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Abstract. A new model of a Kirchhoff-Love plate which is in contact with a rigid obstacle of a certain
given configuration is proposed in the paper. The plate is in contact either on the side edge or on
the bottom surface. A corresponding variational problem is formulated as a minimization problem
for an energy functional over a non-convex set of admissible displacements subject to a non-penetration
condition. The inequality type non-penetration condition is given as a system of inequalities that describe
two cases of possible contacts of the plate and the rigid obstacle. Namely, these two cases correspond
to different types of contacts by the plate side edge and by the plate bottom. The solvability of the
problem is established. In particular case, when contact zone is known equivalent differential statement
is obtained under the assumption of additional regularity for the solution of the variational problem.
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Introduction

Contact problems for solids with inequality type constraints have attracted attention of scien-
tists since 1933s [1-3]. Problems of this kind are associated with the use of boundary conditions
that describe non-penetration constraints on the contact surfaces or curves. For this Signorini
problem it is assumed that some properties of displacements for points where a solid is in con-
tact with a rigid obstacle [4,5] or with another deformable body [6-9] are know in advance.
It was established with the use of the fictitious domain method that a certain class of contact
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problems are connected with crack problems subject to non-penetration conditions on crack
faces [10-12]. Point-wise contact problems were considered [13,14] where minimization problems
over non-convex sets were studied.

In contrast to previous studies (see [4,11]), a certain initial configuration of Kirchhoff-Love
plate and an obstacle with a given geometrical shape are considered. The plate is in contact
interaction with a rigid obstacle by its side edge or by its given front surface which is located
below with respect to the selected coordinate system. In this case two types of restrictions are
imposed. Namely, the first type is described by inequality for deflection functions (vertical dis-
placements). The second type is described by inequalities for deflection functions and horizontal
displacements. The main problem is formulated as a minimization of an energy functional over a
non-convex set of admissible displacements. The solvability of the non-linear equilibrium prob-
lem is established. In particular case, when types of contact zones are known in advance an
equivalent differential statement is obtained under the assumption of additional regularity for
the solution of the variational problem.

1. The variational problem

Let © C R? be a bounded with a smooth boundary I" which consists of two continuous curves
I' =Ty UT, mes(I'g) > 0. For convenience, it is supposed that

Fl = {(x17x2) € RQ ‘xl = ¢($2)a T2 € [avb}h

where 1 is a given function, a < b, a,b € R. Let us denote the unit normal vector to I' by
v = (v1,12). For simplicity, suppose that plate has uniform thickness 2h. Let us assign three-
dimensional Cartesian space {x1,r2, 2} with the set {Q} x {0} C R? corresponding to the middle
plane of the plate.

Let us denote the displacement vector of the mid-surface points (z € Q) by x = x(z) =
(W, w), displacements in the plane {z1, 22} by W = (wy, ws) and displacements along the axis
z (deflections) by w. The strain and integrated stress tensors are denoted by €;; = £;;(W) and
oij = 0;;(W), respectively [5]:

1/0w; Ow; .
eij (W) 2(8@- + axj>7 oy (W) = ajjmen(W), i,j=1,2,

where {a;jr } is the given elasticity tensor that is assumed to be symmetric and positive definite:
Qijkl = QAklij = Qjikls i,j, k,l = 1, 2, Qijkl S LOO(Q),
airibii€e = col€l® V& &y =& 4,5 =1,2, co=const>0.

A summation convention over repeated indices is assumed. Bending moments are [5]

. 0%w
mz?(w) = _dijk)lw7kl7 1,) = 1727 <wak:l = 8fﬂka$l)

where tensor {d;;x;} has the same symmetry, boundedness, and positive definiteness character-
istics as tensor {a;jr}. Let B(-,-) be a bilinear form defined by the equality

B(x.x) = /Q{Uij<W) eij (W) — mij(w)w,q; }da, (1)
where xy = (W, w), x = (W,w).
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Let us introduce Sobolev spaces

H%OO(Q) = {veHl(Q) ’ v =0 on FO},

Ov
Hﬁf(Q):{veHQ(Q) ‘ v=o-=0 onro},
H(Q) = Hy,) ()% x Hp, (9).
It is well known that standard expression for potential energy functional of a Kirchhoff-Love
plate has the following representation

M(x) = %B(x,x)—/Qdew, x = (W,w),

where vector F' = (f1, f2, f3) € L2(2)® describes the body forces [5]. Note that the following
inequality providing coercivity of functional II(x)

B(x,x) = clxll® vVxe€H®Q), (IIxll = lIxllme) 2)

with a constant ¢ > 0 that is independent of x holds for bilinear form B(,-) [5].
An obstacle is described by the following part of the cylindrical surface

{(z1,22,2)| (x1,22) €T1, 2z € (—o00,—h]}.

