positive ¢, we let { = —, and
cos
o9 = —tgcosf. We have t > ;JO, so that
cos
n—1
lu™ ()|l < M @t (1teos0) Z lurlly, t>0, (4.6)
k=0
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form=20,...,n—1.
On the other hand, since cos§ < 0 which implies that 1 4 cos < 1. It follows from (4.6) that:

[u™ ()| < Me™ Z lurllx, t>0, (4.7)

for m =0,...,n — 1. Thus, the problem (1.1), (1.2) is n-fold well-posed.

Theorem 4.2. If the conditions of Theorem 3.1 are satisfied, then the problem (1.1), (1.2) is
p-fold exponentially well-posed.

Proof. The remaining part of the proof is similar to Theorem 3.1. There exists M’ > 0, such
that

[u™ ()]l < M'e ‘”ZHWHX, (4.8)

fort > 1,and m =0,1...,n — 1. Suppose now t € ]O, 1[, from (1.3), (1.4) and (1.5), we can get
1

Qk ()‘) = \E+1 (P ()‘) — Pk (A)) ) (49)
so that
n—2 n—2
SNPTTNQUMNur = D AP (PA) =P (V) u =
k=0 k=0
n—2
= > Al Z)‘_k P Pr (A) g (4.10)
k=0
Hence, we can get
n—2
m _ m _At
um™ (t) = 2m/>\ ZP (A) updX =
1
_ m At o m At —
= 5 /)\ ZP (V) urdA — o — /)\ PN Ay, 1dA
r
_ m—k—1_A\t m—k—1 /\t
- 2m/ZA e udA+—/ZA PN P (A) updX —
— f/Amektpfl (N) Apup—_1dX. (4.11)
2mi
From (4.11) and (3.5), we get
1 n—2
m _ At m—k—1
u™(t) = 5. ] ¢ Z)\ updA +
r

n—2
1 ,
toom / “ZA’”““‘J‘%M)Q;l<A>Pk<x>um_
k=

1
— 2—/)\’” IR (N) Q571 (N) Aptun—1dA. (4.12)
r
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In view of Lemma 3.4, we obtain

um™ () = Z

k=m

+ / z_: EITRG (M) Q5 (A) Pr (A) ugdA —

T k=0

tk: m

1 .
- T/ APITLNR S (0) Q57 (A) Anu_1d. (4.13)
T

Let I'; be the sector of the complex plane defined by
a .
= {)\ =7 +re'?, |arg| < 9},

for t €]0,1[, where a and 6 are defined in G (a,0).
The functions under the sign of integration in (4.13) are analytic, so we can write

u™ (t) = — Z mUJg +

+ zm/ MZW FITRR S (N) Q7 (N) P (A) uwd —
Iy

g AR () Q5 () At (4.14)
Iy

If we set Z = At. Due (4.14), it is easy to verify that

n—2

W) = G

SO RRNCNIONG
t Ril~+ Q Pr updZ —
p/ iz T\t t
1 6)\15 m—j—1 z » =z
B Tm/T <> Rj (t) Q; <t> Apun,_1dZ.
T

This leads to the following estimate

[e™ @Ol < Z HUkHX

k:m

|
.

Go [eZ2ENz" 72 L (2 z
- = Pl (R [ (et dZ
+ | T Q7)) Pl XHukHX +
Gy [eReZ |z (2
hd T Z) Al s || dZ. 4.15
+ n ) 1 Q5 Xl\u [P (4.15)
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Now, we estimate the second and third terms on the right side of (4.15),
Firstly, by using relation (4.1), we obtain

k s k s
Z (2 Z Z 1
HQ ( )m(t) =HQj <t>ZAs<t> < Z? 197" Aq, <
X s=0 X s=0
k J—p+2+s
Z
< C -
2|3
s=0
Thus
n—2 m—k—j7—2 n—2 k m—k+s—p
Z Z Z
—1 _
2 ()G, < czul -
k=0 k=0 s=0
n—2 k ¢ p—m—+k—s
= C — .
SN E (4.16)
k=0 s=0
Secondly, by the same way, we have
z Z |t
0 ()], <02
t X
Therefore
z m—j—1 . z m—p ¢ p—m
et (F) ], <l -l @

Substituting (4.16) and (4.17) into (4.15), we obtain

n-2 tk m

[w™ @Ollx < Z yy el +

RPZ n—2 k p—m+k—s—1
+ urll» dZ +
r |Z| ZZ (|3|> o

G4 eReZ tp m

— —— _ dZ
o Jro ¢ ‘Z|p_m ”un 1HX )
where G3 = CGy, and G4 = G2Gy. This leads
[u™ @O]x < Z ||Uk||x
G3 eReZ n—2 k ¢ p—m+k—s
oo R ZZ 2] [urlly dZ +
k=0 s=0
G4 eReZ tp—m
[un—1lx dZ.