It restricts displacements on the side edge of the plate. Deflections are restricted by the following
part of the plane
{(z1,22,2) | 1 < ¢Y(x3), x2 € [a,b], z=—-h}.

It is assumed that for the initial state the elastic plate touches a rigid obstacle with a given shape
by its side edge corresponding to the points of curve I'; as shown in Fig. 1:

VA XZ l_(;
(v,0)
p— S 0. {
z=-h 2h I-;:'._ X,
o Q
a) b)

Fig. 1. a) cross section of the plate and the obstacle O; b) midsurface of the plate

At the part I'; of the boundary the condition describing non-penetration of the plate points into
the rigid obstacle is considered

w>0 on Iy orif thisis not the case w <0 and Wl/+hg—w<0 on I'y. (3)
v

It is worth to mention that according to (3) function x = (W, w) satisfies either w > 0 on I'y or
two last inequalities (3). Now one can introduce the following set of admissible functions

K ={x=W,w) € H(Q) | x satisfies (3)}.
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Note that K is not convex set since for some a > 0 one can construct functions y = (W, w) e K
and ¥ = (W,w) € K with properties

- ow . ow
W < —a, e R <0, v > 0, Wr+h2l >a on vCTq, mes(y)>0.
2 ov 2 ov
1
Obviously, function ys = 5()2 + %), xs = (Ws,ws) does not belong to K because of
Ows
we <0 and W+ h 3 >0 on 7.
v

Let us formulate a variational statement of an equilibrium problem. It is required to find a
function ¢ = (U, u) € K such that

II(¢) = inf II(y). 4

(¢) = inf TI(x) (4)

Theorem 1.1. Problem (4) has a solution.

Proof. The existence of a solution of the problem is established in accordance with the Weierstrass
theorem [15]. It is well known that energy functional has properties of coercivity and weak lower
semicontinuity on H () [16]. First, it is proved that set K is weakly closed. Let an arbitrary
sequence {x,} C K be given with the property x,, — x in space H(2). By virtue of embedding
theorems, this implies that there is a subsequence {x,}, still denoted in the same way, that
converges almost everywhere on I' to x. Let us prove that limit function x also belongs to K.
Indeed, there are the following relations for x,, = (W,,, w,)

ow,

w, 20 or w, <0 and W"V+hay

<0 on Fl\B

That are satified for each point of I'1\B, mes(B) = 0 and for all n € N. Therefore, for every
fixed x € '\ B one can obtain that

wp(z) 20 or wy(zr) <0 and W,(x)r+ h@w#(x) <0.
There must exists either a subsequence {x,, } C x» for which
wn, () 2 0 (5)
or a subsequence {xy, } with the following property
wp, () <0 and W, (z)v+ hM <0. (6)

ov

In both cases one can take the limit in corresponding inequalities, namely, for {x,,} in (5), and
for {xn,, } in (6). As a result, the following relations are obtained for limiting function

w(z) =0

for the case of subsequence {x,,} and

ow(x)

w(r) <0 and W(z)v+h E»

<0.
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for the case of subsequence {x,,}. Note that if both subsequences {xn,, } and {x,,} with the
mentioned properties exist then it means that

ow(x)
Ov
Since point « € I'1\B is arbitrary, condition (3) is fulfilled for limiting function y. Therefore,
set K is weakly closed in H(€2). Finally, for problem (4) conditions of the Weierstrass theorem
for both functional II(x) and set of admissible functions K are satisfied. Then problem (4) has

w(z)=0 and W(z)v+h

<0.

at least one solution. The theorem is proved.

2. Differential statement for the case of known contact zones

In this section the case when types of contact zones are known is considered. Let us assume
that curve I'; consists of disjoint curves I'{ and I'}. Namely, it is supposed that inequalities

0
w<0 and WV—&—h—w <0 on TIY%, (7)
ov !

describing a contact of the plate side edge are fulfilled on I'{. There is the following condition
on the rest part I'Y of curve I'y
w>0 on Fl{ (8)

which corresponds to a contact of the plate bottom with the rigid obstacle. A new set of
admissible functions is introduced as follows

Ky ={x=(W,w) € H(Q)| x satisfies (7), (8)}.

One can see that set K5 is convex and closed. The convexity of set Ko allow us to represent the
following minimization problem

I(¢) = inf TI(x) 9)
XEK2
as variational inequality [5]
€eka Blex—0> [ Fx-9ds Vxe ko (10)

Suppose that solution £ = (U,u) € K is sufficiently smooth. Next, let us apply the following
Green’s formulas for functions x = (W, w) € K [5]

/Q 0i3(U) ey (W)dz = — /Q 0455 (U)w; dz + /F <JV(U)WV + UT(U)WT) dr, (11)

myj(w)w,;; de = / mij.qij(u) wdr + / (t”(u)w - mu(u)ﬁw> dr, (12)
Q Q r ov
where
O’U(U) = O'Z'j(U)VZ‘l/j, ml,(u) = —Mm,;;V;Vy,

a7 (U) = (0:(U), 02(U)) = (01;(U)vj,02;(U)v;) — 0, (U)v,
t(u) = —myj kTET;Vi — Myj Vi, T = (—V2,11),
Wv =wy, Wr=WHLW?, w=Wv)y+W:, i=12.
Along with variational statement (9), one can deal with corresponding differential statement.
Namely, the following theorem holds.
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Theorem 2.1. Supposing that solution & = (U, u) is sufficiently smooth, variational problem (9)
1s equivalent to the following boundary value problem

—mij,ij (u) = f3 mn Q, (13)
_Uij,j(U) = fi m Q, 1= 1,27 (14)
1
t"(u) <0, u<0, o,(U)<0, o,(U)- Eml,(u) =0 on TY, (15)
Ju
o-(U)=(0,0), Uv+ h% <0 on TY, (16)
o-(U)=1(0,0), 0,(U)=my(u)=0, t,(u)>0, u=0 on IY, (17)
o, (U)Uv —t"(u)u —i—m,,(u)% =0 on T§, t"(wu=0 on TY, (18)
ou
U:u:520 on Ty. (19)

Proof. Substituting ¥ = £ + ¥, where Y € C§°(Q)3, as a test function into (10), one can obtain
the following relation

@6 (9) = ms i o = [ Fida

, that is, equilibrium equations
—miji(u) = fs in @, (20)
—0i;(U)=fi in Q, i=12, (21)

hold in terms of distribution.
Applying Green’s formulas to (10) and using (20), (21), one can show that

/F <0V(U)(W Uy + o, (U)W - U)r—

ow Ou
—tY — _—— = > = .
tY (u)(w — u) + my (u) (81/ 8V>>dF/O Vx=Ww)eK (22)
Since K is convex cone in H(£2), one can substitute y = A¢ in (22) and deduce
_ ou
/ (UV(U)UV+UT(U)UT—t”(u)u—i—m,,(u)&/) dl' =0, (23)
r
ow

/ <0,,(U)WV + o, (U)Wt —t"(u)w + my(u)ay> dl' > 0, (24)

r

for all y = (W, w) € K. Let us suppose that x = (W, w) € K and x = 0 on I'?. In this case one
can rewrite (24) as follows

J

Since W is not included in inequalities (7), due to arbitrariness of W7 on I'{ one can conclude
that

<O'V(U)WV + o (U)W —t"(w)w + my(u)gz}) dr > 0. (25)

e
1

o,(U)=0 on TY.
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Therefore, inequality (25) can be reduced to

J

0
By choosing functions x = (W, w) such that W = 0, a—w = 0 on I'{, one can obtain in (26) that
v

(UZ,(U)WZ/ —t"(uw)w + my(u)?j) dl’ > 0. (26)

e
1

t“(u) 20 on TY.

ow
Now one can substitute test functions with properties w = 0, Wv + h— = 0 and obtain

ov
/

(a,,(U)WV - im,,(u)Wu) dl’ > 0. (27)
Then )
Eml,(u) =0 on IY.

since the value of Wv can be arbitrary. The last equality allow us to represent (27) in the form

J

o, (U) -

dw

o (U) (Wl/ +h

)dr>0,

Then, it follows that
o,(U)<0 on TIY.

Let us assume that y € K, x = 0 on I'{. Then one can obtain on I'} that w > 0 and

/rl; (UU(U)WI/ + o (U)Wt —t"(uw)w +m,,(u)gz5) dr > 0. (28)

ow
Due to arbitrariness of W, m on I'Y there are following equalities
v

o, (U) =(0,0), o,(U)=m,(u)=0 on TC.

Now, it remains to deduce from the reduced inequality
—/ t"(u)wdl =0 (29)
ry

the following inequality
t(u) <0 on TP

Let us consider relation (23). Let us take into account that £ = (U,u) € K,

o, (U)<0, 0,(U)——my(u)=0, t"(u)>0 on TY,

1
h
and

o-(U)=(0,0), o,(U)=m,(u)=0, t“(u)<0 on TIY.