2 Joo bz

- 314 —



Habiba Toumi, Ahmed Nouar On the p-fold Well-posedness of Higher Order Abstract. ..

By means of parametrisation Z = at + tre'?, we obtain

[u™ @)y < Z |“k||X
GS 00 n—2 k p—m+k—s
. & / zz(w) el dr +
k=0 s=0
G4 > at+tr cos @ b
— _ dr.
e ) s

Therefore, we conclude that

tkfm
" Ol < Y gl +
k=m ’
G n—2 k
+ T;/O atthrcos ZZ M—P+S—k ||Uk||;yd7'+
k=0 s=0
Gy at+tr cos 0 m—p
+ p e (a+71) |tn—1]|  dr.
0
A simple computation shows that
n—2 tkfm
RCTRE e
k=m ’
G3 (a—acos0)t > tcos@ (a+r) L m*PJFS*k
+ 5e D> (a+r) [ur ]l dr +
T 0 k=0 s=0
G h _
+ 277;4—6(a—acos€)it/\ etcos@(a+r) (G+T)m P ||un—1HXdr- (418)
0

Next, we estime the second and the third terms in the right side of (4.18).
For m < p, we have m —p+s—k <0, so

(a+r)mfp+sfk < (a)mfpjtsfk )

If we put M), = max a™ Pt~ we obtain
s=0,...k

k
e8] _ _ [eS) _ k+1)M etacos&
t cos O(a+r) m—p+s kd < (k 1 M/ tcosG(aJrr)d —_ ( k '
/o ‘ Zs:o(a”) T g tcosd

In a similar way, we can write

_amfpeta cos 6

s3] oo
/ et cos 0(a+r) ((1 + T)m*p dr < a™P / e(aJr'r)t cos edT _
0 0

tcosf
Finally
n—2 k—m n—2 ta cos
t G3 —(k+1)Mk€
mo(¢ < - el
I Ol € 3 g sl + 52 5 =l +

G4 —a™™P at
+ 2m ( tcos® ) e ln—ll

Since t > 0 and cosf < 0, we choose that
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G — (k + 1) Myecs?
G5 = =3 max ( a ) ke 5
2T k=0,..n—2 tcosf
and
G4 —a™™P
G
~ or ( tcosd ) ’
SO
n—2 t _ n—2
lu™ ()2 < Y ﬁ urll v + Gse™™ Y llurllx + Goe™ l[un—1]x -
k=m k=0
On the other hand, we have
n—2 n—2

=yt el < Z [k x -

X

=m

If we put R = max (1,G5,Gg), we obtain

[™ @) < t“Z [kl x -

This together with (4.8), it follows that the problem (1.1), (1.2) is p-fold exponentially well-
posed. O

Remark 4.3. The results presented in this paper improve and extend the main result proved
in [18] under appropriate conditions. As far as we know, sufficient conditions for the p-fold well-
posedness of higher-order abstract Cauchy problem expressed in terms of decay of some auxiliary
pencils shown in (1.4) and (1.5) considered in the present paper have not been investigated yet.
For this reason, in this paper we make the first attempt to fill this gap. The method employed in
this paper is different from those in related literature (Viasenko et al [18]).
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O p-kpaTtHOii KOppeKTHOCTH abcTpakTHOI 3aga4un Komm
BBICIIIETO TIOPSJIKA

Xabuba Toymn

Jlaboparopuss LAMAHIS, Yuausepcurer Bamxku Moxrap
Amnnaba 23000, Askup

Axwmen Hyap

Jlaboparopus LAMAHIS, Yuusepcurer 20 Ayt 1955
Cxuxkga 21000, Amxup

AnHoTaums. B 1aHHOl cTaThe MBI YCTAHABJIUBAEM JOCTATOYHBIE YCJIOBUS P-KPATHON KOPPEKTHOCTH ab-
CTpa.KTHOI';'I 3aJa9n KOH_II/I BBICOKOI'O IOopdAJIKa. 9TI/I YCJIOBUA BBIPAZKAIOTCA Yepe3 3aTyXaHue HEKOTOPbIX
BCIIOMOT'aTEJIbHBIX ITY4YKOB, IIOJIYy9Y€HHBIX U3 XapaKTEPUCTUIECCKOTO ITyIKa pacCMaTPUBAEMOTO OIlleparmnuoH-
HOro nddePEeHINATBHOTO YPaBHEHNS. B 4aCTHOCTH, 9Ta CTAThs COBEPIIEHCTBYET BAXKHYI0 1 MHTEPECHY IO
pabory.

KuroueBrble ciioBa: abcrpakTHbIe 3a7a49n Ko, mHTerprupoBaHHbIE MOJYTPYIIbI, KOPPEKTHOCTD.
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