Then corresponding integrand of (23) is non-negative a.e. on I'. Therefore

%20 on T¢ t(uwu=0 on TY.

o, (U)Uv — t"(u)u + my, (u) £y
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Conversely, in order to obtain variational inequality (10) from (13)—(19) relation (13) is
multiplied by (u—w) and relations (14) are multiplied by (u; —w;), i = 1,2, where W = (wy, ws)
and w such that y = (W, w) € K. Then after integrating over Q and summing, one can obtain

- / (0155 (U)U = W) + g g5 (u)w — ) = / F(x - £)de.
Q

Q

Now let us use the Green formulas and obtain
/Q (O'ZJ(U) Eij(W — U)d$ — mij (u)(w — u),ij )da:—

- /F<O',,(U)(WV —Uv) + o, (U)(Wr — UT)) dr+

o (mu)(w—u) (2 §“>) ar = [ Fix-ga, (30)

Taking into account that o,(U) =0 on I'1, £ = x = 0 on I'y, the sum of integrals over I in the
left side of (30) can be represented as follows

v —U—muaﬂ_@ - v Uy
I:/Fl(t (W)(w —u) =my, (u) (5~ 2=) = o (U)(W U))dr. (31)

Then bearing in mind the equalities o, (U) = (0,0), 0,,(U) = m, (u) = 0 on I'}, relation (31) can
be represented as the following sum

I= /F? t¥ (u)(w — u)dl'+

o)

Finally, relation (32) can be transformed into

= /F? £ (u)(w — w)dT +/F

)

Taking into account relations (15)—(18) and x € K, one can see that each term in the last sum is

8w@

(#w =) - ot 32

5 61/) -0, U)(Wv — Ul/)> dr. (32)

e
1

: (tV(u)w — o, (U)(Wr + hgi)) dl—
(#wu =@y - mw3e) ar

e
1

non-positive. It remains to note that since I < 0 equality (30) yields variational inequality (10).
O
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3asa4da o paBHOBecun 1iacTuibl Kupxroda-JlsBa, KOHTaKTH-
pyroireii 60KOBOiI KPOMKOI1 1 JINIIEBOI IIOBEPXHOCTHIO
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Hropryu II. JIazapes

WNucturyT MareMaTuku u WHGOPMATUKA

Cesepo-Bocrounbtit dejiepaiibHblil yHUBEPCUATET

Axyrck, Poccuiickaa Penieparius

EBrenunit M. Pynoii

UNucruryr rugpopunavuku umeraun M.A.JTaspeatbeBa CO PAH
Hoocubupck, Poccuiickast @eneparyst

Hymycran A. Hukudopos

Sxyrckuit pumnan PernmonaabHOro HaydIHO-00Pa30BATEIBHOIO MATEMATHIECKOTO IEHTPA
«/1aIbHEBOCTOYHBIH IEHTD MATEMATUYECKUX UCCJIEIOBAHUNY
Axyrck, Poccniickas @eneparus

Awnunoramus. [Ipenyioxena HoBast Mojenb mracTuibl Kupxroda—J/IsiBa, KoTopas MOXKeT CONPUKACATbCS
b0 1Mo GOKOBOW I'paHu, JUOO MO OMHON M3 JIUIEBBIX MOBEPXHOCTEH C YKECTKUM MPEMSITCTBUEM OIIpe-
JesIeHHoOM 3aaHHoi Kouduryparmn. CoOOTBETCTBYIONAsA BAPUAIMOHHAS 3a/1a9a (POPMYITHPYETCS B BHIE
3a/1a9¥ MUHUMU3AIUH (QyHKIMOHAJIA SHEPIUU HAJl HEBBIIIYKJIbBIM MHOXKECTBOM JIOILyCTUMBIX IIepeMelrie-
HUI C yCJIOBHEM HEIPOHUKAHWS. YCJIOBHE HENPOHUKAHWSI TPEJICTABJIEHO B BUJE CUCTEMbI HEPABEHCTB,
OIKUCHIBAIOIIEH JIBa CJIydas BO3MOYKHOI'O KOHTAKTA IJIACTMHBI U YKECTKOTO IPENsITCTBUsS. A MMEHHO 3THU
IBa CJIy4asi COOTBETCTBYIOT Da3HBIM THIIAM KOHTAKTOB: CO CTOPOHBI OOKOBON KPOMKH ILIACTUHBI U CO
CTOPOHBI €€ U3BECTHOM JIMIEBO IIOBEPXHOCTH. YCTAHOBJIEHA Pa3PENINMOCTh 3a/1a41. B gacTHOM ciydae,
KOT/Ia 30HBI KOHTAKTa 3apaHee M3BECTHBI, HaMeHA dKBUBAJEHTHAas AuddepeHInaIbHas TOCTAHOBKA B
[IPEJIIOJIOYKEHUH JIOIIOJIHUTEJILHON PEryJIsipHOCTH PeIlleHUs BAaPUAIMOHHOM 3a/1a4u.

KiroueBnble cjioBa: KOHTaKTHAas 3aJa4a, yCJOBHE HENIPOHUKAHWA, HEBBIIIYKJIO€ MHOXKECTBO, Bapuanu-

OHHAasl 3aJa4a.
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